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Abstract

In this paper, some sufficient conditions on the existence of 2ksr-periodic solutions
for a kind of prescribed mean curvature Rayleigh equations are given. Then the
existence of nontrivial homoclinic solutions for prescribed mean curvature Rayleigh
equations is obtained.
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1 Introduction
In this paper, we are concerned with the existence of homoclinic solutions for the following

prescribed mean curvature Rayleigh equation:

(%) +/ (& (1) +g(x(1)) = el0), W

where f,g,e € C(R,R) with f(0) = 0 and g(0) = 0.

A solution x(¢) of (1.1) is named homoclinic (to 0) if x(£) — 0 and x'(£) — 0 as |¢| — O.
Furthermore, x(¢) is called a nontrivial homoclinic solution (1.1) if x(¢) is a homoclinic
solution of (1.1) and x # 0.

Various types of prescribed mean equations have been studied widely by some authors
in many papers (see [1-8]) because of their having appeared in some scientific fields, such
as differential geometry and physics. Recently, some results on the existence of solutions
for prescribed mean equations were obtained (see [9-12] and references cited therein).

Feng in [10] discussed a delay prescribed mean curvature Liénard equation of the form

(L)()) +f (@)% @) + g(bx(t - 1(9)) = (@), (1-2)

14+x2(¢

estimated a priori bounds by eliminating the nonlinear term (%)/ and established
+x“ (L,

sufficient conditions on the existence of periodic solutions for (1.2) by using Mawhin’s
continuation theorem. The main difficulty overcome by Feng in [10] lies in the nonlinear
/
term («/%)2())’, the existence of which obstructs the usual method of finding a priori
1+x/2(2
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bounds. He transformed (1.2) into the following equivalent system:

®,(t) = ¥ (x(r)) = —220_

V130’ 1.3)
x5 (8) = —f (1 ()Y (2 (2)) — g, x1(2)) + e(2),

and used Mawhin’s continuation theorem to prove the existence result. From then on,
similar approaches were used by Li and Wang [13] and Li et al. [14]. Clearly, |x;| < c <1
(c is a constant) is necessarily satisfied when Mawhin’s continuation theorem is applied to
the system (1.3). But, as pointed out by Liang and Lu in [15], the proof of |x;| < ¢ <1 was
not done in [10, 13, 14]. To do it, Li and Wang in [16] gave a complementary proof.

In [15], Liang and Lu investigated the following prescribed mean curvature Duffing
equation:

(29— +erstse) -t »

where f € C}(R,R), ¢ > 0. Assume
(A1) there exist constants mg > 0, a > 1 such that xf(x) < —mpg|x|* and f'(x) < 0, Vx € R,
and

(Ag) p e C(R,R) is a bounded function with p(#) # 0 and

B:= max{ (/]1;|p(t)}2dt> 7, (/ﬂ;‘p(t)‘ﬁdt)ﬂ} + su]g p®)] < +o0,

where L + 1 =1,
a B

If (A1), (A,), and condition
o 1 1
B2 + TBmg*? < ~/2Tmg* > (1.5)

hold, they obtained the existence of homoclinic solutions for (1.4). For the method of ob-
taining homoclinic solution, we also see the papers [17-20]. It is not difficult to see that the
condition (1.5) is complex and strong. In this paper, we will consider more general equa-
tion (1.1) and obtain the existence of homoclinic solutions under the more simple and
reasonable conditions. To find a homoclinic solution for (1.1), we seek a limit of a certain
sequence of 2kT-periodic solutions x(t) for the following equations:

(%) +f(x/(t)) +g(x(t)) = e (1), (1.6)

where k € N, e, : R — R is a 2kT-periodic function (7 > 0 is a constant) defined by

17
e(kT — gg) + DKI=20) (4 _ kT 4 &), ¢t € [KT — 0,kT], (.7)

0

o) < !e(t), t € [-kT, kT — &),

&0 € (0, T) is a constant independent of k.
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2 Preliminaries
Let X and Y be real Banach spaces and L : X D Dom L — Y be a linear operator. L is said
to be a Fredholm operator with index zero provided that

(i) ImL is closed subset of Y,

(if) dimkerL = codimImL < +0co0.

Set X =kerL® X;, Y =ImL® Y;. Let P: X — kerL and Q: Y — Y be the nature pro-
jections. It is easy to see that ker L N (Dom L N X;) = 0. Thus the restriction Lp := L|pomznx,
is invertible. We denote by K the inverse of Lp.

Let Q be an open bounded subset of X with DomL N Q #¢. A map N : Q@ — Y is said to
be L-compact in Q if QN : @ — Y and K(I - Q)N : Q — X are compact.

The following lemma due to Mawhin (see [21]) is a fundamental tool to prove the exis-
tence of 2kT-periodic solutions for (1.6).

Lemma 2.1 Let L be a Fredholm operator of index zero and Let N be L-compact on Q. If
the following conditions hold.

(hy) Lx#ANx, V(x,A) € [(D(L) \ kerL) N 9L2] x (0,1);
(hy) Nx¢ImL,Vx ckerLNog;
(h3) deg(JQN|kerr, 2 NkerL,0) #0, where J : Im Q — ker L is an isomorphism.

Then Lx = Nx has at least one solution in D(L) N Q.
The following lemma is a special case of Lemma 2.1 in [22].

Lemma 2.2 Ifx:R — R is continuously differentiable on R, a > 0, then the following in-
equality holds:

|x(t)| < (Za)‘% </t+a|x(s)|2 ds) ’ + a(2a)_1l7 (/ml|ac’(~9)|2 ds) 7. (2.1)

Lemma 2.3 [22] Let x; € C3,; be 2kT-periodic function for each k € N with
Illoo < A0, [¥llo <AL ] <42

where Ao, A1, and A, are constants independent of k € N. Then there exists a function
%9 € CH(R, R) such that for each interval [c,d] C R, there is a subsequence {xkj} of {xk}ken
with x}(j(t) — xq(t) uniformly on [c,d].

In order to apply Mawhin’s continuation theorem to study the existence of 2kT"-periodic
solution of (1.6), we rewrite (1.6) as

X(t) = ¥(@®)

V120’
() = ~F(—2D )~ g(x(6) + ex(6) (2:2)
V1528 K

Obviously, if z(t) = (x(t),y(¢)) T is a 2kT-periodic solution of (2.2), then x(f) must be a
2kT-periodic solution of (1.6). Hence, the problem of finding a 2kT-periodic solution of
(1.6) reduces to finding one of (2.2).
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Now, we set
Xi = Y = {z:2() = (%(0),(8)) " € C(R', R?),2(t) = 2(¢ + 2kT)},

with the norm ||z|| = max{||*|/co, [|¥|loo}, Where

I#lloc =, max (@], lyloo = max [y(0)]
Clearly, Xj and Y are Banach spaces. Meanwhile, let

L: Xy >DDomL — Yy, Lz=7 = (x’(t),y’(t))T,
where

DomL = {z:z = (x(t),5(2)) € C"(R,R?),z(t) = (¢ + 2KT)}.

Define a nonlinear operator N : Xy — Y by

y(@®)
Nz = l—yz(f)
_ y(8) _
() glw(t) + e(t)

Then the system (2.2) can be written to Lz = Nz.

It is easy to see that kerL = R? and ImL = {u € Yy : fiTT u(s)ds = 0}. So L is a Fredholm
operator with index zero.

Let P: Xj — kerL and Q: Y — Im Q be defined by

kT 1 kT

Pz=— ds, =— ds,
Z XT _sz(s) s Qu kT | s u(s)ds

and denote by K the inverse of L|ie; pnpomz. Then, ker L = Im Q = R? and

kT
Ku(t) = / G(t,s)u(s) ds, (2.3)
—kT
where
==, —kT <s<t=<KkT,
Glt,s) = SZZ{T <s<t<
e kT <t<s<KkT.

It follows from (2.3) that N is L-compact on , where 2 is an open, bounded subset of Xj.

3 Main result

For the sake of convenience, we give the following fundamental assumptions.

(Hi) There exist @ and 8 with 8 > « > 0 such that Vx € R,

ax’ < xf(x) < B’
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(Hy) There exists y > 0 such that
xg(x) < —ya’.

(H3) e(¢) is bounded on R and

0<d:= max{</+oo e2(t)dt>z,sup|e(t)|} < +00.

oo teR

Obviously, the conditions (H;), (Hy), and (Hs) are simplistic and reasonable.

Theorem 3.1 Let (H;), (H,), and (Hs) hold. Then for each k € N, (1.6) has at least one
2kT-periodic solution.

Proof We consider the auxiliary system of the system (2.2),

e (3.1)

ix'(t) =220~ Ay (),
(1) = =M (W (3(0)) - Ag(x(2)) + rex(t),

where X € (0,1] is a parameter. Firstly, we will prove that the set of all possible 2kT -periodic
solutions of the system (3.1) is bounded.

Obviously, the system (3.1) is equivalent to the following equation:

1y '
)

1+ )\%xa(t

Multiplying (3.2) by »” and integrating from —kT to kT, we have

kT kT kT
A [ f Gx/(t))x/(t) dt + [ g(x()x' () dt = 1 / ex(t)x'(t) dt. (3.3)

kT kT —kT

By (H;), we obtain

kT 1 , , ) kT 1 ) x’(t)
ol [

kT
N
za/_kT|x @) dt. (3.4)

By (1.7), we get

kT ) kT—¢g ) kT
f |ek(t){ dt:/ |e(t)| dt+/ e(kT —&q)
—kT —kT kT-¢g
—KT) - e(kT - 2
4 4kD :( 20) (¢ KT +0)| dt
0

e(—kT)[*} dt

kT—So 2 kT 5
5/ |e(t)| dt+/ max{|e(kT—80)} ,
-kT kT—S()
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+00 9 kT
S/ le®)| dt+/ d*dt
—00 kT—-¢gg

<d?*(1+¢g). (3.5)

Noticing that [ g(x(£))x'(£) dt = 0, we have from (3.3), (3.4), and (3.5)
1N
A/_ka(Xx (t))x (t) dt’
kT o
’ ('./—kTg(x(t))x ()t /_ . ex(t)x'(£) dt')

kT % kT 3
2 . / 2
o[ dom) ([ wora)

<id\1+¢gg- (/ ‘x’(t)‘zdt)z,

kT 9
o / |¥'(6)| de <
—kT

IA

+

IA

kT
kT

kT 9 % rd
(/ |x/(t)| dt) < —/1+¢. (3.6)
—kT o
Hence, there exists a positive constant D; independent of k and A such that
|«[[, < Di. 3.7)

Multiplying (3.2) by x and integrating from —kT to kT, we obtain

kT 1, 4 kT kT
/ (L“)> x(t)dt + 1 / f(%d(t))x(t) dt + / g(x(6))x(r) dt

KT\ 1+ ,\Lz x22(t) kT kT

k
=A/ Tek(t)x(t)dt. (3.8)

kT

1./
Y . Then
0]

. / _ J’(t) = —t 7
Since x/(t) = A ==k we get y(£) = W

kT 1,/ / kT
/ (L(t)) x(e) dt = / ¥ (£)x(t) dt
kTN 1+ k%x/z(t) -kT

kT
:—/ y(t)x'(¢) dt
—kT
kT yZ(t)

dt. (3.9)

k1 /1 = y2(t)

It follows from (3.8) and (3.9) that

kT kT 1 kT
_ / g(x(0)x(0) dt < - / f<—x’(t))x(t)dt+ / ex(Hx(t) dt. (3.10)
- A kT

kT -kT
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By (H,), we have

kT kT
/ 2 (x(0)) () dt < / y(8)dt = —y ]
_ T

kT -k

By (H;) and (3.6), we obtain

kT 1 kT
[ SGre)ass [
kT 1

=(/.,

Xx/(t)
< 21,

d
< %\/1 + &0 llxll2.

X0

|x(2)| dt

2 \3 kT 3
dt) - *d )
t) <v/—kT |x(t)| g

By (3.5), we get

kT kT 3 kT 3
< 2 . 2
/_ " ex(B)x(t) dt < ( f_ " ex(t) dt) ( /_ " |lx(2)| dt)

<d/1+¢olxll2.

Then we get from (3.10), (3.11), (3.12), and (3.13)

Bd
ylxll3 < 7\/1 +eollxll2 + dv/1+ o llxll2,

o+
It < <Ry,

Therefore, there exists a positive constant D, independent of k and X such that

llxll2 < Do.

Thus, by using Lemma 2.2, we have

t+T % t+T %
lx(0)| < @T)3 x)|*) + T2T)2 ' (s)|”
T T
t+kT % t+kT %
(L o) s e ([, wor)
. kT 3 ) kT 3
([ s [

<(T) 1D, + T(2T)2D;.

Nl
ST

<@T1)y

Page 7 of 13

(3.11)

(3.12)

(3.13)

(3.14)
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Hence, there exists a positive constant M; independent of k and A such that
%lloc < M.
In what follows, we prove that there exists a constant &; with 0 < &; <1 such that
|y®)| <1-e, VeeR. (3.15)
Since ||xlc < M; and g is continuous, there exists M, > 0 such that
-M, < —g(x(t)) +ex(t) < M,, VteR.
By (H;), we get
fx)>ax, Vx>0.

Now we prove by contradiction that

M,

2 2’
VM5 + o

Assume that there exist ¢; > £ such that

y(t) < vVt eR.

VoMo 2 M3 +a?
and
¥ > ——, Vte(t.t;).

M5 + o2
Noticing that A € (0,1], we have V¢ € (£, £;),
() =1~ (¥ (4(0)) - g(x(t) + ex(®)) <O,
which is a contradiction. By (H;), we get
flx) <ax, Vx<O.

By using a similar argument, we can prove that

M
y() > ——2 | VteR.
VM3 +a?
Thus
M M
T2 oy <——2, VteR

=) =
VM3 + o M3 + a2

Therefore, (3.15) holds.
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Putting
Q= {(x(6),5(1)) € C(RLR?) : [lloo < My + L [Ylloc <1 &1},

we can give a standard argument on 2 by using Lemma 2.1 (also see [13] or [14]) and find
that the system (2.2) has at least one 2kT'-periodic solution. Equivalently, (1.6) has at least
one 2kT -periodic solution. O

Theorem 3.2 Let (H;), (Hy), and (Hs) hold. Then (1.1) has at least one nontrivial homo-
clinic solution.

Proof If (x«(2), yk(¢)) is a solution of (1.6), then

x(t) )’ , ~
(71 AT +f (%(2)) + g (xx(0)) = ex(). (3.16)

From Theorem 3.1, we have

Il oo < My + 1, lyxlloo <1 =61, (3.17)

J
Xk
1

where y () = % Equation (3.16) is equivalent to

x,(t) = u®
k 152(0)

() = —f(%) — gl (2)) + ex(2).

Since f, g, ex are continuous, we have y,(t) is continuous differentiable on R. Moreover, it
follows that x, (¢) is also continuous differentiable on R. Hence,

¥,.(8)

ok (3.18)
1-70)2

K (t) =

Since f, g, ex are continuous, we find from (3.17) that there exists a positive constant M3
independent of k such that

7l < Ms.
Hence, by (3.18), there exists a positive constant M, independent of k such that
il < Ma.

By using Lemma 2.3, we find that there is a function xy € C}(R,R) such that, for each
interval [a, b] C R, there is a subsequence {xk/(t)} of w (t) with x}(j(t) — x5 () uniformly on
[a, b]. In what follows, we will show that x((¢) is just a homoclinic solution of (1.1).

For all 4, b € R with a < b, there exist a positive integer j, and a positive real number &,
such that, for j > jo, [@ — &2,b + &3] C [k T, kT — &¢]. Then for j > jo,

. (6) '
(7’ ) +f (31, (8)) + g (1, (2)) = e(®). (3.19)
®))?

1+ (x}(j
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Since x;(j(t) — x5 () uniformly on [a, b], we have

—f(x}(]_(t)) —g(xk/.(t)) +e(t) > —f (x(2)) — g(%0(2)) + e(£), uniformly on [a, b].

/

(t)
uniformly on [a, b] and L M ¥k (£) is continuous dif-
/1+(x;(}_(t))2 /

1+(x;<_(t))2 \/1+(7C6(f))2
]

ferentiable for ¢ € [a, b], we get

(L), — (%), uniformly on [a, b].
1+ (ac}<l,(t))2 1+ @@)2) ’

Hence, we obtain

Since

%7“)) : i}
( 07 +f (%)) +g(x0(£)) = e(t), t€[a,b]. (3.20)

Noticing that a, b are two arbitrary constants with a < b, we find that xp : R — R is a
solution of (1.1).
In the following, we prove that x(¢) — 0 and x;(¢) — 0 as |t — +o0. Firstly, we prove

%o(t) = 0 as |t| = +oo. Let i be a positive integer with i < k;, then

iT
(@] + | 0 at

iT ) / ) .
[iT(‘xo(t)‘ « | (0) )dtzjk,&[

i

< lim

lim _kiT(lxkxt)Iz + | @) ae

5D%+D%.
Let i — +00, then
e 2 2 ir 2 2
/ (o[ + % (0) )dt:jii{rnoo/'T(|x0(t)| o @) di < D2 + D2,
—00 —i
which implies

lim [ (jx@] + %) dt=o0.

r—+00 |t‘2r

Using Lemma 2.2, we have

1 t+T 9 % 1 t+T 9 %
|x0(t)|§(2T)'2< [ o) dt) +T(2T)‘2< [ o) dt)
t-T t-T

1 1 t+kT 9 9 %
<2(27)2 +T(2T)‘7)</ " (Jxo(s)|” + [x5(9)] )dt)

— 0, as|t| — +o0.
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Finally, we prove that
x(t) > 0 as [t] — +o0. (3.21)

From (3.17), we get

o (8)| <My +1, |x6(t){§1_7812, for t e R.
1~ &7

Then we have

()
1+ (x5(2)?

where Mj5 is a positive constant.

< [f(#,0)] + |g(x0(®)] + le@®)] < M5,

If (3.21) does not hold, then there exists a sequence #; satisfying
[l <lta] <lts| <--- with [tea] = 6] > 1,k =1,2,...

and ¢, € (0, i) such that

| (8)| = lzi k=12,....

Hence we have, for ¢ € [, tx + lf—j/ls],

PACIE 'ﬂ
ST+ ()2
R ( %) ) d‘
‘ 1+(xg<tk>>2+/tk Jrmonr) ©
>' % (tx) _/’( x(s) >/ s
T VL (g (8))? e I \y/1+ (x5(s))?
=26 11\4;45 S
> E9.
Therefore,

+00 ) e} thrlf—]\Z/Is )
f EAG] dtzZ/ |y (0)|” dt = oo,
- k=1 Ytk

which is a contradiction. Then (3.21) holds.
By (H3), we have e # 0. Thus it follows from f(0) = 0 and g(0) = 0 that xq is nontrivial.
O



Zheng and Li Advances in Difference Equations (2015) 2015:77 Page 12 0f 13

4 An example

In this section, we shall construct an example to show the applications of Theorem 3.2.

Example 4.1 Let f(x) = %, glx) = - % The prescribed mean curvature Rayleigh
equation

(ﬁ) P ) + g(x(0)) = exp—£) (1)

has at least one nontrivial homoclinic solution.
Proof Obviously, one has

x < xf (x) < 247

Sl =

and

1
xg(x) < —— -&°.

V2

Then (H;) and (H,) hold. Since

00 teR

d:max{(f+w(exp{—t2})2dt)%,sup exp{—tz}} -7

(Hs3) holds. Therefore, (4.1) has at least one nontrivial homoclinic solution. a
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