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Abstract

In this paper, nonlinear self-adjointness and conservation laws for the variable
coefficient combined KdV equation with a forced term are studied. We discuss its
self-adjointness and find that the equation is nonlinearly self-adjoint. At the same
time, the formal Lagrangian for the equation is obtained. Having performed Lie
symmetry analysis for the equation, we derive several nontrivial conservation laws for
the equation by using a general theorem on conservation laws, given by Ibragimov.
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1 Introduction

The notion of conservation laws plays an important role in the study of nonlinear sci-
ence [1-3]. The existence of a large number of conservation laws of a partial differential
equation (system) is a strong indication of its integrability. To search for explicit conser-
vation laws of nonlinear partial differential equations (PDEs), a number of methods have
been presented, such as Noether’s theorem [4], the multiplier approach [5, 6], the partial
Noether approach [7], and so on [8-10]. Among those, the new conservation theorem
given by Ibragimov is one of the most frequently used methods [11-25]. Based on the
concept of adjoint equation for a given differential equation [9], Ibragimov gives a gen-
eral conservation theorem by which conservation laws for the system consisting of the
given equation and its adjoint equation can be obtained. In fact, we are only interested
in the conservation laws for the given equation. Therefore one has to eliminate the non-
local variable which is introduced in the adjoint equation. For a self-adjoint nonlinear
equation, its adjoint equation is equivalent with the original equation after replacing the
nonlocal variable with the dependent variable in the original equation. However, many
equations, which have remarkable symmetry properties and physical significance, are not
self-adjoint. Thus the nonlocal variables of these equations cannot be eliminated easily.
To solve this problem, Ibragimov and Gandarias have extended the concept of self-adjoint
equations by introducing the definitions of quasi-self-adjoint equations and weak self-
adjoint equations [11-16]. Recently, Ibragimov [17] has introduced the concept of non-
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linear self-adjointness, which includes the previous two concepts as particular cases and
extends the self-adjointness to the most generalized meaning.

The KdV and mKdV equations are the most popular soliton equations and have been
extensively investigated. But nonlinear terms of the KdV and mKdV equations often si-
multaneously exist in practical problems such as fluid physics and quantum field theory
and form the so-called combined KdV equation. In many geophysical and marine appli-
cations it is necessary to include a forcing term; typical examples are when the waves are
generated by moving ships, or by a flow over bottom topography. In this paper, we consider
the variable coefficient combined KdV equation with a forced term [26],

Ei = uy + a®uty + m@)uluy + ()it — R(E) = 0, @)

where a(t), m(t), b(t), and R(¢) are smooth functions.

Equation (1) is the special case of the equation
Uy + [ (b ) e + 78 1) U + G (& W)kl + (t, U)1AS + at, u)ts + b(t, 1) = 0,

nonlinear self-adjointness for the equation has been considered in [19], conservation laws
of the time dependent KdV equation,

1 1
Us + ULy + Eu + Euxxx =0,

and the Harry-Dym type equation,
Up + Ulyyy = 0,

have also been derived in [19]. However, conservation laws for the case of a(t) # 0, b(t) # 0,
and m(f) # 0 in Eq. (1) have not been obtained.

Exact solutions including many kinds of solitary wave-like solutions, quasi-periodical
solutions and solitary wave solutions of Eq. (1) have been obtained in [26]. When R(¢) = 0,
a(t), m(t), and b(t) are constants, Eq. (1) becomes the constant coefficient combined KdV
equation [27, 28]. If a(t) = a, b(t) = b, m(t) = 0, and R(¢) = f(¢), Eq. (1) becomes the special
case of the forced KdV equation [25]. To the best of our knowledge, Lie symmetries and
conservation laws of Eq. (1) when a(t) # 0, b(t) # 0, and m(t) # 0 have not been discussed
up to now.

The rest of the paper is organized as follows. In Section 2, we introduce the main no-
tations and theorems used in this paper. In Section 3, we first discuss the nonlinear self-
adjointness for the combined KdV equation (1) and get its formal Lagrangian. In Section 4,
after performing Lie symmetry analysis, nontrivial conservation laws of Eq. (1) are derived
making use of the obtained formal Lagrangian and Lie symmetries. A discussion of the re-
sults and our conclusion are given in the last section.

2 Preliminaries
We first briefly present the main notation and theorems used in this paper. Consider an

sth-order nonlinear evolution equation

F(xl u, u(l); u(Z):“')u(s)) = 01 (2)
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with # independent variables x = (x,%5,...,%,) and a dependent variable u, where
Uy, Ue), - . ., U(s) denote the collection of all first-order, second-order, ..., sth-order partial
derivatives. We have u; = D;(u), u;j = D;D;(u), ... . Here,

Bl 0 0

—_ — o o .« '—
D"axﬁ”f 8u“+uij8u9‘+ , i=12,...,n,
j

is the total differential operator with respect to x;.

Definition 1 The adjoint equation of Eq. (2) is defined by

F*(x,u,v, u1), V1), U2)s V(2)s - - - Us) Vis) = 0, (3)

with
8(VF)

F (o, 14, v, U(1), V()5 (2 V(2)s - -+ U(s)s V(s)) = T
where

I R— 3

—_ = — + -"p. ...D; ——

Su ou ;( ) " " 8Ml'1i2~-im

denotes the Euler-Lagrange operator, v is a new dependent variable, v = v(x).

Definition 2 Equation (2) is said to be self-adjoint if the equation obtained from the ad-
joint equation (3) by the substitution v = u:

F* (%, 1, 1, w1y, Uy, U2), U2y - - - Usy Ugs)) = 0,
is identical to the original equation (2). In other words, Eq. (2) is self-adjoint if and only if
F* (%, 1, 1, w1y, U1y, U2y, U(2)s - - - Us) Ugs)) = A, 1, 801), Uy -« )F (X 8, 80), U)s - - - Us))s
where A is an undetermined coefficient.

Definition 3 Equation (2) is said to be nonlinearly self-adjoint if its adjoint equation (3)
is satisfied for all solutions u of Eq. (2) upon a substitution

V=, u), o(x,u) #0.
Theorem 1 The system consisting of Eq. (2) and its adjoint equation (3),

F(x,u,uq), U),...,Us) =0,
F*(%, 1, v, 41y, V1), U(2), V(2)s - - - » U(s)s V(s) = 0,

has a formal Lagrangian, namely

L =vF(x,u, u(l),u(z),...,u(s)). (5)
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In the following we recall the ‘new conservation theorem’ given by Ibragimov in [8].

Theorem 2 Any Lie point, Lie-Bdcklund, and nonlocal symmetry

I
V=g

— — 6
3xi+n8u ©)

of Eq. (2) provides a conservation law D;(T") = 0 for the system (4). The conserved vector is
given by

) . JL oL JL oL
T =L+ W( — - D ~— ) + DD —— | - DDy, b
u; du; Ok OUjjir
oL oL oL
o (2L () i () )
oujj Oujk Oujjir

L JL
+D,»DkW( —D,( )+) 7)

Oujk Oty

where L is determined by Eq. (5), W is the Lie characteristic function, and

W = n-— %'IM]
3 Nonlinear self-adjointness of Eq. (1)
To search for conservation laws of Eq. (1) by Theorem 2, adjoint equation and formal
Lagrangian of Eq. (1) must be known. We first construct its adjoint equation. According
to Definition 1, the adjoint equation of Eq. (1) is

Ef = v, + a(t)uv, + m(t)uPv, + b(t)Vyxe = 0, (8)
where v is a new dependent variable with respect to x and . If we replace v by u, Eq. (8) is
not identical to Eq. (2), according to Definition 2, we know Eq. (1) is not self-adjoint.

According to Theorem 1, the formal Lagrangian for the system consisting of Eq. (1) and

its adjoint equation (8) is

L= v(ut +at)ui, + mE)uty + b(E) tyry — R(t)). 9)

According to Definition 3, we recall that Eq. (1) is nonlinearly self-adjoint if its adjoint

equation (8) becomes equivalent with Eq. (1) after the following substitution:
v=0(x,t,u). (10)
That is to say, Eq. (1) is nonlinearly self-adjoint if and only if
Eflvputu) = At U, Uy Uyy Uy, .. ) Er, (11)

where A is an undetermined function and ¢(x, ¢, u) # 0.
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The substitution of the expressions of E; and Ej into (11) results in the following equa-

tion:
(P — Mg + b(E) (D — Mthgrx + ¢ + a()uy + a(t)ug,uy + m(t)u2¢x

+ b(t)qﬁuuuui + 3b() g Puthss — ra(@)u, — () ulu, + AR(£) = 0. 12)

Solving the above system with the aid of Maple, the final results read
)\,=M0, ¢=MOM—M0/R(t)dt,

where M is an arbitrary constant.

The result obtained here is a special case of [19] when f(¢,u) = g(t,u) = h(t,u) = 0,
b(t,u) = =R(t), r(t,u) = b(t), and a(t, u) = a(t)u + m(t)u?, where a(t), m(t), b(t) and R(t)
are the coefficient functions of Eq. (1). We have checked that ¢ = Mou — My [ R(¢t) dt sat-
isfies Egs. (22)-(26) in [19]. However, conservation laws for this special case is not studied
in [19]. If a(t) = a, b(t) = b, m(t) = 0, and R(¢) = f(¢), the obtained result is the same as that
obtained in [25] when the coefficient ¢ = 0 in [25].

In summary, we have the following statements.

Theorem 3 The forced combined KdV equation (1) is nonlinearly self-adjoint if and only
if

¢=MOM—M0/R(t)dt.

Corollary 1 The formal Lagrangian of Eq. (1) reads

L=M, <u - /R(t) dt) (ut + a(t)un, + M)y + b(E) Uy — R(t)). (13)

Remark1 When the formal Lagrangian has the form of (13), the adjoint equation of Eq. (1)
expressed by Eq. (8) and Eq. (1) are equivalent.

For simplicity, we take M, =1 in Eq. (13).

4 Lie symmetry analysis and conservation laws of Eq. (1)

In the following, we will first perform Lie symmetry analysis for the forced combined KdV
equation (1) using the classical Lie group method. Suppose that the Lie symmetry of Eq. (1)
is as follows:

5 9 0
Vet pr o yn 14
53 75 T am (14)

where &, 7, and 1 are undetermined functions with respect to x, ¢, and u. According to the
procedures of Lie group method, the invariant condition that &, 7, and n must satisfy is

T(ad (Outty + 1 Q) + b () thnns — R () + a(t) () + un®)

+m(t) (2uuen + un®) + 0’ + b(t)y™ =0, (15)
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where

0 =Dy(n —Etty — Thy) + Elhyx + Tihyy,
n' = Dy(n — Ety — Ty) + Ethyy + Tlhyy, (16)

N = Dygex (0 — Ethye — TUy) + Ethrnn + Ty

Here D,, D; are the first-order total differential operator with respect to x and ¢ and Dy,
is the third-order total differential operator with respect to x. Substituting (16) into (15)

with u a solution of Eq. (1), i.e.
Ug = _ﬂ(t)uux - m(t)uzux - b(t)uxxx + R(t)r

we obtain a system of over-determined partial differential equations (PDEs) with respect

to &, 7, and n:

3b* Tl + 30 Toxlhrns + U (rbt + D Togn + b1y + dmbru® — 3bE,u, — 3DE,
+ 4abtxu) — Sbéuuix + Uy (—Bbéxx + 3b04y + 9abTuy, + 3abTuu + 3bmT,u®
+18bmt uu, — 6b.§uuu§ — D& uy + Sbnuuux) - béuuuui
+ (DN e — 3bExy + 6bMT) U + (3DN gy + 6bMTyxth + 3ab Ty — 3D )12
+ (an + 3bNxxy — bExxx — RE, + 2am T’ + abTxxtt + bNTypett®
— & + mP ot + atu + mru® + tmau® + Tagu + 2mun + a’tu®
— mEu® — akou)uy + u(ans — atyR) + u?(mn, — mRz,)

— DRTypp + 0y — TRy + NyR + b1y — T.R = 0. 17)

In the above equation, a = a(¢), b = b(t), m = m(t), and R = R(¢). If a(¢) = 1, m(¢t) = 0, and
R(t) = 0, from the equation we can obtain the same result as that obtained in [29] when the
coefficient a(¢) = 0 in [29]. If a(t) = 1, m(¢) = 0, b(¢t) = 0, and R(£) = 0, we can also obtain
the same result as that obtained in [22] when the function a(u) = u in [22]. In this paper,
we consider symmetries with the coefficients a(¢) # 0, b(¢) # 0, and m(¢) # 0.

Solving Eq. (17) with the aid of Maple, we get the following cases.

Casel. When a (#0), m (#0), b (#0), and R are all constants, there are two Lie symme-
tries as follows:

Case 2. When a, m, and b are nonzero constants, R(t) = 21, in addition to the symmetry
t3
Vo, there is another symmetry,

x  a*t\ 9 d u ad
Vo=sl=——)—4+t——| =+ — | —,
3 6m)ix Jat 3 6m)ou

where M is an arbitrary constant.
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-1 _
Case 3. When b and m are nonzero constants, a(t) = M3t3 , R(¢) = Mzt%, in addition to
the symmetry V), there is another symmetry,
x 0 d ud

Va=——+t————,
3 ox Jat 3 0u

where M, and M3 (#0) are constants.
-7
Case 4. When a and m are nonzero constants, b(t) = —t, R(t) = M4t e , in addition to the

symmetry Vj, there is another symmetry,

x a*t\d to u a \ 9
Vi=slo-———)—+z=-| =+ )—
3 24dm)ox 20t 12 24m ) ou
where M, is an arbitrary constant.

Case 5. When a(t) = MsA~6 %, b(t) = e, m(t) = e A1, R(t) = MgA~¢ e, in addition
to the symmetry Vj, there is another symmetry,

s L
°T oAt gt
where Ms (#0), Mg, and A (# 0) are constants.
Case 6. When a(t) = Mse% ,b(t) = e, m(t) =1, R(¢t) = M6e% ,in addition to the symme-
try Vo, there is another symmetry,

x 0 10 uao

Ve=c—t——+——,
30x Adt 60u

where Ms, Mg, and A are the same as those in Case 5.
Nyt Nyt
Case 7. When b is a nonzero constant, a(t) = Nse?, m(t) = NoeNt, R(t) = Nie~ 7, in
addition to the symmetry Vj, there is another symmetry,

0 Nuod

a2 o

where Nj (#0), N, (#0), N3 (#0), and Ny are constants.

Through analysis of self-adjointness, the adjoint equation (8) has become equivalent
with Eq. (1). Using the formal Lagrangian and Lie symmetries of Eq. (1), conservation laws
for Eq. (1) can be obtained by Theorem 2. According to the classifications of Lie symme-
tries, the conservation laws for Eq. (1) are as follows.

Case 1. For the symmetry Vj, its Lie characteristic function is

W =-u,
and the conservation laws for Eq. (1) associated with V; are

X = uu;, — uR + R*t — Rtu,,

T = Rtu, — u,u.
It is easy to check that the conservation laws corresponding to Vj is trivial since

Dy(X) + D(T) = 0.
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Case 2. For the symmetry V, its Lie characteristic function is
W = —Uy
and the conservation laws for Eq. (1) associated with V; are

X = —au’u, + aRtuu — muPu, + mRtu*u, — butshy, + btigeity — bieets + bREU .y,

T = av*u, + mulu, + buttyy, — Ru — aRtuu, — mRiuu, — bREU,., + R%L.

The conservation law corresponding to V; is nontrivial because D,(X) + D,(T) = 0 if and
only if « is a solution of Eq. (1).
Case 3. For the Lie symmetry V5, its Lie characteristic function is

u a x a’t
W=—l=+— )= =-=—)u,—tu,
3 6m 3 6m

and the conservation laws for Eq. (1) associated with V; are

2 1 au®  mu au
X = bttt — 3DMt3 tyyy + blungtiyy — 3bMytigrt™ 3 — btugityy — — — —— — h—o
2 3 6m
2
a*tuu, Mix xuu, a*u?  Auu,  2uP  a’M; o a*Mitsu,
- -+ - -b +b + L3 —
6m t3 3 6m 3 3 2m 2m
3aMiu®> mMu®  Mixu a*Miu  Mixu,
- 1 - 1 - 4 1 1
2t3 L3 3t3 3mt3 t3

2 2
— atu,u® — 3aMit3 uu — 3SmMyu,ue3 — mtutu3,

2M1L{

2 2 2
— + 3Maat3 uu, + 3Mymt3 uPuy + SHMy£3 thyyy
L3

T = atu®u, + mtu u, + btuity,, —

2
3M? u?  au  aMy  xuu Mixu, a’tuu a’Miugt3
+ + ,
t3 3 6m s 3 3 6m 2m
where M is an arbitrary constant.
Case 4. For the Lie symmetry V3, its Lie characteristic function is
u

X
Wz—g - gl/ix—tlxlt,

and the conservation laws for Eq. (1) associated with V3 are

Msu®  2b 5 mu* xuny  Moxu  Moxu, MsMou?
X=——7+—u,— — + btuuy + —-—— - 3
3t3 3 3 3t3 £3 t3
mMyu®  dbuuy,  3bMyu,, Max

2 1
T T — — M3st3 utuz - 3MyMst3 uu
t3 3 £3 t3

2 2
— mtuu® — 3mMot3 uu? — btuinyy, — bttt — 3DMotit 3

1 1 4 5 4 1 1
T=-—— (ut3 + 3M2)(—3M3tuux —3mit3u’uy — 3bt3 Uyy, + 3My + ut3 + xuxt3),
3t3

where M, and M3 (#0) are constants.
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Case 5. For the Lie symmetry V, its Lie characteristic function is

u a x  a’t t
W=-—=+—)-z-— |ux—-uy
(12 24m) (3 24m) 2
and the conservation laws for Eq. (1) associated with V, are

X =

2272 2 B 2,4 9 2.4 4 z
- I (—6a Myt + 48mMx — 72mMat ® Uy + a"t3u” + 2m7t3U° — a3 Uy,
24mt3

) z 2 Z 2 7 3 43 2.7
+10mt3 u; — 20meE3 uthy, + 5a”Mytou + 12m°Mytou” + 3mat3u” + a”t3 uu,

5 13 5.7 3 10 10 16
+6aMyts u; + 12m°t3u’u; — 12mt 3 uyytty + 12mt 3 Uyt — 108mMyt 3 Uy,

10 1 7 13 13
—12mt3 upyu + 8mMyxuts + 12mat3 utuz + 72maMyt e usu + 72m2M4t? utu2

7 4 7
—48mMyxu,te — 8mxut3 u, + 18maMyte uz),

1
te + 6M.
A

7 7 13 1 1
T (12mat€ Ul + 12m%t s uzux —12mt6 tyyy — 12mMy — 2mt6u — ate
24mt3

1 2,7
— 8mxu,ts +a t6ux),

where M, is an arbitrary constant.
Case 6. For the Lie symmetry Vi, its Lie characteristic function is

1
W = —El/lt,

and the conservation laws for Eq. (1) associated with V5 are
5 8 17
X = ~MsA6 uu® + MsMgA™3 e uu — A upu® + MeA™6 e uu® — sty + gty

_u
— Uppsth + MA™® U™,

) -1,3 -2 -8 Ar -7 At 2
T = MsA 6 uu® + AP u, + Uity — MeA™ 6 1 — MgMsA™3 €My, — MgA ety Uy

— MgA™6 Mty + MEA™3 €M,

where Ms (#0), Mg, and A (# 0) are constants.
Case 7. For the Lie symmetry V4, its Lie characteristic function is

w2
== Zu— —uy,
6

A

[SSRIR

and the conservation laws for Eq. (1) associated with Vj are
1 A 1 1 A 1 A
X=-A uu® + gMge?[ ud + gxuut - gueAtuxx —M5M6A_le?t u? - gM6xue?[
A A 7A
+ 2M§A‘1xe?t “MeA Bes — A e Mu, + A M uuy, + SMA e 6

1 1
AV o+ 6M6A‘2ume% + geAtui + gu4 - 2M6A_1xe% Uy — v
At
6 ’

+ 6M5M6A’2ute%£ U+ 6MgA 2y, u’e

at o
Msue6 u

Page 9 of 11
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- ) -1,3 -1, At -1, AL —2 4t
T=MsA"ecu“u, + A" 1’u, + A ue’ Uppy — 2McA " ue 6 — 6 MgMsA™"e3 uu,
9 At o o 7AL 9 42 At
—6MeA™ e o uuy —6MeA "€ 6 Uy + OM¢A €3

1, 1 Mgxtze’s
+ Ut - XU+ —————,
6 3 A

where Ms (#0), Mg, and A (# 0) are constants.
Case 8. For the Lie symmetry V7, its Lie characteristic function is

Nlu
=-— Uy

2
and the conservation laws for Eq. (1) associated with V7 are

Nyt

1 N, 1
X = —ENlN?,eT” u? — NoNyu = ZNiNou'*e™* - NoNe 1

Nyt 2N3N, 2NoNy Nt
— bNyuthy, — Nye 2 u,u® — uu — NoeMu,u® — e uu®
1 1
bN; -Njt 2bN, -Nit
— by, + - ui + buytts, — DNge ™2 Uy, — bttt — € 2 Uy,
1
N1M2

Mt Nit, 3 e 2
T=Nze2 u’uy + Noe" V'uthy + btbthyy — 2Nye 2 u + A—[N4N3uux—
1

2 NNoeF i, + 20Ny 2 N2
+ — e Uty + — e u - — e
Nl 44N x Nl 4 XXX Nl 4

—Nit
’

where Nj (#0), N» (#0), N3 (#0), and Ny are constants.

Remark 2 As Eq. (1) does not depend on x explicitly, V, = % is an obvious symmetry for
any possible choice of the functions a(t), m(z), b(t), and R(z). In Case 1, we have checked
that the conservation laws corresponding to V} are trivial. In fact, in the other cases, the
conservation laws corresponding to V; are also trivial, we omit them for simplicity.

Remark 3 The conservation laws corresponding to V;-V57 are nontrivial. The correctness
of them has been checked by Maple software.

5 Conclusion

Conservation laws are used for the development of appropriate numerical methods and
for mathematical analysis, in particular, existence, uniqueness and stability analysis. For
the variable coefficient combined KdV equation (1) with a forced term, the constructing of
conservation laws is not easy because of the arbitrariness of the variable coefficients a(¢),
b(t), m(t), and the forced term R(¢). Through analysis of the self-adjointness, we show that
Eq. (1) possesses nonlinear self-adjointness. This ensures that we can derive conserva-
tion laws of Eq. (1) by Theorem 2. After performing a Lie symmetry analysis, seven cases
of Lie symmetries are obtained. Making use of the obtained Lie symmetries, nontrivial
conservation laws for Eq. (1) are derived. These conservation laws may be useful for the
explanation of some practical physical problems.
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