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Firstly, by combining a reciprocally convex combination lemma and the fuzzy
Lyapunov-Krasovskii function method, a new bounded real lemma (BRL) is proposed
such that the resultant closed-loop systems are admissible and satisfy the prescribed
Hso disturbance attenuation. Then, by using the matrix decoupling technique, we
translate the BRL into another form, which separates the coefficient matrices of
systems and Lyapunov matrices. On the basis of such a new form of BRL, the fuzzy
filter design problem is solved by checking the feasibility of a series of linear matrix
inequalities (LMIs), and the filter gains can also be provided explicitly. Numerical
examples are presented to show the reduction of the conservativeness compared to
some published results in the literature.
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1 Introduction

Nowadays, various approaches have been proposed for the filter design, such as Kalman
filter design [1, 2], Hy filter design [3—6] and so on. Kalman filter is based on the assump-
tion that the systems are exactly known and their disturbances are stationary Gaussian
noises with known statistics, while Hy filter can determine an asymptotically stable filter
without a certain signal model [7]. Because in practice the statistical information is often
incomplete, more and more researchers pay attention to the Hy, filter design problem,
and the problem of H, filtering has been investigated for a wide range of systems such as
time-delay systems [8, 9], uncertain systems [10, 11], fuzzy systems [12, 13] and singular
systems [14—16].

It is well known that Takagi-Sugeno (T-S) fuzzy model [17, 18] is an effective way to ap-
proximate complex nonlinear systems. For the past two decades, a large number of results
on fuzzy systems have been published. For example, a new fuzzy observer-based Hy, con-
troller design scheme was given in [19], and the fuzzy filter design was considered in [4] by
using Lyapunov function methods. Besides, since the time-delay phenomenon is always
the cause of instability and poor performance, the main methods to study the time-delay
systems are the Lyapunov Razumikhin function methods and Lyapunov-Krasovskii func-
tional [20, 21]. As pointed out in [22], the Lyapunov-Razumikhin approach does not im-
pose restrictions on the derivative of the time delay and is a powerful tool for systems, spe-
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cially when the time-varying delay is nondifferentiable or uncertain. Recently, the study of
time-delay systems by the Lyapunov-Razumikhin approach has received much attention
[23, 24]. However, the Lyapunov-Razumikhin approach may lead to conservative results
[22, 25]; as a result, more and more researchers are devoted to the Lyapunov-Krasovskii
approach [26, 27]. Recently, by using the T-S fuzzy model approach, [7] considered the
H filter design for nonlinear systems with time-varying delay where the free-weighting
matrix method and matrix decoupling method are utilized. On the other hand, singular
systems which are also referred to as descriptor systems, generalized state-space systems
and differential algebraic systems, can describe physical systems better than normal state-
space systems, and they have more extensive applications in electrical circuits, power sys-
tems, robots and other areas [28, 29]. Although plentiful results have been reported on
the H, filter design problems for nonlinear systems with time-varying delay [4, 7, 12],
few reports have been published with respect to the H, filter design problems for nonlin-
ear singular systems with time-varying delay [30]. As far as we know, the H filter design
problems for nonlinear singular systems with time-varying delay have not been investi-
gated sufficiently, which leaves a room for us to improve.

In this paper, the main aim is the fuzzy filter design for the nonlinear singular delayed
systems such that the corresponding filter error systems are admissible with the prescribed
H,, attenuation level. Based on a fuzzy Lyapunov-Krasovskii functional (LKF), and by
virtue of a reciprocally convex combination lemma, a new BRL is presented for the non-
linear singular delayed systems, and another form of such BRL is derived by using the
matrix decoupling technique. With the aid of such a new form of BRL, through selecting
the special structure of certain matrices, the fuzzy filter design problems can be tackled
by solving a set of LMIs. Finally, two examples are provided to illustrate the effectiveness
of the proposed fuzzy filter design method.

This paper is organized as follows. The preliminaries and problem formulation are pre-
sented in Section 2. In Section 3, the Hy filter design method is presented based on the
T-S fuzzy model. In Section 4, two numerical examples are presented to show the im-
provement. Finally, this paper is concluded in Section 5.

The notation used in this paper is standard. The superscript ‘T’ stands for matrix trans-
position, 9" denotes the n-dimensional Euclidean space. L,[0, 00) is the space of square
integrable vector-valued function over [0, 00). The notation || - || refers to the Euclidean
vector norm. In addition, in symmetric block matrices or long matrix expressions, star *
is used as an ellipsis for the terms that are introduced by symmetry and diag{-} stands for a
block-diagonal matrix. Matrices, if their dimensions are not explicitly stated, are assumed
to be compatible for algebraic operation.

2 Preliminaries and problem formulation
Consider a nonlinear singular system with time-varying delay that could be approximated
by a time-delay T-S fuzzy singular model with r plant rules.
Plant rule i: IF 6;(x) is M, 65(x) is M;» and - - - and 6;(x) is M;; THEN
Ex(t) = Aix(t) + Ad,-x(t - d(t)) + B;w(t),
y(t) = Cix(t) + Cae(t — d(2)) + Dw(t),
@)
2(t) = Fix(t) + Fyx(t — d(t)),

x(t) = ¢(2), te[-duy,0],
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where x(t) € W, w(t) € W", y(¢) € NP and z(£) € N7 are respectively the state vector, the
disturbance vector which belongs to L, [0, 00), the measurable output vector and the con-
trolled output vector. E, A;, Ay, B;, C;, Cyi, D;, F; and Fj; are constant matrices with com-
patible dimensions, and we assume rank E = rg < n. ¢(t) is a continuous vector-valued
initial function defined on [-dj,, 0]. The time-varying delay d(¢) is supposed to be contin-
uously differential and satisfies

dp<dt)<dy, dit)<p, (2)

where d,,, > 0, dy; >0 and 1 > u > 0 are scalars.

0j(x) and My (i=1,...,r,j=1,...,1) are the premise variables and the fuzzy sets; more-
over, for simplicity, the premise variables are supposed to be dependent on state vector
only.

By fuzzy blending, the overall fuzzy model is inferred as follows:
Z hi(6 ) + Agin(t —d(8)) + Bw(t)],

y(t) =Y hi(0@))[Cia(t) + Caix(t - d(2)) + Diw(®)], "
i=1 3

Zh +Fd,x(t d(t ))]
x(t) = ¢(t), te[-du,0]

where 0(x) = [61(%),...,0/(®)], h:(0(x)) = w,(0(x))/ Y_i_; 0(0(x)), w;(6(x)) = l_[,lﬂ Mii(0;(x)),
with M;;(6;(x)) being the grade of membership of 6;(x) in M;; and w; : R — [0,1] denot-
ing the membership function corresponding to plant rule i. It is obvious that the fuzzy
weighting functions /;(0(x)) satisfy

hi(6(x)) = 0, Zh (6(x)) = (4)

Based on the parallel distributed compensation (PDC), we consider the fuzzy filter in
the following form:

Eip(6) = Y hi(0()) [Apxe(6) + Biy(®)],  #7(0) = xp0,
i=1

(5)
() = Zh (0(x)) Er (2),

where x(t) € %" and z¢(¢) € N? are the state vector and the controlled output vector of the
filter, respectively. Er, As, B; and Fy, i = 1,2,...,r, are filter parameters to be determined.
Define

) =[O, 0], elt) =2(6) -z (o),
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it follows from system (3) and filter (5) that we can obtain the following filter error system:

En(e) = A(h)n(e) + Aa(h)n (¢ - d(8)) + Blhyw(e),

- g (6)
e(t) = F(h)n(e) + Ea(h)n(t - d()),

where 7(¢) = [¢T(t),x fO]T for t € [-dy,0] and

. |E
E-|F O,
0 E

A(h)—ZZh (6(x))h;(6(x)) [ 0]

g B;C; Ag

ZZh (6(x))hi(0(x))A [ A 0 }

o o B;Cy O

A =33 (0@ (600) [Ad" 0}
ZZh (6x));(6(x)) Ay = [BAd(h) O},

e, 3¢(h)Ca(h) 0

B(h) = Z ihi(e(x))h,(e(x)) [ 5 }

=1 j=1 B4D;

i=1 j=1 Bf(h)D(h)

222%(9(@)%(9(@)@:[ B(h) }

i=1 j=1

ZZh (0())h;(0(x))Fy = [F(h)  Fr(h)],

i=1 j=1

Ey(h) = " hi(0@))[Fy 0= hi(0(x)Eg=[Fa(h) 0].

=1 i

The filter design problem to be addressed here can be formulated as follows: for the fuzzy
singular system (3) with time-varying delay (2) and a prescribed Hy, bound y > 0, design
a filter in the form of (5) such that the filter error system (6) with w(¢) = 0 is admissible
and under the zero initial condition

/Oo el (te(t) dt < y? foo wl (£)w(t) dt (7)
0 0
holds for all w(t) # 0 and w(¢) € L,[0, 00).

Lemma 1 [31] (Jensen inequality lemma) For any constant matrix M € X", M = MT >

0, scalar y > 0, vector function w : [0,y ] — N such that the integrations in the following
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are well defined, then

“womotacz ([ woar) ([ o)
yfo o’ (OMaw(t)dt > [)a)(t)dt M /0 w(t)dt ). (8)

Lemma 2 [32] (Reciprocally convex combination lemma) Let fi,f3,...,fx : R — R have
positive values in an open subset D of W". Then the reciprocally convex combination of f;
over D satisfies

. 1
{otila1>r(r)1,12r:1ia5=l} ZI: a_lﬁ(t) = Xl:fl(t) t glf(lt))( l%/:gi:l‘(t) (9)
subject to
L e o [ D) &)
gij: R" — R’gl,t(t) —gl,](t)’ |:gi,j(t) ﬁ(t) :| > 0}. (10)

3 Main results

In this section, initially, we present a novel bounded real lemma for fuzzy singular system
(6) with time-varying delay (2), which focuses on tackling the time-varying delay by virtue
of the reciprocally convex combination method and fuzzy Lyapunov-Krasovskii function
method, then another form of the proposed bounded real lemma is derived by using the
matrix decoupling technique. Moreover, based on the equivalent form of the BRL, the
filter design problem is solved and the filter parameters are provided.

3.1 Bounded real lemma

Theorem 1 For given scalars 0 < d,, < dy, |0 <1, the filter error system (6) is admissible
with Hx performance index y if there exists a set of positive definite matrices D, Q(h),
Qx(h), Qs(h), Ry(h), Ry(h), matrix Q, and matrix S(h) which satisfies [g%ih; s(h))] >0, such

h) Ry(h
that the following linear matrix inequalities are satisfied:

B(h) Ti(h) Ty(h) Ts(h)
—Ri(h) 0 0
0

%
Qh) = - 0, 11
" * * —Ry(h) < 1)
* * * -1
where
AT ()R, (h) [ dAT ()R ()
duAl (W)R, (h) dAT ()Ry(h)
Fl(h) = 0 ) Fz(h) = 0 )
0 0
duBL (MR (h) | dBI(h)Ry(h)
Qy Qp Q3 0 Qs | ET(h)
*  Qyp Q3 Qg O FI(h)
E(h) = * * 933 934 0 ) Fg(h) = 0 ’
* * * Q44 0 0
* * * *  —y?l 0

Page 5 of 19
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where d = dy; — d,y, full column rank matrix U satisfies ETU = 0 and

Qu = AT (W)(PE + TQ) + (PE + UQ)"A(h) + Qu(h) + Qa(h) + Qs(h) - E" R (1)E,

Qua = (PE + UQ)" Ay(h),

Q3 = ETRi(h)E,

Q5 = (PE + UQ)"B(h),

Q99 = —(1— 1) Q3(h) — 2ETRy(h)E + ETS(W)E + ETST (h)E,

Q3 = ETRy(W)E - E"S" (W)E,

Q4 = E"Ry(WE - E"S(WE,

Qa3 =-Qi(h) — E"Ry(WE - E"Ry(W)E,

Q34 = ETST(W)E,

Qs = —Qo(h) - ETRy(h)E.
Proof The regularity and non-impulsiveness of the filter error system (6) can be proved
by a similar way as in [29], thus the details are omitted here.

Next, let us consider the stability of the filter error system (6). Construct the Lyapunov-
Krasovskii function as follows:

V(n(@®) = Vi(n@) + Va(n(®)) + Va(n(®)), (12)
where
Vi(n(8) = n" ®)ET PEn(s),

Vo (n(0)) = f O ds+ f 07 () Qa () (s) ds

—dp
o[, 7O )
0 t
Valo0) =y [ [ TR RODEN) dsdl
+d / / (s)ET Ry(h)En(s) ds db
with

Qi(h) = Zh (0(%))Qu» Q(h) = Zhi(e(x))ém'
i-1

Q=Y m(O@) Qi R = h(0@)Ry

i=1 i=1

Ry(h) = Zh O@)Ry, S =Y hi(0())S
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The time derivative of (12) along the solutions to (6) can be calculated as

Vi(n(®) = 0" ®)ET PEn(t) + n" () ET PEn(t)

=0 (OET(PE + UQn(®) + n" (£)(PE + UQ)"En(z)

= (AUn(®) + Ag(eyn(t - d()) " (PE + T Qn(®)

+ 0" (O)(PE + UQ" (An(®) + Aah)n (¢ - d(2)))

+w(e)" B, ()(PE + UQn(®) + n" ())(PE + UQ) B, (lw(t)

=0T (O(AT(W(PE + UQ) + (PE + UQTA()n(?)

+ 07 (¢ - d(®) AT (h)(PE + TUQ)n(p)

+ 0T ()(PE + UQ)" Aa(h)n(t - d(2))

+w(t) B (0)(PE + UQn(®) + n" (®)(PE + UQ)" Bu(h)w(t),

Va(n() = n" (OQumIN(e) = 0" (¢ = dp) Qu()n(t — )
+ 0" (@OQun(®) - n" (¢ - du) Qa(h)n(t — dr)

+ 0" () Qs (@) - (1-d@)n" (£ - d(2)) Qs(h)n(¢ - d(2))
<0 O(Qum) + Q) + Qas(M)n(e) = 0" (¢ — dp) Q)N (t — )

— 0 (t = du) Qa()n(t — dr)

— (L= )" (t - d®)Qs(h)n (¢t - d()),

Va(n(8)) = do " (OET Ri () En(2) -

Using Lemma 1, it can be computed that

tdy
T OE Ry (WEi (1) — d / T OE R0 E5)ds.

—d,, / T OET R Ei(s) ds
t—dy

where

t

t—dm

0" ()ET Ry(m)Eni(s) ds

<—[n(&) = n(t = )] ETR(WE[n(0) - n(t - d,)]

= —n"(OE" RuWEx(®) + n" OE" RuWEn(t - )

+ 0" (t = dp)E"Ri(WEn() = n" (¢t — d)E" Ry (W) En(t — )

=[n"® n"(t-d.)]RK) [

R(h) = [

—ETR,(W)E
ETR,(h)E

ETRy(WE
—ETR,(h)E

n(z)

} |

U(t - dm):| ’

Page 7 of 19

(14)

(15)

(16)

17)



Liu et al. Advances in Difference Equations (2015) 2015:92

Page 8 of 19
It is obvious that
t—dy o ~
[ R RbEi ) ds
t—dyg
=—d / T(s)ETRy(h)En(s)ds — d / 0T (s)ET Ry(h)En(s) ds. (18)

It follows from Lemma 1 that

t—dp o
—d / 0T ($)ETRy(h)En(s) ds
t—d(t)

d e
=-70-d [1(t ~ dow) — (£~ d(©)]" ET Ro(E[n(t ~ dy) — (£ — d(0)) ] (19)

and

I
—d f AT () E Ro() Ein(s) ds

—dyp

d e
< a0 [ﬂ(t —d(t)) - n(t- dM)]TETRz(h)E[TI(t - d(f)) -n(t- dM)]' (20)
v —d(t)

On the other hand, applying Lemma 2, we have

t—dy,
—d / 0 ($)ET Ry(h)En(s) ds
t—dyg

T
| € =dm) —n(t-d(2)) RS(M) n(t —dy) —n(t - d(t)) ,
n(t—d() - n(t—dum) n(t—d(t)) - n(t - du)

where

) = ETRy(WE  ETS(WE
| ETST(WE ETRy(WE |

Define £7(¢) = [nT(t) nT (t - d(®)) nT (t = d,,)) nT (t — dpy) w7 (¢)]. Thus, based on the above
computation, we obtain
V(n()) <n" @) (AT (h)(PE + LIQ) + (PE + LIQ)T A())n(t)
n”(t-d®)AL (n)(PE + UQ)n(2)

+ 0" (6)(PE + UQ)" Ag(h)n(t - d(t))
+ 1" (@)(Qulh) + Qa(h) + Qs(h))n(®) — 0" (¢ — d) Q)£ — )
=07 (&= dy) Q)N (t - dar) = (1 = )" (¢ - d(®) Qs(m)n (¢ - d(2))
+dy i " (OE" Ry(WEi(e) + d* T ()E” Ry () En(2)

T T n(t)
+[n"(® 2"t -dn)]RMK) [n(t—dm)]
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n(t—d(0) —n(t—du) n(t—d(t)) — n(t - dum)

+w(t)" B (W)(PE + UQ)n(t) + n" ()(PE + UQ)" B, (w(t)

) [n(t—dm) : ”““”“”Tnsm) [n(t—dm) - n(t—d(t))]

= ST(t)(Ql(h) + I‘l(h)ﬁl"l(h)FlT(h) + Fz(h)IN?;l(h)FzT(h))“g‘(t), (22)
where
Qn Qp Qi 0 Qp
*  Qyp Qo3 Q4 O
Ql(h) = * * 933 934 0 (23)
E3 S %k 944 0
* * * * 0

When the initial states n(0) = 0, it is easy to verify that

/w(eT(t)e(t) - ysz(t)w(t)) dt
0
< V(o0) + fw(eT(t)e(t) - y*w ()w(e)) dt
0

_ f (€ Wel) - y T Owl) + V() dt
0

=ET@)(E(M) + TR (T (1) + Ta (MR (T3 (h) + T3(W)T3 ())& (2). (24)

Applying the Schur complement lemma to (11), it follows that

/m(eT(t)e(t) - ysz(t)w(t)) dt<0
0

under the zero initial conditions.

On the other hand, when w(¢) = 0, choose the Lyapunov-Krasovskii function as in (12),
and similar to the above deduction, we can obtain from (11) the time derivative of the
Lyapunov-Krasovskii function V(n(t)) < 0. Thus, according to the stability theory in [29],
we can prove the admissibility of nonlinear singular delayed system (6). This completes
the proof. g

Remark1 It is worth mentioning that from the proof of Theorem 1, since the reciprocally
convex combination method admits a more tight upper bound than the existing method
and the fuzzy Lyapunov-Krasovskii function method is utilized, accordingly, Theorem 1
may be less conservative that others.

With Theorem 1 in hand, we are in a position to propose another form of a bounded real
lemma, whose merit is its convenience to design the filter. To this end, we give the result
below.

Theorem 2 For given scalars 0 < d,, < dy;, 1 <1 and §, the filter error system (6) is admis-
sible with Hy, performance index y if there exists a set of positive definite matrices P, Q,(h),
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Qa(h), Qs(h), Ry(h), Ry(h), matrix Q, G, ], matrix S(h) which satisfies {;%Y;; if;(h;)] > 0 such
that the following linear matrix inequalities are satisfied:

[(Wn(h)  Wia(h)  Wiz(h)  Wa(h) 0 Wig(h)  Wir(h)  Wig(h) gON
* Wyo(h)  Was(h) 0 0 Wy (h) 0 0 0
* * Was(h)  Wau(h)  W3s(h) 0 Wy (k) Was(h)  EI(h)
* * * Waa(h)  Wys(h) 0 0 0 0
V(h) = * * * * Wss(h) 0 0 0 0 <0,
* % * * * Vi Ve (h)  Wes(h) 0
* % * * * * Voo (h) 0 0
* " * * * * * Wgs(h) 0
Y * * * * * * * -1 ]
(25)

whered = dy; — d,,, and

Wy, (h) = AT ()G + GTA(h) + Qi (h) + Qu(h) + Qs(h) — ETR\(W)E,
Wy (h) = AT(h)] + (PE + UQ)T - GT Wy3(h) = GTAy(h),
W (h) = ETR (W)E,

Wi (h) = GTB(h),

Wi (h) = d A" (W),

Wis(h) = dAT ()],

W (h) =] -7,

W3 (h) =]  Aa(h),

Wae(h) =] B(h),

Wss(h) = —(1 — ) Qs(h) — 2ETRy(h)E + ETS(h)E + ETST (h)E,
Ws, (h) = ETRy(h)E - ETST (h)E,

Wss(h) = ETRy(h)E — ETS(W)E,

W7 (h) = dAf (W],

Wsg () = dAT ()],

Wyq(h) = —Qu(h) — ETRy(h)E - ETRy(W)E,

W,5(h) = ETST(h)E,

Wss(h) = —Qa(h) — E" Ry(M)E,

We7(h) = dyB" ()],

Wes () = dB” (W)],

Wy (h) = =8 = 8] 7 + 82R (h),

Weg(h) = —8] — 8] + 82 Ry (h)

with full column rank matrix U satisfying ETU = 0.
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Proof It is evident that for an arbitrary matrix Y > 0 and constant §, the following inequal-
ity always holds:

~-XTY'X < -6X - 6X" + 8%Y.
Consequently, we have

TR )T < =8] = 8] F + 82Ry(h), (26)
—TJTR (W) < =8] = 8] T + 82 Ry (h). (27)

Substitute (26) and (27) into (25), and then pre- and post-multiply (25) by diag{/,1,1,1,
LIR (W], Ry(h)]~T, 1} and its transpose, we have

[Wnh)  Wia(h)  Wis(h) W) 0 Wis(h)  duAT(R\(K)  dAT(W)Ry(H)  ET(h)]
* Wyo(h)  Was(h) 0 0 Wy (h) 0 0 0
* * Wasz(h)  Waa(h)  Was(h) 0 duAT(DR (k) dAT()Ry (k) ET(h)
* * * Wyu(h)  Wys(h) 0 0 0 0
* * * * W5 (h) 0 0 0 0 <0,
* * * * * 2 d BT()Ry(h)  dBT(h)Ry(h) 0
* * * * * * —Ri(h) 0 0
* * * * * * * —Ry(h) 0
L * * * * * * * * -1 ]
(28)

where others are the same as in (25).
Pre- and post-multiplying (28) by

I ATh) 0 0 0 0 0 0 O
0 Aty 1 0 0 0 0 0 O
0 0 01 00000
0 0 001 0000
0 Bfh) 0 0 0 I 0 0 O
0 0 00001 00
0 0 00000110
0 0 00 0 0 0 0 I]

and its transpose, we can obtain (11); consequently, the filter error system (6) is admissible
and satisfies Hy, attenuation level. This completes the proof. 0

Remark 2 It should be worth noticing that inequality (11) contains the fuzzy weighting
functions /4;(6(x)), we cannot solve these inequalities directly. Fortunately, according to
the convexity property (4) of the fuzzy weighting functions /;(6(x)), a series of suitable
conditions which only need the coefficient matrices of each fuzzy subsystem can be ob-

tained.

Thus, in what follows, we give another form which can be handled by LMI toolbox in
Matlab effectively.
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Lemma 3 For given scalars 0 <d,, < dy, u <1, and §, the filter error system (6) is admis-
sible with Hy, performance index y if there exists a set of positive definite matrices P, Qy;,
QZ,, Qg,, Ry;, Ry, matrix Q G, J, matrix S; which satisfies [ST i ] 0,i=12,...,r, such
that the following linear matrix inequalities are satisfied:

vico, i=1,2,...,r
o (29)
Wi+ W' <0, i<j,

where
e R ij ij ij i FT
Yo ¥ ‘1’13 Y 0 Ve Vi VY F
x W Wy 00 w o 0 0
j ij i j jooF
* ko Wy W3y Wy 0 V3 W3 F de
x oxox W Wl 0 0 0
W=l % % % x WS, 0 0 0 0
% * * x -y Wl wlo0
* * * * * x W 0 4 0
* * * * * * ¥ Wl 0
L * * * * * * * * -1 |
with

W) = ATG+ G Ay + Qu+ Qo+ Qui — ETRIE,

12 -AT]+ (PE + L~[(~2)T -

13 =G" Adu’
xym = ETR\E,
Wi = GTBU'

v}, =d,Al],

Wi = dAT]’

Wy =~ -J7,
‘ng = jTAdij,
\Pé’g =J"By,

Wiy = —(1 - 1) Qs — 2ETRy;E + ETS,E + E'S]E,
W), = ETRyE - ETSTE,
\1135 = ETRyE - ETSE,
37 =d, Adl]] ’
38 = dAdy] ’
Wy, = -Qu - E"R;E - ETRyE,

Wi - ETSTE,
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\I'é’5 = —Qu—E"RyE,
"I',g7 = dmégj,
i nTy
Wes = dBij]’
W= 5] - 8]" + 82Ry,,

W= 8] — 8] + 8°Ry.

3.2 Filter design

Based on Lemma 3, by choosing
~ G X ~ h X ~ i i
gro| & ’ T - | ’ i = Q1T1 Q12 ,
G X h X Qp  Qusi
Oy = Q2T1i Q22i , Oy = QsTu Q32; , Ry = R1T1z Ryy; ,
Qo Qazi Q3 Q33 Ry Ry
~ Ry Roy; - i i ~ | P P
Ry = 271 2, Si= S % ) pP= ; >,
Ry Rosi Sz Sai Pl Py
- - u o
0= QA ’ i ’
Q Qu 0 U

where the full column rank matrix U satisfies ET U = 0, we can obtain the following result.

Theorem 3 For given scalars 0 < d,,, < dpr, 1 < 1, and S, the filter error system (6) is ad-

missible with Hy, performance index y if there exists a set of positive definite matrices

- [P - Ry R - Ry Ry
P= ; 2 , R1i= ;11 12i , R2i= 2le 22i ,
Py P3 Ry Rusi Ry Rosi

A | Qui Qui 5 | Qui Qu A | Qi Qax
Qu |:Q1Tzi QlSi:|’ Qi |:ng,- Q23z’:|, Qs |:Q3Tz,- Q33z:|,

and matrices

ar - G X ’ 5T - L X ’ 3 - S Sy ’ - Q Q
Gy X L X Sz S4 Q3 Qq

i=1,2,...,r, such that the following linear matrix inequalities are satisfied:

Ry S
- - >0, 30
[sr Rm]_ (30)

l
vico, i=12,...,r

§ B (31)
U+ Wh<0, i<},
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where
gf ry ry ry
o x —8]—8JT + 82Ry; 0 0
\I,t] — ] ] + 1i _ e - <0 (32)
* * 8] =6]" +8°Ry; O
* * * i
with
[T} ] R By
0 0 0
oy oo |ré oy
=10 =l e (33)
0 0 0
[ I [ I | L 0]
po _ [l CIBY)  dulA]1] + CBD |
i dmAﬁT dmAf{
i dw(ALJT + CLBY)  d(ALJT + CLBY )]
2- 0 0 '
s =dwB]J| +DB}) du(Bl]; + D] Bf)],
ri dATTT + C'Bf) dA[Ty + C/'Bf) ’
d, AT d, AL
| d@l + CIBY AR + chj’ET)}
2 0 0 ’
Iy, =[B! +DIBf) d(B]J] + DB},
T T
i - { g } r, - [Fdj}
_ET |’ 0
fi
and
w0
* Wy Wi 00 Wy
1 ) 1
i | % * Wy W Wy 0 (34)
* * * \I’L \I/ZS 0 ’
* * * * \Ilgs 0
|k * * * * —yzl_
[ He(GlAl + Eﬁc}) + Qlli Zﬁ +A]TG§ + C}Tﬁg + Q12i
W =| +Qui+ Qs — ETRyE +Qa; + Q30 — ETR1p,E )
i * He(Az) + Qi + Qa3 + Qsei — ETRi3E
) AT+ CTBE + ETP] AT+ CIBf +ETPy
v, = +QIUT - G, +QfuT - x ,
|AT+ETPL +QIUT -Gy AT +ETPI +QIUT-X
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\Ilij _ GlAdj +§ﬁCd]‘ 0:| ‘-I’ij |:ETR11,'E ETRlziE:|
13 ) )

| GoAy+BiCy O W ETRTE ETRE

ij GlBj + /gﬁD} ij He(]l) X +]2T
\1116 = o~ 3y \1122 = - )
Gsz + BﬁDI * He(X)

\I/;lg _ ]1Ad]‘ + %,Cdi 0 11136 _ le]‘ + ?ﬁDl
_]ZAdj + BﬁCdj 0 ]2Bj + BﬁD/

[ (v —1)Qs1; — 2ET Ry E (0 —1)Qs2; — 2ET Ry, E

\Ilii _ +H€(ETSUE) +ET52iE + ETS;E
% . (1 —1)Qs3; = 2ETRy3,E |’
L +H€(ETS4L‘E)
wi _ | E"RuiE ~ESEE E"RoyE ~E'SJE ’
S\ ETRL,E-ETSLE ETRy3E—E"SLE
i _ | E"RauE~E"SUE  E"RoniE —E"SyE
3% | ETRL,E-E"SyE ETRy3E—ETS,E |’

wi _ —Qui = ETRyE — ETRyE —Quoi — ETRypE — ETRypE
i * ~Quzi — ETRi3E — ETRysE |

ij _
"IJZLS -

E'SIE ETSLE ol - —Qui— E"RyiE —Qui — ETRypiE
TQT Ter |’ 55 = r .
| E"SyuE  E"SiE * —Qa3i — E" Ro3,E

Moreover, if the above LMIs admit solutions, the filter parameters can be expressed as
As=X4;  Bi=X'Bs,  Fi=Fs (35)
Proof Define
As=XAs  Bi=XBg,
we have

&, - Gid; + BiG Ay A, - hAj+BiCy Ay
" GoAj + BiCy Ay " hAj+BiC A

Gy - | GAa*BiCa O g [hAaBiCy O
" GoAgi+ BiCy O " | hAg+BiCy O

GTh. - | OB+ BiDj 715, - | B+ Bl |
" | G.B; + BiD; |’ J>B; + BiD;

Then with Lemma 3 in hand, we can obtain Theorem 3 easily. 0

Remark 3 It should be noted that by applying Theorem 3, the filter design problems for
fuzzy singular system (3) with time-varying delay (2) have been solved. The advantage of
Theorem 3 is twofold, one is that both the reciprocally convex combination method and
the fuzzy Lyapunov-Krasovskii function method are adopted to bound the reciprocally
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convex term from the derivative of the Lyapunov-Krasovskii functional tightly, the other

is the matrix decoupling method employed in the derivation of theorems proposed in this

paper.

4 lllustrative examples
In this section, two examples are presented to illustrate the effectiveness of the filter design

method proposed in this paper.

Example 1 Consider the time-delay singular T-S fuzzy system (3) studied in [7] with the

following parameters:

Subsystems 1:

-21 0.1 -11 0.1 1
Al = ) Adl = ) Bl = ’
1 -2 -0.8 -0.9 -0.2
C=[1 0, Cu=[-08 06], D5 =03

F=[1 -05], Fz=[01 0]

Subsystems 2:

219 0 09 0 0.3
Ay = , Agp = » By = )
> [—0.2 —1.1] @ [—1.1 —1.2] > [0.1}
C,=[05 -06], Cp=[-02 1], D,=-06,

F,=[-0.2 0.3], Fp=[0 0.2].

Since E is nonsingular, thus we choose U = [0 0]. The delay is assumed as d(z) = 0.3 +
0.2sin(t), then dj; = 0.5, d,, = 0, § =1 and pu = 0.2. By using Theorem 3, the minimum
disturbance attenuation level is ypi, = 0.3145 and the filter parameters can be obtained as

follows:

-0.7312  -0.8015 -0.8091
Ap = » Bn= , Fn=[-0.6115 0.2997]
3.7539  -3.7748 0.5341

—21139  0.7056 ~0.5954
Apy = . By-= . F,=[01507 -0.1931].
/2 [0.0475 —1.1386:| 12 |:0.6371:| 72 =l ]

Besides, different § will lead to different y compared with the resultin [7]. By considering
several different d,;, we have Table 1 which shows that our result has less conservatism
than the result in [7].
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Table 1 Minimum index y for different &

1) 0.7 1 2

Method [7] Theorem3 [7] Theorem3 [7] Theorem 3
dy =05 059 032 038 031 035 031

dy =06 103 033 043 033 036 032

dy =08 1198 0.39 083 037 038 035

dy=1 - 048 222 044 041 0.39

Example 2 Consider the singular T-S fuzzy delayed system (3) in [30] with the following

parameters:
1 00
E=|10 1 0];
0 0 O
Subsystems 1:
-63 02 04 02 0 02 0.3
Ar=| 03 -34 12 |, An=101 03 01], Bi=(02],
02 05 -45 01 02 01 0.5

clz[-z.l 06 1.3], Ca=[0 0 0, D =03,

F=[07 08 15, FEn=[0 0 0]

Subsystems 2:

-55 03 06 03 02 01 15
A= 02 -46 05 |, Ap=10 01 01/, By=(06|,
03 08 -39 02 01 01 0.2

C,=[0.6 03 0.7], Cp=[0 0 O], D, =0.2,

F,=[-05 0.2 0.6], Fip=[0 0 O]

In this example, we choose U = [0 0 1]. The delay is assumed as d(t) = 0.6 + 0.6 sin(%t),
thendy =12,d,,=0,6 =1 and u = 0.6. By using Theorem 3, the minimum disturbance
attenuation level is Y, = 0.3486, which is much better than the level y = 0.9 in [30], and
the filter parameters can be obtained as follows:

[-1.6819 3.8086 —4.4761 0.6973 -0.0026
Ap =1 0.0425 -1.0829 05555 |, Bp=|-04799 |, Fn=|-03037] ,
| 0.0192  -0.1018 -1.6510 -0.5432 -0.2880
[ ~1.9712 -1.4717 -0.7805 -2.4183 0.0072
Ap=| 00416 -1.3000 02990 |, Bpy=|-1.0940|, Fp=| 01482
| -0.0098 -0.6296 -1.7043 ~0.3062 -0.0078

We select the membership function as follows: /; = %”(”l), hy = “%"(xl) Figure 1 shows
the simulation result of the filtering error e(t) = z(t) — z;(¢), when x1(0) = -2, x,(0) = 3,
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Figure 1 Response of filtering error e. 3 . . . . . : :
2.5 26] ]
2+
[l
A
1.5¢ |

05 1 15 2 25 3 35 4

x3(0) =1, and w(¢) = sin(5¢). From Figure 1 we can see that the estimation error which is
obtained by our filter is below the estimation error obtained by the filter in [30]. Thus, it
is obvious that our result is very effective.

5 Conclusion

In this paper, we have studied the H,, filtering problem for a class of nonlinear singu-
lar systems with time-varying delay through the T-S fuzzy model approach. Based on the
fuzzy Lyapunov-Krasovskii functional, combined with a reciprocally convex combination
lemma, two types of bounded real lemma, which guarantees the stability and the H, at-
tenuation level of the filter error system, are obtained. The filter design problem is also
solved by checking the feasibility of a set of LMIs. At last, two numerical examples have

been provided to demonstrate the effectiveness of the proposed fuzzy filter design method.
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