Deng and Wei Advances in Difference Equations (2015) 2015:103 ® Advances in Difference Equations

DOI 10.1186/513662-015-0443-5

a SpringerOpen Journal

RESEARCH Open Access

Stability analysis for optimal control problems
governed by semilinear evolution equation

Hongyong Deng' and Wei Wei'?*

"Correspondence:
wwei@gzu.edu.cn

'Department of Mathematics,
Guizhou University, Guiyang,
550025, PR. China

?Department of Mathematics,
Guizhou Minzu University, Guiyang,
550025, PR. China

@ Springer

Abstract

In this paper, the stability of solutions of optimal control for the distributed parameter
system governed by a semilinear evolution equation with compact control set in the
space L'(0, T; E) is discussed. The stability results for optimal control problems with
respect to the right-hand side functions are obtained by the theory of set-valued
mapping and the definition of essential solutions for optimal control problems.
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1 Introduction
The stability analysis of systems governed by differential equations in modern mathemat-
ics is very important for practical applications (see [1, 2]), especially in numerical compu-
tation (see [3, 4]).

In recent years, there has been growing interest in stability analysis of optimal control
problems for the ODE system or PDE system (see [5, 6]). But most of the results are based
on the existence and uniqueness of an optimal control for problems, there are only a small
number of articles discussing a stability analysis for optimal control problems without the
uniqueness in view of set-valued analysis. In recent years, Yu et al. discussed the stabil-
ity of optimal controls with respect to the right-hand side function based on set-valued
mapping (see [7]). But all results are established under the control admissible set ¢/[0, T']
assumed as the compact set of C([0, T']; R™) in the optimal control problem for an ODE
system. Moreover, we have done some work concerning the control admissible set /[0, T']
assumed as the compact set of L}(0, T; R™) in order to include many cases of practical sit-
uations (see [8]). Therefore, it is natural for us to ask whether these results are still valid
for infinite dimensional controlled systems.

This paper studies the existence and stability properties of solutions of optimal control
problems governed by a semilinear evolution equation, and it is stated as follows.

Problem (P): Given T > 0, (-) € L2(0, T; X), yo € X, and yr € X, find an optimal control
i € U[0, T] such that

J(@) <J(u) forallueld[0,T], (1)
where
2 T 2
J@) = [(T) — yz % + /0 I(0) 50| at @)
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subject to

(&) = Ay(t) + f (&, y(t), u(t)), tel0,T],

3
y(O):yo, ( )

where A is infinitesimal generator of Cy-semigroup on a Banach space X, the set of ad-
missible controls in the space L}(0, T; E) is defined by

ulo,T) = {u | u(t) is measurable w.r.t. t,u(t) € U C E}, (4)

where E is another separable reflexive Banach space from which the controls u take values.

The paper is organized as follows. In Section 2, we give some properties of Cy-semigroup
and some results as regards compact sets. In Section 3, the existence of an optimal control
is obtained. In Section 4, for the reader’s convenience, the set-valued mapping theory is
recalled, then we show stability results for the optimal control problem in the sense of
the Baire category. In the last section, some examples demonstrate the applicability of our

results.

2 Preliminaries

Throughout the paper, constants 1 < p < +oo and T > 0 are given. Let X be a Banach space
and e’ the Cy-semigroup generated by a linear operator A. In this section, we recall some
related results about semigroups and compact sets from [9, 10] and [11] which will be used
in this paper.

Proposition 2.1 ([9]) There exist constants w > 0 and M > 1 such that
”eA’” <Me” for0 <t<+oo.

Denote L?(0, T; X) the space of measurable functions from [0, 7] into X equipped with

the norm

r )
I¥llzo0,75) = ( fo ly®]% dt) :

and C([0, T]; X) the space of continuous functions from [0, 7] into X equipped with the

norm
Iyllcqom = sup [[y(®)] -
te[0,T]

Lemma 2.2 ([11]) A set V is called totally bounded if for every € > 0, there exist some
8 > 0, a metric space W, and a mapping V : V. — W such that W (V) is totally bounded,
and d(x,y) < € if d(V(x), V(y)) < § whenever x,y € V.

Denote (7j,u)(t) = u(t + h) for h > 0, the compactness of L?(0, T; X) is recalled as follows.

Lemma 2.3 ([12]) Suppose that S is a subset of L?(0,T;X). S is relatively compact in
LP(0, T; X) if and only if:
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(1) The set {f;2 u(t)dt | u € S} is relatively compact in X, forany 0 <ty <t < T.

(2) The limit ||tnu — ullr©,r-mx) — 0 as h — 0, uniformly for u € S.

Now we consider the compactness of the admissible set (4).

Page 3 of 15

Proposition 2.4 Suppose that U C E is compact and ||tyu — ullpo e — 0 as h— 0

uniformly for u € U[0, T). Then U[0, T] is compact in L*(0, T; E).

Proof 1t follows from the compactness of U C E that there exists a constant M > 0 such

that
lolle <M forallwe U,

hence forany 0 < 1 <t < T, we get

/ttz u(t) dt

ty T T
< / (o), dt < / (o), de < / Mdt < T™
t 0 0

E

(5)

for all u € U[0,T], this implies that ft? llu(t)||zdt is bounded in R!, so the set
{féz lu(t)||g dt | u € U[O, T} is relatively compact in R!. Since ftiz u(t) dt € E, by the Hahn-

Banach theorem, there exists a bounded linear functional P € E* such that
1Pl =1, P(u) = ||ullg.

By the continuity and linearity of P, we have

([ - wt0) ) - [ Pl =e0) e = [ -to]

5]

and
’ —uy)dt N - dt
/tl(ul us) ES/n lot1 — ua |l
=/2P(u1(t)—u2(t)) dt
=P</ z(ul(t)—uz(t))dt),
namely,
’ t)dt - ? t)dt P ? t)dt ) -P ? tdtl|.
/tlulo /ﬁum E (/ i (6) ) (/ a(0) )'

Due to {[;” [lu(®)|ledt | u € U0, T1} = {P(J

t 5%

(6)

>u(t)dt) | u € U[0, T]} is relatively compact

in R! and inequality (6), by Lemma 2.2, we see that {fti2 u(t)dt | u € U[0, T} is relatively

compactin E, forany 0 <ty <t < T.

To this end, by Lemma 2.3, 1[0, T] is relatively compact in L}(0, T; E). We only need

next to prove that /[0, T is closed.
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If {u,} CU[O, T) and u,, — u in L}(0, T; E), namely,

T
/o aat) — u®)] dt — o,

then |lu(t)| £ is measurable in [0, T] and there exists a subsequence of {u,}, denoted by
{24, }, such that

||unk(t) - u(t)“E —0 ae.tel0,T]ask— +oo,

i.e., |y, (&) —u(t)|g — O forall t € A, where A is some subset of [0, T'] and ([0, T\A) = 0.
Since U is compact, for any fixed ¢ € A and u,, (t) € U, there exists u(t) € U such that

Uy, (t) = u(t) inEask — +oo.
Without loss of generality, we define

- u(t), teA,
i) = 7)
I/l(t()), te [Or T]\A;

where £ can be chosen by any point of A, then u(¢) = 4(¢) a.e. t € [0, T]. It is clear that
i(t) € U for all t € [0, T]. u and # are equivalent in L!(0, T; E). Namely,

u, — & inLY0,T;E) as k — +00,

K
then U[0, T is closed. From the above, we complete this proposition. d
We give an example of the compact set in L}(0, T; E) in the following.

Example 2.1 Let u € U[0, T] C L(0, T; W'?(R2)). For any fixed x € , u(t,x) is a piece-
wise continuous with respect to ¢ containing only a finite number of discontinuous points.
S(x) = {u(t,x) | t € [0, T}, S(x) is a bounded closed set in W'?(Q2), where € is a bounded
open subset of R” and 9L is C*. Then I/[0, T] is compact in L}(0, T; L*(2)).

Proof From the compact embedding theorem of [13], that is, W?() is compactly em-
bedded in L7 (2), written WP (Q2) CC L?(R), since S(x) is a bounded closed set in W?(Q),
then S(x) is compact in L?(2).

Suppose that D = {t;,...,tx} C [0, T]and tp =0 <ty < fr < --- <ty < T = ty41. We define

u(t,x), tel0, TI\{t,...,tn}, x € 2,
u(t;-0,x), t=t,i=12,3,...,N,x € Q.

u(t,x) =

Without loss of generality, we may assume % > 0, then

lTnst — el 10, 7-mrr ()

T-h
:/O 14t + 1) = w(6)] .
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T-h
O e e M Ca R

N+1

_Z/ (e + ) = () | i dt+2/ w(t +h) = i(t)]| g At

N+1

<Z/ (e + ) = #(8) | ) dt + 2MN,

It follows from the continuity of u in (t;_1,¢) (i=1,2,3,...,N + 1) that, for any fixed & > 0,
u(-) is uniform continuousin [¢,1,¢, - k] (i =1,2,3,...,N +1). That s, forany £ € [t;_1,¢;— h]

and any € > 0, there exists §; > 0 such that

€
e+ ) = 2@®)] i) < 377

holds whenever % < §;. Let § = minj<;<n+1 8;, then when 4 < §, we have

- - €
||u(t +h) — u(t)”Lp(Q) < TN forall t € [0, T\{t1,...,tN}

Hence
N+1
Z‘/ e + 1) - a(®)| ot < =
ti-1 Lp 2
If we take 4 < min{§, m}, then
I I <Siomnn<E4E
U — . -+ —+—=¢€.
nU = Ul 10, T-m1r () = 5 =5 2
By Proposition 2.4, 1[0, T] is compact in L}(0, T; L7(S2)). O

3 Existence of optimal control

In order to study the optimal control problem (P), we assume that:

(H,) Theset U C E is compact, U[0, T] C L}(0, T; E), and
lthe — ull o rppy — 0 ash— 0,
uniformly for u € [0, T].

(Hy) The functionf: [0, T] x X x U — X is continuous w.r.t. t and «. There exist a function
L(¢) > 0 and constant C > 0 such that

&2 u) - f(& 3,0, < L)%= yllx,
sl =c

forallx,ye X,t€[0,T], u e U.
(H4) The operator A : D(A) € X — X generates a Cp-semigroup e/ on X.
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Definition 3.1 For given u € /[0, T, a function y: [0, T] — X is called a mild solution of
(3) if y € C([0, T]; X) satisfies

y(t) = ety + /OteA(t_S)f(s,y(s),u(s)) ds, tel0,T].

This solution is denoted by y(-, u(-)).
From Proposition 5.3 of [10], we have the following theorem.

Theorem 3.1 Suppose assumptions (Hy), (Ha), and (H,) hold. Then, for any u € U[0, T1,
the Cauchy problem (3) has a unique mild solution y € C([0, T]; X).

Moreover, we also have the following result.

Theorem 3.2 Suppose assumptions (Hy), (Ha), and (H,) hold. y € C([0, T; X) is the mild
solution of system (3), then the map u(-) — y(-,u(-)) is continuous from L*(0, T;E) into
C([o, T]; X).

Proof Suppose yi(£) and y(¢) are mild solutions of the system (3) with respect to u; and u,
respectively. Then

yi(t) = eMyo + /0 e (s, 91(), u(s)) ds

and

y(t) = ety + /0 te"‘t‘s)f(s, (s), u(s)) ds.
Since
ur — u inLY0, T;E) as k — +00,
by the Chebyshev inequality of Theorem 2.5.3 in [14], we have
||uk(t) —u(t) ||E — 0 foralmostall ¢t € [0, T] as k — +00,
and the function f is continuous w.r.t. i, it follows from Corollary 2.2.6 of [14] that
Hf(t,y, ur) —f(t,y,u) ”x — 0 for almostall £ € [0, T] as k — +00,

and combining the Riesz Theorem 2.2.5(i) and Theorem 2.2.3 of [14], then for any subse-
quence {uy } we can extract a further subsequence {u;} such that

| (@) = u(®)]|, > 0 ae.te[0,T],
then

I (& 9(8), wir () = f (£, ¥(2), u(2)) ”x —0 aetel0,T].
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Also from Proposition 2.1, there exist constants w > 0 and M > 1 such that
|e*| < Me” foro<t<T. (8)

Due to assumption (Hy) and the Lebesgue dominated convergence theorem, it follows that

T
lim Me”" |f (5, 5(5), s (5)) = f (5, 9(), u(s)) |, s = 0. 9)

K'—o00 Jo

Since the subsequence of {uy'} is arbitrary, we can conclude that

T
lim Me®T Hf(s,y(s), uk(s)) —f(s,y(s), u(s)) ”X ds =0, (10)

k—o0 Jo

namely, for any € > 0, there exists N > 0 such that

T
/(; Me®T |Lf(s,y(s), uk(s)) —f(s,y(s), u(s)) ”x ds<e (11)

holds whenever k > N. So

30 =30, = H [ A [F (5, (51,105 6)) — £ (5,9(5), 1)) ]

X

t
< / MeT([[f (5,5(6), 14(5)) — £ (5.5(68), 1x(5))] | ds
0
T
+ / Me®T || [f(s,y(s), uk(s)) —f(s,y(s), u(s))] ||X ds
0
t
< Me®T / L(t) ||yk(t) —y(t) Hx ds + ¢, 12)
0
and using the Gronwall inequality, we obtain
@) = (@), < e o10% < M Jo LOds  yp e [0, T, 13)
That is, y(-, ux) = y(-,u) € C([0, T]; X). (I
From Proposition 2.4, we have the following lemma.
Lemma 3.3 If assumption (H,) holds, U[0, T is compact in L}(0, T;E).
Now, we discuss the existence of an optimal control for problem (P).

Theorem 3.4 Suppose assumptions (H,), (Ha), and (Hy) hold, then problem (P) admits at

least one optimal control.

Proof Assume that there exists a minimizing sequence of {u} C U[0, T'] such that

lim J(ux) = inf  J(w). (14)
k— 00 ueld[0,T]
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Since U[0, T] is compact, there exists a subsequence {uy'} of {u;} and u € U[0, T] such
that

up — it in LY(0, T; E) as k' — +0o. (15)
From Theorem 3.2 we have
Yup () = ya()  in C([O, T];X) as k' — +00, (16)
where y,,, (-, -) and y;(-, -) are solutions of (3) with respect to u and , respectively. Hence
Yup (T) = ya(T) in X ask’ — +00
and
||yuk,(T) —yTHX — ||y,;(T) —yr ”x inR' as k' — +00,
then
|7 (T) —yTHf( = |ya(T) - yr ||§( in R' as k' — +00.
Thanks to (15), there exists a subsequence of {uy '}, denoted by {u;~}, such that
|| ugr (t) — u(t) ||E — 0 for almostall £ € [0, T]. 17)
It follows from (16) and (17) that
Y @) = 3@ || = [ya®) - 5@, ae.tel0,T].

Since uy»(¢) € U (compact set in E) and y(-) € C([0, T]; X), the image of the compact set
under y is compact (see Theorem 2.5-6 of [15]). For all k”, there exists a positive constant
M, such that

190 O = 50)] < M. (18)

From the Lebesgue dominated convergence theorem (see Theorem 2.8.1 of [14]), we
have

T T
tim_ [l =501 de = [ a0 -500) . (19)

k" — +00
From all the above, we have
2 T 2
1@ = |oam)=ye v [t -5001
0
= lim |y, (1) -yr|5+ lim fTHy (0)-5@)|5 dt
K00 K X o 0 “x X

= lim J(ugr)= inf J(u).
k"= +00 ueld[0,T]

That is, # € [0, T'] is an optimal control. This completes the proof of the theorem. [
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4 Stability analysis of optimal control problems

In this section, we will use the set-valued mapping theory to study the stability of the
optimal control. At first, we recall some definitions and a lemma on set-valued mappings
for convenience of the reader (see [7, 8, 16]). Let W and Z be metric spaces.

Definition 4.1 A set-valued mapping F : W — 2 is called upper (respectively, lower)
semicontinuous atx € W if and only if for each open set G in Z with G D F(x) (respectively,
G N F(x) # V), there exists § > 0 such that G D F(x') (respectively, G N F(x") # ¥) for any
x' € W with p(x,4) < 8. It is said to be upper (respectively, lower) semicontinuous in W if
and only if it is upper (respectively, lower) semicontinuous at any point of W.

A set-valued mapping F : W — 27 is continuous at x if it is both upper semicontinuous
and lower semicontinuous at x, and that it is continuous if and only if it is continuous at
every point of W.

Definition 4.2 A set-valued mapping F : W — 27 is called compact upper semicontinu-
ous (called USCO) if F(x) is nonempty compact, for each x € W, and F is upper semicon-
tinuous.

Definition 4.3 A set-valued mapping F : W — 27 is called closed if Graph(F) is closed,
where Graph(F) = {(x,z) € W x Z | z € F(x)} is the graph of F.

Lemma 4.1 Ifthe set-valued mapping F : W — 27 is closed and Z is compact, then F is an
USCO mapping.

Definition 4.4 A subset Q C W is called a residual set if it contains a countable intersec-
tion of open dense subsets of W.

If W is a complete metric space, any residual subset of W must be dense in W'

Lemma 4.2 Let W be a complete metric space, and F : W — 27 be an USCO mapping,
then there exists a dense residual subset Q of W such that F is lower semicontinuous at
each x € Q.

Now, we consider the stability of optimal controls. Denote
Y= {f | f satisfies conditions of (Hf)}.

For every fi,f> € Y, we define

p(h.fo)=  sup ullﬁ(t»y»u)—ﬁ(t,yru)||x~

(ty,u)el0,T]x X x

Then the space (Y, p) is a complete metric space [7].
Let

S(f) = { u | u is the optimal control of problem (P) associated with f € Y}.

Then the correspondence f — S(f) is a set-valued mapping S: Y — 2¢[0.T],
From Theorem 3.4, we have the following theorem.
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Theorem 4.3 If assumptions (H,), (Ha), and (Hy) hold, S(f) # 0 for each f € Y.
The following proposition is important in studying the stability of optimal controls.
Proposition 4.4 Let {fi} be any sequence of Y such that fi — f in Y and {ui} any sequence

of U[0, T] such that ux — u in L*(0, T; E), then yz (-, ux(-) = yr(-,u(-)) in C([0, T; X) as
k — +o0.

Proof By Definition 3.1 of a mild solution of Cauchy problem (3) we have

y(B) 2 yr (8 ult)) = e'lyo + /0 A (s,9(5), uls)) ds
and
7e0) 23y (6k(0) = 30+ [R50 1009) s
0

for every t € [0, T].
It follows from f;y — f in Y that for any € > 0 there exists a constant N; > 0 such that

€
PO
PUief) < 53t

whenever k > N;. The inequality (8) implies that
T
/ €27 (fic (5, 9 (5), 1k (5)) = f (5, 91 (8), 1 (5))) | s
0

T
< /0 Me®T |[fi (s, yx(s), ur(s)) = f (5,7 (s), ua(s)) |, ds

T € €
- / MeT ds= <. (20)
= /o 2MTeT 7 2

The ux — u in L}(0, T; E) and (10) imply that there exists a constant N, > 0 such that

(21)

N ™

T
/o Me“T|[f (5,3(s), ui(s)) — £ (5 5(5), u(s)) | s <

whenever k > N,.
Let N = max{Nj, N,}, then

lye® - @) = H /0 A [fe(5,5(5),0k(5)) — (5,5(6), u(s)) ] s
X
T
< /0 M (i, 9e(5), i (5)) 1 (5 76(6),1x(5)) | ds
. / Me T |[f (s, 3(6), 1 (5)) = £ (5,9(6), 1 (5)) | s
T
+/O MeT|[f (s, 5(5), ux(s)) = f (5,5(s), uls)) |  ds

<M [ L0050 s+ (22)
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holds for any k > N, and it follows from the Gronwall inequality that

() = (8|, < €€ oL < M TLOE v e (o, T, (23)
This implies yx — y in C([0, T]; X), which completes the proof of the theorem. a
We denote

T
500 = [0 -yl + [ =500 .

One can easily obtain the following proposition from Proposition 4.4

Proposition 4.5 Let {fi.} be any sequence of Y such that fi — f in Y and {u} any sequence
of U[0, T such that ux — u in L(0, T;E). Then Ji (ur) = Jr(u) as k — +oo.

Theorem 4.6 Suppose that (H,), (Ha), and (Hy) hold. Then S: Y — 24107 js an LISCO
mapping.

Proof By the compactness of [0, T] and Lemma 4.1, we only need to show that
Graph(S) = {(f,u) € Y x U[0, T] | u € S(f)}

is closed. Let {f;} C Y with i — f in Y and {ix} C S(f) with itz — @ in L'(0, T; E). Now
we need to show that & € S(f).
Due to i € S(f), we have

Ji (i) <Jp () for all u € U[O, T). (24)
Proposition 4.5 yields

i (i) = Jr (1) (25)
and

Ji () = Jp(u) forall u € U[0, T). (26)

Combining (25), (26), and (24), we have
Jp(#) <Jp(u) forall u e U[0, T], (27)
namely, u € S(f). The proof is completed. O

We introduce the following definition for considering the stability of solutions of an
optimal control problem.

Definition 4.5 u € S(f) is called an essential solution iff for any € > 0 there exists § > 0
such that for any f” € Y with p(f’,f) < 8, there is u’ € S(f') with |lu — /|| 110, 1;r) < €. The
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optimal control problem (P) associated with f is called essential iff its solutions are all

essential.
From [7], we can obtain the following theorem.

Theorem 4.7 The optimal control problem (P) associated with f is essential if and only if
S:Y — 24T s Jower semicontinuous at f € Y.

Now we need to consider that S is lower semicontinuous in Y. From Lemma 4.2 and
Theorem 4.6, we have the following lemma.

Lemma 4.8 There exists a dense residual subset Q C Y such that S is lower semicontinuous
at each f € Q, namely, S is continuous at each f € Q.

Since S is continuous at each f € Q and Y is a complete metric space, Q is a second
category [17]. Lemma 4.8 and Theorem 4.7 yield the generic stability in the sense of the
Baire category.

Theorem 4.9 There exists a dense residual subset Q of Y such that for any f € Q, S(f)
is stable in the sense of Hausdorff metric and J; is robust with respect to f € Q. So every
optimal control problem associated f € Y can be closely approximated arbitrarily by an
essential optimal control problem.

We need to note that when the solution S(f) is a singleton, the result also holds. By
Theorem 4.9 we can also see that any f € Y can be closely approximated by an essential
optimal control problem.

Remark 4.1 In this paper, we only discuss the stability results as regards the optimal con-
trol problem with quadratic cost functional. In fact, the results also hold for the optimal
control problem with general cost functional such as Bolza problems under some assump-
tions.

5 Example

Our main result can be applied to the controlled systems of heat equations and wave equa-

tions with the Cy-semigroup. We will state optimal control problems with parabolic con-

trolled systems and hyperbolic controlled systems, respectively, in the following.
Problem (P1): Given T > 0, J(¢,x), and yr(x), find an optimal control & € U[0, T] such

that
J() < J(u) forallueld[0,T], (28)
where
T
/(u):/Q|y(T,x)-yT(x)|2dx+fo /Q|y(t,x)—51(t,x)|2dxdt (29)
subject to

g—{(t,x) = Ay(t,x) +f(t,y(t, %), u(t,x), tel0,T],xe€Q,
y(o’x) = yO(x)’ x €L, (30)
Yoo =0,
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where Q C R" is a bounded domain with a smooth boundary 92, let X = L2(Q2) and A =
A= % +oeet % with D(4) = W22(Q) N Wé’z(Q). Then A is infinitesimal generator of a
Co-semigroup e’ on the infinite dimensional Banach space X. Suppose that y, € X and
the set of admissible controls in the space L'(0, T;E) is defined by (4) where E = L?(Q).
With the assumptions (H,) and (Hy) holding, the stability results are valid.

Problem (P2): Given T > 0, ¥(¢,x), and yr(x), find an optimal control & € U[0, T] such

that
J() < J(u) forallueld[0,T], (31)
where
2 T 2
](u)=/|y(T,x)—yT(x)| dx+/ /|y(t,x)—5z(t,x)| dxdt (32)
Q 0 Q
subject to

P2 (6,%) = Ay(tx) + £y ), ult,x), te0,T)xeq,
¥0,0) =50,  Zjo=nk), xe®, (33)
Y0oq =0,

where Q C R" is a bounded domain with a smooth boundary dQ and X = W2(Q) x L*(R).
Let (0,0) € X, A= 25+ + 25, A = (L g) with D(A) = (W?2(Q) N W™ (@) x W'(Q).
Then A is the infinitesimal generator of a Cy-semigroup e on the infinite dimensional
Banach space X, the set of admissible controls in the space L'(0, T;E) is defined by (4)
where E = L2(Q2). With the assumptions (H,) and (Hy) holding, the stability results are
also valid.

The following example is provided to show that not all optimal control problems are

essential.

Example 5.1 Let H = [0,1], @ = [0, 7] C R. Consider the optimal problem

min J(u) = /ﬂ (V(l,x))2 dx
0

ueld[0,1]

subject to the distributed parameter system

2v(t,x) = Sov(t,x) + f(6 (0, ult ), teHxeq,
v(t,0)=v(t,®)=0, teH,

v(0,%) = vy, x€L,

where u € U[0,1], X = L*(Q), vo € X, A = % and D(A) = W>2(2) N Wy*($2). Then the A

generate a Cy-semigroup e*’. The mild solution can be given by

w(t,x) = vy + /teA(t‘s)f(s, v(s, %), u(s, x)) ds.
0
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Let
N +00 1
(U ui(t,x) € {sinx, —e” x smx}}) U (U{u’”(t,x) =_—_ sinx}),

m

k=1 m=1

here we set
sinx ifte[,24)1-0,1,..., k-1,
Mk(t,x) _ . 2k’ 2k

—e 2k sinx  otherwise.

Similarly to Example 2.1, 2/[0, 1] is compact.

In order to simplify the calculation, let v = 0.

(1) Letf(t v(t,x), u(t,x)) = u(t,x) € U[0,1], we see that the A generate a Cy-semigroup
T(t) = e7%; then the mild solution is

t
v(t,x) = / e u(s,x)ds,
0
we have v(1,x) = 0, for any uy, k=1,2,...,N, hence J(ux) =0, k=1,2,...,N. So

S(f) = i ={u,k=1,2,...,N}.
) arguer{}l[&]]f(u) {or, k }

(2) Let f,,, (¢, v(t, x), u(t, x)) = u(t,x) + %sinx, teH,xeQ,for every m=1,2,.... Then
v(1,x) =0, and J(u,,) =0, m=1,2,..., we get

S(fn) = arg mm ]fm(u)—{ }

U[0,1]

We see p(f,fin) = 2T _, () as m — +00. For any ui € S(f), we have

1
/o o (,0) = (8,2) | o )

S (-2 2]

V2m

= T(l"'e_%(),

where Hj is the union of intervals in which u; takes the value sinx and H, is the union of

1, . . .
intervals in which u takes the value —e™ 2% sinx, which shows that #; is not essential. If let
u°(¢,x) = 0, we have

1
V2
fo ||u0(t,x) —u"(t,x) ||L2(Q) dt = 2—; —0 asm— 0.

Then all solutions in S(f) except u°(¢,x) = 0 are not essential.
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