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Abstract

In this paper, we consider the existence of homoclinic solutions for a class of nonlinear
difference systems involving classical (¢, ¢,)-Laplacian. First, we improve some
inequalities in known literature. Then, by using the variational method, some new
existence results are obtained. Finally, some examples are given to verify our results.
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1 Introduction and main results
Let R denote the real numbers and Z the integers. Given a < b in Z. Let Z[a, b] = {a,a +
1,...,b}. Let T > 1 and N be fixed positive integers.

In this paper, we investigate the existence of homoclinic solutions for the following non-

linear difference systems involving classical (¢, ¢2)-Laplacian:

Api1(Auy(t —1)) + Vo, V(& ur (£), u2(2)) = A1(2), (L1
Ay (Auy(t — 1)) + Vo, V(£ ur(8), us(t)) = f2(8),

wheret € Z, u,,(t) e RN, m = 1,2, V(t, %1, %2) = =K (t,%1,%5) + W(t,x1,%2), K, W : Z x RN x

RN — R and ¢,,, m = 1,2, satisfy the following condition:

(A0) ¢,, is a homeomorphism from RY onto RY such that ¢,,(0) = 0, ¢,, = V®,,, with
®,, € CH(RN, [0, +00)) strictly convex and ®,,(0) = 0, m = 1,2.

Remark 1.1 Assumption (A0) is given in [1], which is used to characterize the classical
homeomorphism. If, furthermore, ®,, : RN — R is coercive (i.e., ®,,(x) — +00 as |x| —

00), there exists §,, > 0 such that
() = (|2l 1), xRV, (1.2)

where §,, = minj - ®,, (), m =1,2 (see [1]).
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We call # = (141, u3) a nontrivial homoclinic solution of system (1.1) if u satisfies system
(1.1), u #0 and u(t) — 0 as t — oo.

It is well known that the variational method has become an important tool to study the
existence and multiplicity of solutions for various difference systems. Lots of contribu-
tions have been obtained (for example, see [1-20]). It is remarkable that, to the best of our
knowledge, few people investigated system (1.1). Recently, in [1] and [2], by using the vari-
ational approach, ] Mawhin investigated the following second order nonlinear difference

systems with ¢-Laplacian:
Aqb[Au(n - 1)] = VMF[n, u(n)] +h(n) (neZ), (1.3)

where ¢ = V®, & strictly convex, is a homeomorphism of RN onto the ball B, C RN or
of B, onto RY. By using the variational approach, under different conditions, the author
obtained that system (1.3) has at least one or N + 1 geometrically distinct T-periodic so-
lutions. It is interesting that ] Mawhin considered three kinds of ¢: (1) ¢ : RN — RN is a

classical homeomorphism, for example, ¢(x) = |x|?~Lx for some p > 1and allx € RN; (2) ¢ :

RN — B, (a < +00) is a bounded homeomorphism, for example, ¢(x) = \/1’“‘_‘2 € B, for all
+|X

x€RN; (3) ¢: B, C RN — R¥ is a singular homeomorphism, for example, ¢(x) = —=

1-1x2

for all x € By. Recently, in [17], we generalized some results in [2] for classical homeomor-

phism and bounded homeomorphism to system (1.1), which seem to be the first results
for system (1.1).
In 2011, He and Chen [16] investigated the existence of homoclinic solutions for the

following discrete p-Laplacian systems:
A(|Aue-1) 2 Ault - 1)) = VE(,u(@®) +f(0), teZ,uecRY, (1.4)

where p > 1. They obtained homoclinic orbits as the limit of the subharmonics for system
(1.4).

In this paper, motivated by [1, 2, 15,16] and [17], we first improve some inequalities in [16]
and then investigate the existence of homoclinic solutions for system (1.1) with classical

homeomorphism. Next we make the following assumption:

(A1) Let p > 1. Assume that there exist positive constants dy, da, d3, dg such that
di|x|P < ®1(x) < ds|x)”, oyl < Oa(y) <dalyl, Vx,yeRN
and

(01(x),x) <p@1(x),  ($200),7) <pP2(y), Vx,yeRN.

For every s € N, define

+00

F=1g:Z—RN, Z lg@®)|" < o0

t=—00
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with the norm

+00 1/s
liglls = (Z {g(t)!s) :

Let p’ > 1 be such that 117 +§ =1land

/ T+ T N\
C.=(@T) " + min T+ D ,+ ,——
QTY (p' +1) 2r'lp

Next, we present our main results.

Theorem 1.1 Assume that (A1) holds, f; #0,i=1,2, W and K satisfy the following condi-
tions:

V) V(t,x1,%2) = =K(&,%1,%2) + W(t,%1,%2), where K, W : Z x RN x RN — R, K(t,x1,%5)
and W (t,x1,%,) are T-periodic and for every t € Z, K, W € CY(Z x RN x RN, R);
(H1) there exist y € (1,p) and ay,as > 0 such that

K(t,x1,%2) = ar|x1|” + azlxal”  for all (¢,x1,%5) € Z[0, T — 1] x RN x RN,
(H2) K(t,0,0)=0 and
(xlr Vxll((t’ X1, xZ)) + (x21 Vx21<(t’ xlyxZ))
< pK(t,x1,%) forall (t,%1,%) € Z[0, T —1] x RN x RY;
(H3) (i) thereexistr e (0,1],0<b; <aiCL ™", and 0 < by < a,CLF such that
W (t, x1,%) < bilx [P + balxa |,
Vt € Z[0, T —1], |x1| < 7Cy, 22| <1Cy; (1.5)

(ii) there existr>1,0 < by <a1(Cyr)" ™, and 0 < by < ay(C,r)Y P such that (1.5)
holds;
(H4)

W(t’ X1, xZ)

im Sdy+dy+ 2P Ay forallt e Z[0,T - 1],
lx1l+lxa]—+oo |xq |2 + |xo |P 3 4 0 f [ ]

where

0= max K(t,x1,%2);
[¢1|<1,|x2|<1,t€Z[0,T-1]

(H5) there exist positive constants &, 1, ny and v € [0,y — 1) such that

1
0< (p+ >W(t,x1,x2)
& +mlxr | + nalwa|

S (Vxl W(t:xler)rxl) + (ng W(t!xlixZ)’xZ)

for all (t,x1,%7) € Z[0, T —1] x RN x RN;
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(H6) fi.fo € & N 1771 and
(i) whenre(0,1],

max{[|fill ', /2l }

1
< ﬁ min{dl,dz,mC}:’P - bl,ﬂgcx}:ip - bz}rpil;
(if) when r € (1, +00),

max{ Il 1ol }

1
< = min{dl,dg,al(C*r)V”’ —b1,a,(Cyr)’ P - bz}r”_l.

Then system (1.1) possesses a nontrivial homoclinic solution.

Theorem 1.2 Assume that (A1) holds, f; #0, i =1,2, W and K satisfy (V), (H1)-(H5) and
the following conditions:

(H6) fi,fo €I and
(i) whenre(0,1],

max{|[fills, lflln }

. - - -1
mln{dl,dz,alCZ: ? —by,ayCY p—bz}r” ;

N

20-1C,

(ii) when r € (1, +00),

max{ (1Al 1folln}

< ZPTC* min{dl,dg,al(C*r)V’p — b1, a,(Cyr)’ P — bg}rp’l.

Then system (1.1) possesses a nontrivial homoclinic solution.

Theorem 1.3 Assume that (A1) holds, f; #0,i=1,2, W and K satisfy (V), (H2), (H4), (H5)
and the following conditions:

(H1) there exist ay,ay > 0 such that
K(t,x1,%7) > ar|x1 P + as|xa | for all (t,%1,x,) € Z[0, T — 1] x RN x RN,
(H3)' there exist r >0 and 0 < by < ay, 0 < by < ay such that
W(t,x1,%2) < bilaal? + balxal?, Vx| < rCy, [xa] < rCis
(H6)” A.f2 € ¥ N 11% and
1 . _
max{ WAl s |[f2||w/} <o min{dy, dy, a; — by, as — b}’

Then system (1.1) possesses a nontrivial homoclinic solution.
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Theorem 1.4 Assume that (A1) holds, f; #0, i = 1,2, W and K satisfy (V), (H1), (H2),
(H3)', (H4), (H5) and the following condition:

(H6)" fi,fo €l and

min{dl,dz,al - bl,ﬂg — bg}}”p_l.

1
max{Iflln sl } < e

Then system (1.1) possesses a nontrivial homoclinic solution.

Remark 1.2 Theorem 1.3 and Theorem 1.4 show that f;, f, can be large when r is large.

2 Preliminaries
Similar to [15] and [16], we will obtain the homoclinic orbit of system (1.1) as a limit of
solutions of a sequence of difference systems:

A¢1(Au1(t - 1)) + Vul V(t’ Ml(t)r Mz(t)) :ﬁ,k(t)!

(2.1)
A¢2(Au2(t - 1)) + Vuz V(tr L{l(t), L{z(t)) zﬁ,k(t)r

where f,.x : Z — RN is a 2kT-periodic extension of restriction of f;, to the interval
Z|-kT,kT -1], ke N, m =1,2.

Next, we present some basic notations. We use | - | to denote the usual Euclidean norm
in RN, Define

V= {u = ()" = (O} 1u(t) = (1 (0), u2(0)" € RV,

tm = {tm(O)}, um(t) e RN, m =1,2,t € Z}.
‘H is defined as a subspace of V by
Hie={u={u(®)} € Viu(t + 2kT) = u(t), t € Z}.
Define
Honk = {ttm = {tm (&)} 114 (£ + 2KT) = 14, (2), i (2) € RNt e 7}, m=12.

Then Hi = Hix x Hox. For u,, € Hyi, set

kT-1 /s
ot ll sk = ( Z ’um(t)’S) , m=12,s>1

t=—kT

Moreover, /57, denote the space of all bounded real functions on Z[-kT, kT — 1] endowed
with the norm

lmlige, = max  |un(®)], m=1,2.

2T te7[—kT kT-1]

For 1 < p < +00, on H,,,x, we define

kT-1 kT-1 1/p
ll2tm |94, = (Z ENHOLES |um(t)|”) , m=1,2.

t=—kT t=—kT
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For u = (u1, uy)™ € Hy, define

Noll ey = lleallaey o + llet2ll 22, -

Then (Hi, lull3), (Huk llell3, ) and (Hax, 4ll94,,) are reflexive Banach spaces.
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Lemma?2.1 Leta,beZ,a>1,b>0,0>1,u, € Hui, m=1,2. Then, for every t € Z,

t+b e
’um(t)‘ <(a+b+1)Ve (Z |um(s)’9)

s=t—a

. { [(@+ 1)+ 4 (b + 1)+ — 2]

i (a+b+ 1)V (p + 1)1
t+b 1p
. (Z |Aum(s)|p) ,
s=t—a

where m =1, 2.

Proof Fix t € Z. For every t € Z[t — a,t — 1], we have

t-1

(€)= () + ) Attye(s)

and for every T € Z[¢,t + b],
-1

U (£) = i (T) = Y Athyu(s).

s=t

Summing (2.3) over Z[t — a,t — 1] and (2.4) over Z[¢, t + b], we have

t-1 -1 -1
an(®) = Y (1) + YD Atty(s)
T=t—-a T=t—a s=T
t-1 t-1
= Y u(T) + Y (s—t+a+1)Auyls)
T=t—a s=t—a
and
t+b t+b -1
b+ Dit(t) = > tha(T) = Y D Atty(s)
T=t =t s=t
t+b t+b-1
= Z U (1) - Z (t+ D — 8) At (s).
T=t s=t
Set
s—t+a+l, t—-a<s<t-1,
B(s) =

t+b-—s, t<s<t+b

"(a+b+1)Vp

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Combining (2.5) with (2.6) and using Holder’s inequality, we obtain

(a+b+ 1)|um(t)‘
t+b t-1 t+b-1
D Uun(®)+ Y (s—t+a+D)Auuls)— Y (E+b—5)Atuls)
T=t-a s=t—-a s=t
t+b-1

s=t

t+b
< Z ’um(r)‘ Z(s—t+a+1)’Aum(s)‘ + Z(t+h—s |Aum(s)‘

T=t-a s=t-a
t+b t+b

t+b t+b-1
= D [un@]+ Y ¢6) | Aunls)] = Y |uml@)] + Z $(5)| At (5)]

t+b 1/e t+b ) P /4 1/p
) + (Z [¢>(s>]"> (Z |Aum(s>|”>

<(a+b+1)leVe ( > um(@)|°
s=t—a s=t—a

t+b /e
=(a+b+1)eV <Z|um r)| )

t-1 t+b Up' / teb 1/q
+ (Z (s—t+a+ 1)”/ + Z(t +b- s)’“) (Z !Aum(s)|q> . (2.7)

T=t—-a

s=t—a s=t

Since
-1
Z(s—t+a+1)” Z" @+ -1 R
s=t—-a p +1
) ) (2.8)
t+ ’
/ (b1 -
SNerb-s =Y K <%
— P p+1
and
t-1 t+b
Z(s—t+a+1)1” +Z(t+b—s)1”
S=L— s=t
t-1 t+b t+b
< Z +pr < Z max ap b” max{ap,bpl}(b+a+l). (2.9)
s=t-a s=t—a

Equation (2.7) implies that

(@a+b+ 1)|um(t)|

t+b /e
<(a+b+1)e Ve ( > |um(r)|g>

T=t—-a

P +1 P+l , } 1/p
+ (min{ (a+1) ;/(f; 1 2,max{ap ,bP }(b+a +1)}>

t+b 1p
. (Z |Aum(s)|p> ,

S=t—a

which implies that (2.2) holds. Thus the proof is complete
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Corollary 2.1 Let u,, € Hyi, m=1,2. Then

kT-1 Ve
lsmllige, < 2T) “@(Z |t4s) | )

s=—kT
{ (T + l)p/+1 + TP 2]1/17’ TP }<1§:1 | |p> 1/p
+ min , Au,y,(s) , (2.10)
/ 1/p/ 1/ m
Ty (p' +1)vr 2p =
where m =1, 2.
Proof Obviously, there exists t* € Z[-kT, kT — 1] such that
X
’Mm(t )’ ||Mm||12kT teZ[EIl:%}(T—lJum(S)‘.

InLemma2l,leta=Tandb=T -1,

t*+T-1 /o

1) < <m-ve( 5 yum@\g)
s=t*-T
/ ’ / *4pT-1 1/p
(T T T ‘e
' mm{ QTY (p + )W Q2T 2 A8
P s=t*-T
4k T-1 e
UQ( Z ‘L{m >
s=t*—kT

, , / * 4 kT—1 l/p

[T+ PP T "%

’ mm{ e )| 2 |l
s=t*—kT

. e kT-1 , /e
= @D > [m(s)]

s=—kT
/ / / / kT-1 1/p
) [(T + l)p +1 + TP +1 _ Z]I/p Tl/p »
+m1n{ —— v T Z |Aum(s)| .
Ty (p' +1)vr 2p rt
The proof is complete. d

Corollary 2.2 Let u,, € Hyyx, m=1,2. Then

(T+1)P L +1P1 -2 T })W

o < 2T #'lp i y T
”um”l <( ) + mln{ (2T)p/2 (p, + l)up/ Zp//p

2kT —

kT-1 kT-1 1/p
. Um(s)[F + Au, ()P ) (2.11)
> (o)

s=—kT s=—kT
wherem =1,2.

Proof In Corollary 2.1, let ¢ = p and then use Holder’s inequality. Then the proof is com-
pleted easily. O
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Remark 2.1 As a > 1, Lemma 2.1, Corollary 2.1, and Corollary 2.2 improve Lemma 3.1,
Corollary 3.1, and Corollary 3.2 in [16], respectively.

By Lemma 2.3 and Lemma 2.4 in [17], we have the following two lemmas.

Lemma 2.2 (see [17]) For any u = (u1,u;),v = (v1,v2) € Hy, the following two equalities

hold:
kT-1 kT-1
=Y (Mg (Am(E-D),m(®) = > (Agi(Am(®), Ani(e)), (2.12)
t=—kT t=—kT
kT-1 kT-1
=Y (Aga(Aua(t - 1), m@®) = Y (Aga(Aus(t)), Ava(t)). (2.13)
t=—kT t=—kT

Lemma 2.3 (see [17]) LetL: Z[-kT,kT-1] x RN x RN x RN xRN — R, (£, %1, %2, Y1, ¥2) —
L(¢t,%1,%2,91,92) and assume that L is continuously differential in (x1,%2,y1,y2) for all t €
Z[—kT,kT —1]. Then the function @i : Hx — R defined by

kT-1

k(1) = i, ) = Y L(t,ua(8), us(£), Auy(£), Auy(2)
t=—kT

is continuously differentiable on Hy and

(‘/71/((14), V) = <<P1,<(141» us), (v1, V2)>

kT-1

= > [(DyL(t11(8), un(0), Aus(£), A (8)), i (£))

=—kT

(Dy, L( 1 (£), u2(8), Auy (2), Aua(2)), Avi(2))
+ (D, L(t, w1 (2), w2 (2), A (8), Aua(2)), v(2))
+ (Dy, L(t, w1 (£), ua (8), A (£), Aun(2)), Ava(2)) ],

~

+

where u,v € Hy.

Let
L(t,%1,%2,51,52) = P1(31) + Pa(y2) + K (&, %1,%2) — W(t, 20,%0) + (fii(£), 1) + (Fox(£), %2)

and define 7y : Hy — [0, +00) by

kT-1

i) = iy, uz) = Y [@1(Aw(8)) + o Aun(t)) + K (£ 11 (2), us(£)) ].
t=—kT

Then

o(u) = or(uy, uz)
KT-1

= Z [¢1(Au1(t)) + @2(Alft2(t)) +I<(l', M](t), Ltz(t))

t=—kT
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= W(t,m(t), uz(®)) + (fir(), w1 (0) + (fok(0), ua(9)) ]

kT-1

=)+ Y [~W (Lm0, ;@) + (ia®)m@®) + (Ai®), ua(0))].

t=—kT
It follows from (A0), () and Lemma 2.3 that
(90/2(”), V) = <<P1/<(M1, us), (vi, V2)>

kT-1

= Z [(#1(Am(2)), Avi(2)) + (2 (Aua(2)), Ava(2))

t=—KT

+ (Vi K (8 u1(8), ua(8)),v1(8)) + (Vi K (8 11 (8), 2 (2) ), v2 (1))
- (Vu1 W(t: ul(t): Ltz(t)), Vl(t)) - (Vuz W(t’ Ltl(t), u2(t))7 VZ(t))
+ (fl,k(t), vl(t)) + (fz,k(t),vz(t))], Yu,v € H.

Page 10 of 24

(2.14)

(2.15)

By Lemma 2.2, it is easy to see that critical points of ¢y in Hj are 2kT-periodic solutions

of system (2.1).

We shall use one linking method in [21] to obtain the critical points of ¢ (the details can

be seenin [21]). Let (E, || - ||) be a Banach space. Define a continuous map I" : [0,1] x E — E

by I'(t,x) = I'(t)x, where I'(¢) satisfies the following conditions:
(1) T(0) =1, the identity map.
(2) Foreacht € [0,1), I'(¢) is a homeomorphism of E onto E and
I'(t) e C(E x [0,1),E).

(3) I'(1)E is a single point in E and I'(£)A converges uniformly to I'(1)E as t — 1 for

each bounded set A C E.
(4) For each ¢y € [0,1) and each bounded set A C E,

sup {||1"(t)u|| + ||F’1(t)u||} < 00.
0<t<ty

ucA

Let @ be the set of all continuous maps I as defined above.

Definition 2.1 (see [21], Definition 3.2) We say that A links B[hm)] if A and B are subsets
of E such that A N B = §J, and for each I" € ®, there is ¢’ € (0,1] such that I'(¢)ANB # .

Example 1 (see [21], p.21) Let B be an open set in E, and let A consist of two points ey, e;

with e; € Band ey ¢ B. Then A links dB[hm].

We use the following theorem to prove our main results.

Theorem 2.1 (see [21], Theorem 3.4 and Theorem 2.12) Let E be a Banach space, ¢ €

CHE,R) and A and B be two subsets of E such that A links B[hm]. Assume that

supp <infg
A B
and

c:= inf sup ¢(I(s)u) < oco.
Fe® ¢er0,1] ( )
ucA
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Let Y (t) be a positive, nonincreasing, locally Lipschitz continuous function on [0, 00) sat-
isfying fooo Y (r)dr = 0o. Then there exists a sequence {u,} C E such that ¢(u,) — ¢ and
@' ()Y (| unll) = 0, as n — co. Moreover, if c = sup, ¢, then there is a sequence {u,} C E
satisfying o(u,) — ¢, ¢’ (u,) = 0, and d(u,, B) — 0, as n — oo.

Remark 2.2 Since A links B, by Definition 2.1, it is easy to know that ¢ > infz ¢. By [21],

if we let ¥ (r) = l%r, the sequence {u,} is the Cerami sequence that is {u,} satisfying

) >, 1+ ual)|¢' (n)| = 0, asn— oo.

3 Proofs
Lemma 3.1 Suppose that (H2) holds. Then

K(t,31,%7) < 2P-11<<t, |x—1| |x—2|> (1al? + 1x2?)  forall t € Z[0, T -1, x| > 1;
x| |x

1
K(t,x1,%7) > §K<t, |x—1|, %) (|x1|p + |x2|1") forallt e Z[0, T - 1], |x| <1.
x| |x

Proof Define the function & € (0, +00) — K(t,& xy, £ 'x,)(£7 + £7). Then we have

(K (72,6 'y (67 + £7)),
= — (Vi K (6,6 w1, E7'00), 6 721) (7 + £7)
— (Vi K (6,67 %1, 6712, 25) (67 + €7) + K (6, "1, € 7 \xo) (0P + pEPY)
> — (Vi K (6,67 %1,6712), 67y ) (877 +6771)
— (Vi K (6,67 %0, 1 2), 6 7' (8271 + 6P71) + pK (8,6 711, & 7o) (877 + £771)
>0.
Hence the function & € (0, +00) — K(t,& %1, & x,)(£7 + £7) is nondecreasing. Moreover,
note that

e l? + [P

5 < Ixl? < (Ial + %))’ <227 (Jaa P + % 7).

Then the proof can be completed easily. g

Lemma 3.2 Suppose that (H1) holds. Then, for any u € Hy,

i) = min{ey 5, arCY Pl )

+ min{dz||u2||g_h,k,a2CZ_p||u2 ”sz,k}' Vk € N.

Proof It follows from (A1), (H1), y € (1,p) and Corollary 2.2 that

kT-1

() = Y [®@1(Am(B) + Po(Aun(t)) + K (t, 11 (8), us(8))]

t=—kT
kT-1

> Z [d1|AM1(t)|p + d2|Au2(t)|p + 611|M1(t)|y + 612|M2(t)|y]
t=—kT
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kT-1
= ) [d|am@) + o A + arlln 5 im0 + azlea 1" |ua (6)]1]
t=—kT

kT-1

> Z [dh| A (O + da| Aua (O] + ar (Cillwmllzg,, )7 Jua (O]
t=kT

+ a3 (Culltzllry, ) 7 |2 O]
> min{dl,al (C* || 241 IIHl_k)y_p} l|261 ”?—LLk + min{dg,az(C* l|222 ”HLk) } 242 ”sz

= min{dy[lm 13, a1 CY P lluillyy, | + min{dalluzllsy, ,, a2Cl P llually, . O
Proof of Theorem 1.1 We divide the proof into the following Lemmas 3.3-3.5.

Lemma 3.3 Under the assumptions of Theorem 1.1, for every k € N, system (2.1) has a
nontrivial solution uy in Hy.

Proof We first construct A and B which satisfy the assumptions in Theorem 2.1.
(i) When r € (0,1], by Corollary 2.2, (H1), (H3)(i), Holder’s inequality and y < p, for u €

Hi with [lullgy, = r, wehave |luillge. < Cullurllg, < rCsand Juzllge, < Culluallay, < rC,

kT-1 kT-1

or() = () = by Y |m (@) -k Y w2

t=—kT t=—kT

kT-1 ) Uy skr-1 l/p
- (Z Vl,k(t)\"’> (Z !ul(t)|"’>

t=—kT t=—kT

kT-1 ) Uy s rr-1 Up
- ( > 1) |p> (Z |uz(t)|"’)

t=—kT t=—kT

kT-1 kT-1

> Y [di|am @) + do| Aus ()" + ar | (8)] + axfua (O[] - b1 Y [ma ()]
t=—kT t=—kT

kT-1 kT-1 Up' sir-1 p
—by Y lm@®] (Z k@) ) (Z |u1(t>|”>

t=—kT t=—kT t=—kT

kT-1 ) Up" /-1 1p
- (Z [fz,k(t)|”> (Z |u2(t>|”>

t=—kT t=—kT
kT-1 kT-1

> Y d|am® + Y. do|Aur(t)]

t=—kT t=—kT
kT-1 kT-1

rar(Cillmllag,) ™ Y fm@) -b Y |m@f

t=—kT t=—kT
kT-1 kT-1

=by ) i@ + ax(Culluallay, )™ Y @)

t=—kT t=—kT
= WAl Nl = 2l Nzl

> min{d;, ay(C.r)’ ™ = bi}llm |3, , +min{da, ar(Cor)’ ™ = b}l
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= WAl el = Wl Notall ey .

> min{dy,a1C " ~ by} |y, +min{da,arCL 7~ b} el
= WAl N e, = W2llpr 12l
. _ _ 1
> mln{dbdz,tllc,f P —b1,aCIP - bz}%(ﬂulllﬂl,k + ||M2||H2_k)p
= max{[lfill fall } (el + a2 ll94,,)- 3.1)
(H6)(i) implies that there exists & > 0 such that

ox(u) > a >0 forall u e Hy with |lull3, =7,Yke N.

(if) When r € (1, +00), by Corollary 2.2, (H1), (H3)(ii), Holder’s inequality and y < p, for
u € Hy with |lull4, =r, we have

() = min{dy,ar(C.r) ™ — b}l , +min{dz, as(C.r)’ ™ = ba}ua iy,
= Vil el = Wl 12l 34,,
> min{dy, dy, a1(C,r)’ P — by, ar(C.r)’ # — b }L(nu 30y, + N2l )”
el 1,02, A1\ Lk 1, A2\ 2 op-1 T H 21 Ho i

= max{|[fillp Wfallpr }(loeall oy + Netallne, ,)- (3.2)
(H6)(ii) implies that there exists & > 0 such that
k() = a >0 forall u € Hy with |lullyy, =7, VkeN.

By Lemma 3.1 and the T-periodicity of K, there exists a constant By > 0 such that

K(t,x1,%) <277 Ao (Ia]? + |x2l) + By forall (£,21,%,) € Z x RN x RN, (3.3)
where
Ag = max K(t,%x1,%).

0=
1 |<1,|x2|<1,€Z[0,T-1]

By (H4), we know that there exist &y > 0 and L > 0 such that

W (t,x1,%2) > (ds +da + 277 Ag + &0) (|11 + |x2]7)

forall t € Z[0,T —1] and V|x| > L. (3.4)

By (3.4) and the T-periodicity of W, there exists a constant B; > 0 such that
W (t,x1,%) > (ds +da + 277 Ag + &) (Ixl? + [%2/P) — By (3.5)

for all (¢,%1,%,) € Z[0, T —1] x RN x RN, For any k € N, define w € ; by

1,0,...,0,1,0,...,0) ift=0,

&) (£ _ (., (k) _
WO = (O 0) =1 if £ € Z[-KkT, kT —1]/{0},
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where

1,0,...,0) ift=0,
Wi = | ) i i=1,2.
0 if t € Z[-kT, KT —1]/{0},

Since K(¢,0,0) = 0 and W(¢,0,0) = 0, which are implied by (H2) and (H5), then by (3.3)
and (3.5) we have

kT-1

oe(Ew®) = D7 [@1(EAw() + 22 (AW () + K (6, (1), 6w (1)

t=—kT

W (W (@), Ew () + £ (A, w0 () + & (B (6), w3 ()]
kT-1 kT-1

<dslel? Y [awd @) +dalg Y | awd @)

t=—kT t=—kT

+ K(0,6w"(0), 6w (0) - W(0,6w{"(0), 6wl (0)
+ & (f£(0),(0) + & (£,4(0), w3 (0))
= ds &P (|awP D + [AawP(0)[") + dalg (| AW D) + |awi(0)]")
+K(0,6w(0),6w{(0)) - W (0,£w”(0), sw(0))
+£(£.£(0),w17(0)) + & (£,4(0), w5 (0))
< 236 + 24 1 + 2P Ao g + 207 Ao g
+Bo — (ds +da + 27 Ag + &) (IEF + |EIP)
+ By + €[k (0)] + €1]f4(0)]
< =20l + €[k (0)] + [€1|fo4(0)| + Bo + Bu. (3.6)

So there exists & € R such that [|Ew®| > r and ¢ (Eow™®) < 0. Moreover, it is clear that
@r(0) = 0. Let ¢ = £w™® and

A ={0,e}, B:{uer:||u||Hk<r}.

Then 0 € Band e, ¢ B. So by Example 1 in Section 2, we know that A links dB[hm]. So by
Theorem 2.1 and Remark 2.2, we have

¢, = inf sup (pk(l"(s)u) >infeg >a >0, (3.7)
T'e SE[O,I] JB
ueA

and there exists a sequence {u, = (uY’) , u(zn))};l'il C Hy such that
ocun) > e (L+ lunllzg) | ok (een) | — 0.
Then there exists a constant Cyj; > 0 such that

loc@n)| < Co (L + llunllag) | @k (un)| < Cix forallmeN. (3.8)
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It follows from (H5) and the T-periodicity and continuity of W, V,, W and V,, W that

[(Via Wt %1, 22),51) + (Vi W (E, 21, %2), %2) = pW (£, 21,%2) ] (€ + Izl + malxa]”)

> W(t,x1,%2) >0, V(tx1,%) €Z x RN x RN, (3.9)
So by (3.5) and p — v > 1, there exists C, > 0 such that

[(V,Cl W(t,xl,xz),xl) + (sz W(t,xl,xz),xg) —pW(t,xl,xg)]
W(t,x1,%2)
T mlwl + n2xal”
- (ds +ds + 277" Ag + &) (|1 P + |%2]7) — By
B ¢+ mlxl” + n2lxa|”
(ds +da + 277 Ag + 80) o (x| + [%2])P = By
¢+ 2max{m, n2}(lx1| + [x2)”

- (dg +d4 + Zp_le + 80)#

|+ o) = Cy
4 max{n, n2} ( )

(ds +dy + 277 Ag + 80) 55

4max{ny, N2}

(l1 7™ + [27™") = C5, Vxe RN, (3.10)

Hence, it follows from (H2), (3.8) and (3.10) that

=po(” 1”) ~ (i (", 15”), (", 15”))

kT-1
> 3 (Vi Wt (), 65 (0)), () + (Vi W (8, 7(2), 15 (8)), 3" (1))
t=—kT
—pW(t,ul” (), ()]
kT-1 kT-1
-1 Y ()" 0) + 0 =1) Y (ha®)ud (®))
t=—kT t=—kT

(dg + d4 + Zp_le + 80)% KT-1

(1) o\ [P~V M) (P~ KTC
= T amaxtn ) ;(Iul OF " + 1)) - 2kTC,
kT-1 KT-1
~(o=1) Y ix@ll” @ = -1 3 sl u )
t=—kT t=—kT

ds+dy+ 27 A0 + £0) i K2
(ds + dy + 0+ 8())2,,,1 Z (|u§n)(t) ’p—v + |u(2n)(t) |P*V) - 2kTC,

v

4 max{ny, n2} = kT
kT-1 pov B kT Hip=)
(- 1)< Z lfl'k(t)’p—u—l> ( Z ’lztg”)(t)‘pv)
t=—kT t=—kT

p-v-1

kT-1 pv p—v kT-1 1/(p-v)
-(p- 1)( > lfz,k(t)|f”‘> ( > |ud ) I"'”) . (3.11)

t=—kT t=—kT
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The fact p — v > 1 and the above inequality show that ZfT_lelul @P" and
kT-1

e U (")(t)lp ¥ are bounded. By (A1), (H1), (H6), (3.8), (3.9), (3.11), Holder’s inequality
and Corollary 2.2, we have

Arde Lt |42, 5

kT-1 kT-1 kT-1 kT-1
=dy Y |au 0 +dy Y | OF +dy D |aul O +dy Y ud @)
t=—kT t=—kT t=—kT t=—kT
kT-1
<o) = > K(t,ul (), ud (1))
t=—kT
kT-1 kT-1
Y W(u0),u @) +d Y |[u @)
t=—kT t=—kT
kT-1 kT-1 kT-1
vdy Y| OF - D (@, (0) = Y (fut) 1 (8))
t=—kT t=—kT t=—kT
< o(u™)
kT-1
) [V W (6 0, 45" (0)), " () + (Vi W (8,7 (2), 13" (1)), 15 (1)
t=—kT
—pW (" (1), 15" (0)](¢ + m|u” O+ m 5" ()])
kT-1 kT-1 kT-1 L,
vl Y WO +dy 3 [0 + (Z \u§">(t)yp) <Z[f1 )
t=—kT t=—kT t=—kT te’Z
kT-1 L/
+ (Z |u;"><t>|p) (Zheor )
t=—kT teZ
kT-1 kT-1 1%
<Curds 3 PO +dy 3 O + [l HHM(ZVI o )
t=—kT t=—kT teZ
1
+||uy? ||H2,k <Z[f2(t)|p )p
teZ
e (¢ emlt Ly, + o)
kT-1
(Vi W (1 (0), 15 (1), 1 (0)) + (Vi W (8,1 (8), 17 (8)), 115” (8))
t=—kT
—pW(t ul (t) u2 (t))]
kT-1 kT-1
< Curad |l e O v o [ S O
t=—kT t=—kT
1 1
n avd n v
g, (SO )+ 18, (S0 )’
teZ teZ

c@emlady )
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N

: [(p +DCx+ (=D, , (Z A® |"’) ’

teZ

-0, (ZVz(t)P’)p’]

teZ
kT-1 kT-1
< Cu+d Cllu” 5, Y [ @O + ol 3 @)
t=—kT t=—kT
1 1
N\ 7 AN
+ Hui") HHl,k (Z[fl(t) I ) + ”u(z”) I ok (Z A6 )
teZ teZ
+ (e emC w5, +mC s ]3,,)

. |:(p +1)Ci + (p-1) ” ugn) H Hik (Zlfl(t) ’p/) '

teZ

=D, (Z 50 |p/> 7 } (3.12)

teZ

Since v < p — 1, (3.12) and the boundedness of Y"* L [ ()P~ and X7 1ud" ()P~

imply that ||u§")||7.[1,k and ||u(2") 7, are bounded. Since H is a finite-dimensional space,
{1 = (", u{")} has a convergence subsequence, still denoted by {1 = (1", 1)}, such
that u® = ( Y'), u(zn)) — Uy = (u1k, Uzk) as 1 — 0o. Moreover, by the continuity of ¢ and
¢, we obtain ¢ (u;) = 0 and @i (1) = ¢, > 0. It is clear that u; # 0 and so u is a desired
nontrivial solution of system (2.1). The proof is complete. g

Lemma3.4 Let {ur = (u1k, Uok) }ken be the solutions of system (2.1). Then there exists My > 0
such that |z, < My and |z, < My,

Proof First, we prove that the sequence {ci}ren is bounded. For every k € N, define I' :
[0,1] x Hp — Hy by

TCr(s)v=»0-95)v, veH.
Then I' € ®. Note that the set A = {0,e;1}. So (3.7) and the argument of (3.6) imply that

o) =cx < sup i ((1—8)u)
s€[0,1JlucA

Sup @k ((1 - 5)61)
s€[0,1]

= sup gr((1-s)er)

s€[0,1]
kT-1
= sup { Y [@1((1-9)Aw(0) + @a (1 - ) AwS(2)
s€[0,1] fe kT

K (61 -9w0), A - 9w 0) - W(t, 1 - 9w, @ - s)w )

+ (L= 9)(fix(6), W (@) + (1= 9) (for (0, (1)) ]
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< s?p]{—250|1 —sl” + 1= s]|fi(0)] + 11 = sl|f2.4(0)| + Bo + By}
s€[0,1

< [f1(0)] + |/2(0)| + Bo + By := My, (3.13)

where M, is independent of k € N, which implies that the sequence {c}xen is bounded
Moreover, ¢, () = 0. Then it follows from (A1), (H2), and (3.10) that

PMy > pe = por(ur) — (@ (ur), ux)

= poi(tik, ugk) — <¢1,<(M1k, usk), (Ui Mzk))
kT-1

> 3 [(Vig Wt 1k (0), 24 (1)), 1a(8)) + (Viay W (£ 41 (8), 1424 (8)), 1424 (£))

t=—kT
—PW(t, ulk(t)’ u2k(t))]
kT-1 kT-1
(-1 Y (@), u(®) + 0 -1) Y (F(8), ua(8))
t=—kT t=—kT
kT-1 kT-1
W (¢, urx(£), uax (£))
= Z &+ mluw (@)Y + nalua ()] +e-1 tZX_k:T(ﬁk(t),ulk(t))
kT-1
+(p-1) Z (Fax(®), o (1))
t=—kT
So
”i W/ (t, w1k (8), uni(2))
0§ mlui (@)Y + mafua(2)]Y
kT-1 kT-1
<pMy—(p-1) > (fik(®), () = (p = 1) D (fart), umk (1))
t=—kT t=—kT

Then

& W, ar8), uan(8) , .
k) = ouue) + ZkT E T O + malin OF (& + mlu(®)|” + n2|uar(®)]")

kT-1

kT-1
= (k@ un®) = D (F®), uanl2)
t=—kT t=—kT

kT-1
W (¢, uk(2), uzk(£))
< o) + (8 + mllunellyy +mallalle ) D

S & mlua (O + malugi(2)]Y

kT-1

kT-1
= Y (@ @) = Y (k0 un(0))
t=—kT t=—kT

< oic(ug) + (§ + mC)

v v v
ey, + 12CL laailly, )

KT-1 KT-1
: [PMz (-1 Y (s u®) - -1 Y (), uzk(t))j|
(—kT

t=—kT
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kT-1 kT-1

- Z (fl,k(t)y Mlk Z (f2k MZk(t

t=—kT t=—kT

= My + pEMy + pmC Mo lluallyy, , + o CoMalluak |3y,

kT-1 kT-1
—p-DE D (k@) un®) - (p-1DE D (k®), uxnlt
t=—kT t=—kT
kT-1
= (= DmCl il Y (fir®) uik@®)
t=—kT
kT-1
— @ = DmCllluslls,, D (Fr(e), ua(®))
t=—kT
kT-1
— @ = DmClllukllsy,, Y (@), un()
t=—kT
kT-1
— @ - DmClllunlsy,, Y (fii(®) ui(®)
t=—kT
kT-1 kT-1
- Z (@), mk(t)) — Z (fok(£), o (1))
t=—kT t=—kT
NP [ KT-1 1p
< (1L+p&)My + [(p - 1)E +1] <ZLf1(t)|” ) ( > ) |">
te?Z t=—kT

NV [ kT-1 1p
+[(p-DE +1] <Z%(t)|p> (Z |u2k(t)|”)

te’Z t=—kT

+ pmCMallullyy, , + pmCriMalluakllyy, ,

kT-1 1/p
+(p—1)mc:||u1k||;h,k((Zwtw’) (Zymk )

te’Z t=—kT

(g (Eor))

kT-1 Up
+(10—1)'72C:||u2k||‘q)-[2,k<<ZM(t)|p) (Zluw(f )

teZ =—kT
kT-1
+(thz(t>|") <Z|u2k(t>|”> )
teZ =—kT
N Up
< (L+p&)My + [(p - D& +1] <Zlﬁ(t>|”) o1k ll4,
teZ
A Up
+[(p -1 +1] (thz(t){”) 262 124, 5

teZ

+pmC Mallullyy, , + pm2CiMalluakllyy,,

+ (= DmClluwllyy,

Page 19 of 24
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/

A VY A P
: ((Zlﬁ(t)\”) ot ll9¢,, + (sz(t) !") ||u2k||m,k)

teZ teZ
+(p = 1)maCl lluakllyy,

((Ztﬁ(ﬂl’” )1/ ,||u1k|ml,k + (Zlﬁ(t)k’)

teZ teZ

/

1/p

[lzeax |l Hz,k)

AV
< (U4 pEYM, + [(p— E +1] (Z[ﬁ(t)\’”) el

teZ

N4
+[(p -1 +1] <sz<t)|’”> 262 194, 4

teZ

+pmC Mo llullyy, , + P2 CiMalluskllyy,,

+ (= DmC; w5, (Zlﬁ t)|">

teZ

A 1P
+ (0 = DmC el Ntk 14y (Z H@) )

teZ

A U
+ (o= DmC el (Zba(t)\” )

te’Z

N4
+ (0 = D Cl g, ol <Zb‘1(f> ¥ )

teZ

A U
< (L+p&)My + [(p -1 +1] (Zbﬁ(t)V’) llotakl 0,

teZ

A Y
+[(p-D& +1] <thz(t)|p> ookl

teZ

+ pmCyMallullyy, , + P CiMalluakllyy, ,

+ (o= D C i, (Zm t>|f’)

teZ

1 ’
v+l v+l 4
+(p- 1)n1C”( Ml + v+1||u2k||yz,k>(§lfz(t>|)

/ /

/

(o= D el (Z 500 \"’)
teZ

/

1 N7
+(p- 1nZCV(V—||u2k||;z;k v+1||u1k||sz§k><ZLﬁ(t)l’”> . (314
teZ

Thus (3.14) and Lemma 3.2 imply that

N P
(L+p§)Ms + [(p— 1§ +1] (Zwt) |‘”) o1k 94,

teZ

A U
+[(p-D& +1] <Zlfz<t)|p> ookl

te’Z
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+ pmCo M lluiellyy, , + PraCiMallunilly,

b (o= DmC (Zwmp/)

teZ

/

/

Ip

1 /

+(p- 1)nlc“<—||u1k||;;3k v+1||u2k||5;;k)(ZLﬁ(t)|”)
teZ

/

A VP
+ (o= D el (Zlfz(w\” )

teZ
1
1 1 4
(o 1)mC“<V—||u2k||5izk — |1k||%ak)<21ﬁ(t)|)
teZ
> min{dyllm 1, arCl PNy, } + min{dalually, ,arCl P luallly, ).

Note that p > ¥ > v + 1. So (H6) implies there exists M3 > 0 (independent of k) such that

luricll o, < Ms, ok ll34,, < M5 forevery k € N.
By Corollary 2.1,
lwrkllge, < CMs, lwakllige, < CuM3  for every k € N.
Let M; = max{Cy,Ms3, Cy,,M3}. Thus the proof is complete. O

Lemma 3.5 Let {ui} be determined by Lemma 3.4. Then there exists a subsequence {mi; =
(ulkj, ugk].)} of {ui}ken convergent to a certain function ueo = (Uioo, Uaoo) and when fi # 0 and
fo #0, ux is a nontrivial solution of system (1.1) such that u(t) = 0 and Au(t—1) — 0
ast — Foo.

Proof Note that
luakllz, < Mo, luakll3e,, <My foreveryk e N.

Then, similar to the argument in [15] or [16], one can prove that {u,}xen has a conver-
gent subsequence {tmi} such that Uk —> Umoo and #,,,50(£) = 0 and Au,00(t —1) — 0
as t — o0, where m = 1,2. Let Uy = (U100, U200)- By (3.13) and the continuity of ®,,,
K(¢,-,-), W(t,-,-) and ¢, similar to the argument in [15] or [16], the proof is easy to be
completed. d

O

Proof of Theorem 1.2 The proof is easy to be completed by replacing

S 0m0) = (ol )(me)

t=—kT t=—kT t=—kT

A U
< Nt 194, (Zlfmm!”)

teZ

Page 21 of 24
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with
KT-1 kT-1
D (0 () < Nttmllige, Y V@] < Cullttmllng,, Y @], m=1,2,
t=—kT t=—kT te’Z
in the proofs of Lemma 3.3 and Lemma 3.4. O

Proofs of Theorem 1.3 and Theorem 1.4 We only note that in the proof of Lemma 3.3, when
y = p, we do not need to consider the case that r € (0,1] alone and it is sufficient that r > 0.
Other proofs are the same as those of Theorem 1.1 and Theorem 1.2, respectively. g

4 Examples
We first give two examples about ® which satisfy assumption (A1).
(I) An example with N = 1. Define ®,,: R — RN, m =1,2, by

p’ >O, 17’ >O:
arlxl?, x> () = By, y=

qDl(x): » 4
alxl?, x<0, Byl y<0,

where a1, € [d1,ds], B1, B2 € [da,da]. Then it is easy to verify that ®,,, m = 1,2, satisfies
(AL).

(I) As described in [1], the following classical case with p-Laplacian also satisfies the
assumption (Al). Define @, : RN — RN, m = 1,2, by

Dy (x) = afx/?, Dy(y) = Blyl?,

where « € [dy,d3], B € [da,d4].
Next, we present some examples of K and W which satisfy those assumptions in Theo-
rem 1.1. There are lots of examples of K. For example, let

I<(t)xlrx2) = 6{1(t)|x1|y + ﬂz(t)|3€2|y, (t1x11x2) € Z[Or T - 1] X RN X ]RN;

where y € (1,p), a;,i = 1,2 : Z — R* are T-periodic. Let a; = minsez[o,r-1) 4;(¢£). Then it is
easy to see that K satisfies (H1) and (H2).
For W, we assume that

W (t,x1,%2) = b(t)(|x1|p+ |x2|p) ln(|x1 | + |x2|1’+1), (¢, x1,%2) € Z[0, T—1] x RN x RN,
where b: Z — R* is T-periodic. Let b* = max;ezjo,7-1){6(¢)}. Then

W (8, x1,%5) < b* (|l + oo ) In([rCul? + [rCul? +1)

forall t € Z[0, T — 1], |x1| < rC,, |x2| < rCs.

Let by = by = b* In(|rC,|P + [rCi|P +1). If r is sufficiently small, then (H3)(i) holds. It is easy
to see that

W (¢, x1,%2)

i — =400 forallteZ[0,T-1].
%]+ ool +00 X1 [P + [o0p [P
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So (H4) holds. Let v € (0, y —1). Note that
PE(Ixl? + [%2?) = In(jx1 P + |2l +1),  p(mlxl” +na2lxal”) = In(jx P + |x2l” +1)
for all (x1,%5) € RN x RN, when we choose sufficiently large &, ; and 7,. Hence

PE(Ix1l? + 1x217) + p(lal? + [%217) (m11x1]” + m2lx2] ")
> 1n(|x1|" + P + 1) + ln(|x1|p + [P + 1)(|x1|” + |x2|p)
= p(E+mlal’+nlxl”)(xl? + o)
> 1n(|x1|” + [P + 1)(|x1|1’ + %o |P + 1)
= pE+minl” +mlnl’)(al + lxer)’
> (lrl? + |2 l?) In(l2 [P + [l + 1) (Jor | + [ P + 1)

p(x1 1P + |x5]7)? - (1 ? + %2 1P) In(|x1 |7 + %217 + 1)
|1 P + xalP +1 & +mulxr |V + naleal

= (V W(6x1,%2),1) + (Vi W(t, 21, %2), %2) — pW (8, %1, %2)
W(t’ X1» x2)

T E+mlwl” + nalxa Y

for all (t,x1,%;) € Z[0, T —1] x RN x RN, which implies (H5) holds.
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