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Abstract

This paper investigates the approximate controllability and optimal controls of
fractional dynamical systems of order 1 < g < 2 in Banach spaces. We research a class
of fractional dynamical systems governed by fractional integrodifferential equations
with nonlocal initial conditions. Using the Krasnosel'skii fixed point theorem and the
Schauder fixed point theorem, the approximate controllability results are obtained
under two cases of the nonlinear term. We also present the existence results of
optimal pairs of the corresponding fractional control systems with a Bolza cost
function. Finally, an application is given to illustrate the effectiveness of our main
results.
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1 Introduction

During the past two decades, fractional differential equations have been proved to be one
of the most effective tools in the modeling of numerous fields of science, physics, engineer-
ing and so on. Since fractional differential equations efficiently describe many practical
dynamical phenomena, they have attracted the attention of many researchers in the past
years. Many authors investigated the existence of mild solutions of fractional differential
equations by using semigroup theory and fixed point theorems (see [1-13]). Controllabil-
ity is one of the most important issues in mathematical control theory and engineering,
however, controllability of fractional dynamical systems is still in the initial stage [14—24].
Shu and Wang [7] considered the existence of mild solutions for a class of fractional inte-

grodifferential equations of order 1 < g < 2 in a Banach space:

CDIx(t) = Ax(t) + f(t, x(t)) + fot G(t—3s)g(s,x(s)ds, 0<t<T,
x(0) + m(x) = x9 € X, x'(0) + n(x) =x; €X,

where ¢D{ is Caputo’s fractional derivative of order 1 < g < 2. The existence results of mild
solutions are obtained by the Krasnosel’skii fixed point theorem combined with solution
operator theorem. Li et al. [15] studied controllability of the following differential systems
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of order « € (1,2] with nonlocal conditions in an infinite dimensional Banach space:

CDx(t) = Ax(¢) + F(t,%(¢)) + Bu(t), te€][0,b],
%(0) +g(x) =x0,  %(0) = yo,

where A is the infinitesimal generator of a strongly continuous «-order cosine family
{Cu(t)};>0 on a Banach space X. The controllability results are obtained by using the
Sadovskill fixed point theorem and vector-valued operator theory.

Recently, Sakthivel et al. [16] established the controllability results for a class of non-
linear fractional differential equations of order 1 < g < 2 with nonlocal conditions. They
also extended the main results to approximate controllability results for nonlocal frac-
tional control systems with infinite delay. Wang et al. [25] obtained some existence and
uniqueness results, and further existence conditions of optimal pairs for a class of frac-
tional integrodifferential control systems were presented. Under the assumption that the
associated linear system is approximately controllable, the approximate controllability of
a class of semilinear fractional differential control systems are obtained in [17]. Since ap-
proximately controllable systems are more prevalent and practical than exact controllable
ones, it is important to investigate the approximate controllability of semilinear differen-
tial systems that consists of a linear part and a nonlinear part.

However, to the best of our knowledge, most of the previous papers about fractional
differential systems are concerned with the fractional derivative whose order is between
zero and one, the approximate controllability problems for fractional integrodifferential
equations in Caputo derivative sense of order 1 < g < 2 have not been investigated exten-
sively [25-29]. Especially, few researchers study the optimal control problems of fractional
systems of order 1 < g < 2 in Banach spaces. Liu et al. [27] investigated the existence and
uniqueness of mild solutions and optimal controls for some fractional impulsive equations
of order 1 < g < 2. But the system under consideration does not include a Volterra oper-
ator in nonlinear term and the boundary conditions are local. What is more, the optimal
control results are only applicable to Lagrange problems.

Motivated by [7, 15-17, 26, 27, 30-35], we discuss the approximate controllability and
optimal controls of fractional dynamical systems of order 1 < g < 2 in a Banach space.
Consider the following fractional system:

:CD?x(t) = Ax(t) + f(¢,x(¢), (Hx)(¢)) + Bu(t), tel=[0,b], (L1)
x(0) + g1 (%) =0 € X, 2 (0) + ;o(x) =x € X,

where D7 is the Caputo fractional derivative of order 1 < g <2. A : D(A) C X — X is
sectorial operator of type (M, 0, q, ) on a Banach space X, endowed with the norm || - ||.
H:I xIx X — X represents a Volterra-type operator, (Hx)(t) = fot h(t,s,x(s))ds. B is a
bounded linear operator from I/ into X, the control «(-) is given in L2(I, U), U is a Banach
space. The nonlinear term f : I x X x X — X is continuous, and nonlocal terms g; and g,
are continuous functions.

The rest of the paper is organized as follows. In Section 2, we show some preliminaries
and lemmas that are to be used later to prove our main results. In Section 3, we discuss
approximate controllability of system (1.1). In Section 4, The existence of optimal controls
of a class of semilinear fractional integrodifferential control systems are presented. Finally,
an application is provided to illustrate the effectiveness of our main results in Section 5.
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2 Preliminaries and lemmas
Definition 2.1 (see [8]) The fractional integral of order g with the lower limit zero for a

function f is defined as

1t f
qu(t)—@ ; mds, t>0,q>0, (21)

provided that the right side is point-wise defined on [0, +c0), where I'(-) is the gamma

function.

Definition 2.2 (see [8]) The Riemann-Liouville derivative of the order g with the lower

limit zero for a function f : [0,00] — R can be written as

L _ 1 fﬁi(/ﬁ S () _
Df(t) = F_gde ), 7()5 v ds, t>0,n-1l<g<n. (2.2)

Definition 2.3 (see [24]) The Caputo derivative of the order g for a function f : [0, c0] —

R can be written as
n-1 tk
CDIf(t)=LD! (f(t) - Z E'f(k)(O)>, t>0,n-1l<q<n. (2.3)
k=0 "

Remark 2.1
(1) Forf:[0,+00) — R,

Crgepy . L B A O NP _
D; (t)_I‘(n—q)/O (t—s)l—”’f‘lds_l (), t>0,nm—-1<qg<n. (2.4)

(2) The Caputo derivative of a constant equals zero.
(3) Iff is an abstract function with values in X, then the integrals which appear in

Definitions 2.1, 2.2, and 2.3 are taken in Bochner’s sense.

Definition 2.4 (see [7]) Let A: D € X — X be a closed and linear operator. A is said to
be a sectorial operator of type (M, 0,q, i) if there exists © € R, 0 <6 < 7, and M > 0 such
that the g-resolvent of A exists outside the sector u + Sy = {u + A7: A € C, | Arg(-19)| < 6}
and [|R(9,A)| < fr, AT ¢ 1+ Sp.

Further, if A is a sectorial operator of type (M, 0, q, i), then it is not difficult to see that
A is the infinitesimal generator of a g-resolvent family {7,(¢)}:>0 in a Banach space, where
To(6) = 5 [ e R(A1, A) d.

Lemma 2.1 (see [7]) Let A be a sectorial operator of type (M, 0,4, 1). If f satisfies a uni-
form Holder condition with exponent 8 € (0,1], the unique solution of linear fractional

differential equation

Dix(t) = Ax(t) +f(t), tel=[0,b],1<q<2,

(2.5)
x(0) =xg € X, x'(0) =x; €X,
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is given by
t
x(t) = Sq(E)xo + Kg(£)x1 + / T4t —s)f (s) ds, (2.6)
0
where
_L Aty g-1 q __/ Aty g—2 q
S,(t) = Zni_/ce AMTIR(21,A) da, KC,y(2) = o Ce AI2R(A1,A) d,
) (2.7)
- At q
T,(t) mece R(AT,A)dh,

with ¢ being a suitable path such that A7 ¢ p + Sy for A € c.

Definition 2.5 (see [16]) System (1.1) is said to be approximately controllable on I if for
every xo, %, € X, there is some control u € L2(I, U), the closure of the reachable set R(b) is
dense in X, i.e., R(b) = X, where R(b) = {x(b; u) : u(-) € L>(I, U)}.

Consider the linear fractional control system

(2.8)

CDIx(t) = Ax(t) + Bu(t), tel[0,b],1<q<?2,
x(0) =xg € X, x'(0)=x; € X.

Let us now introduce the following operators. Define the operator '} : X — X associated
with (2.8) as

b
Fg :/ E(b—s)BB*E*(b—s)ds:X - X,
0 (2.9)
R TY) =(M+TY) X > X, >0,

where B* denotes the adjoint of B and 7;*(15) is the adjoint of 7,(¢). It is straightforward
that the operator I'; : X — X is a linear bounded operator.

Lemma 2.2 (see [17]) The linear system (2.8) is approximately controllable if and only if
AR(A, TL) := A(A + T5)™" — 0 as A — 0* in the strong operator topology.

In order to define the concept of mild solutions for problem (1.1), by the comparison with
the fractional differential equation given in [1], we associate problem (1.1) to an integral
problem.

Definition 2.6 A functional x € C(I, X) is called a mild solution for system (1.1) if for each
u € L*(I, U), the integral equation

x(t) = Sy(t) (%0 — @ (%)) + Kq(8) (%1 — 22(x))

+ / Tyt - s)(f(s,x(s), (Hx)(s)) + Bu(s)) ds (2.10)
0

is satisfied.
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Lemma 2.3 (Krasnosel’skii theorem; see [16]) Let X be a Banach space and E be a
bounded, closed, and convex subset of X. Let Q;, Q; be maps of E into X such that
Qix + Quy € E, for every x,y € E. If Q; is contraction and Q, is compact and continuous,
then the equation Q;x + Q,x = x has a solution on E.

Lemma 2.4 (Sadovskill theorem; see [15]) Let Q be a condensing operator on a Banach
space X, i.e. Q is continuous and takes bounded sets into bounded sets, and 3(Q(D)) < 3(D)
for every bounded set D of X with d(D) > 0. If Q(E) C E for a convex, closed, and bounded
set E of X, then Q has a fixed point in E, where 9(-) denotes the Kuratowski measure of

noncompactness.

3 Approximate controllability

From Theorems 3.3 and 3.4 in [7], it is easy to see that S,(¢), K4(¢), and 7,(¢) are bounded.
Define k* = sup,; fob m(t,s)ds < oo. Forany r >0, B, := {x € C([,X) | |x|| < r}, C(,X) de-
notes a Banach space with the norm ||x|| = sup,; [|x(#)|. ||B|l < Mp. Here we impose the

following assumptions:

(Hi) The operators Sy(£), Ky(£), T4(¢) generated by A are compact in D(A) when ¢ > 0 such
that

supHSq(t)” <M, sup||ICq(t) || <M, supHTI(t) || <M.
tel tel tel

(H2) The nonlinearity f: I x X x X — X is continuous, there exist positive functions u; €
L>®(I,R*) (i = 1,2,3) such that

If (&2 9)|| < ma(®) + 2@l + pa(@1yll.

(H5) The nonlinearity f : I x X x X — X is continuous and compact, there exist positive
constants oy, ap such that

If (&, %, Hx) = £ (&, 3, Hy) | < onllx = yll + a2 || Hx — Hy||.

(Hs) The functions g1,£ : X — D(A) are completely continuous and there exist positive
constants S, B, such that

la@ -0 <Aille-yl, @) -a0)] <bls-yl, xyeX
(Hy) h: A x X — X, there exists a function m(t,s) € C(A,R") such that
”h(t,s,x(s)) || < m(t,s)|x|
for each (¢,5) € A and x,y € X, where A = {(t,s) e R? | 0 < s, < b}.

Theorem 3.1 Assume that conditions (Hy), (Hy), and (H3)-(H4) hold and, in addition, the

functions f(t,x, Hx) and h(t,s,x) are bounded for t € [0,b], x € X. The linear system (2.8)
is approximately controllable. Then the fractional control system (1.1) is approximately
controllable on [0, b] provided that M(B; + B2) < 1.
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Proof Define the operators Q; and Q; on B, as follows:

(Qx)(8) = S4(8) (%0 — g1 (%)) + Kq(B) (11 — £2(x)),

(3.1)
(Qax)(¢ /T(t s)Bu(s ds+/ T, (t —s)f(s,x(s (Hx)(s ))

From [16], system (1.1) is approximately controllable, if for any A > 0, there exists a contin-
uous function x(-) € C(I, X) such that

x(t) = Sq(t)(xo —gl(x)) +KCy( t) X1 — / T,4(t — s)Bu(s
+/0 E(t—s)f(s,x(s),(Hx)(s)) ds, (3.2)
u(t) = B*T, (b - OR(X, T§)p(x()), (3.3)
where

P(x() = x5 — Sg(b) (%0 — @1 (%)) — Kg(b) (%1 — £2(x))

b
- /(; T,(b - s)f(s,x(s), (Hx)(s)) ds. (3.4)

For any A > 0, we choose r > (1 + tMEM?*b)(C; + C,). Next, we shall show that Q; + Q,
has a fixed point on B,, which is then a solution of system (1.1). In view of assumptions
(Hi), (Hy), and (H3)-(Hs), we have

0] = 3t (s + 15,60 o -9 + [0 I - 0|

b
+/0 Hﬁ(b—s)” |[f(s,x(s),(Hx)(s)) || ds)

1
= - MeMllx |+ M(Ixoll + @G0 + il + &)
+ Mb(|| 1l ooprmey + rll w2l pre) + K rllusllopee) ]
1
X BM(C1 + C2) (35)

where Cy = |lxp || + M| xo [l + M Byr+Mgi(0) + M|y || + M Bar + Mgz (0), Cy = Mb(|| a1 || oo z,r+) +
rllpallzoorey + K57l sl Lo re7)-
For any x € B,, we obtain

1(Que)(®) + (Qex)(®) || < Mllxoll + M| gi ()| + Mllay || + M| g2 () | + MMpb | u(®) |

+ Mb(|| |l oo ey + 7ll pallzooprey + K rll sl oo re)

1
< (1 + XM%Mzh)(Cl +Cy), (3.6)

Hence, we conclude that ||(Q1x)(£) + (Qax)(2)|| < r.
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Using assumptions (H;) and (Hs), for any x,y € B, and ¢ € [0, b], we have

[(Qx)@® - QO] =[S, &%) -] + | K, @] | 2x) - 200 |
=M(Br+ B2)lx -yl 3.7)
Since M(B; + B) < 1, it follows that Q is a contraction mapping.

Let {x,} be a sequence in B,, and x,, — x € B,. Because f, g1, and g, are continuous, i.e.,
for all € > 0, there exists a positive integer N, when n > N, we obtain

I (5:20(), (Ha) ) ~£ (5:%(6), RS | <& aaen) - qae)]| <,
|g2(xn) - g2®) || <.

(3.8)

Now, for all ¢ € [0, b], we infer that

Qo) (8) = (Qux)(®) |

< [ I7te= ol |8 7 0 - 0G|
x (||8q(b) (@) —a@)| + [ K 0) (@) - 220) |
b
+ /0 | 74 =$)|| |f (5,%4(5), (Hx)(5)) = f (5, %(5), (Hx)(9)) | ds) dt
+ /0 Ta(& = $)(f (5,0, (Hx,)(5)) = f (5,(5), (Hx)(s))) ds
< (%MﬁMzb(ZM +Mb) + Mb)g. (3.9)

This implies that Q, is continuous.

Now, we prove that compactness of Q,. To prove this, we first prove that the set
{(Qax)(¢) : x € B,} is relatively compact in C(/, X).

By the assumptions of this theorem, it is easy to see that

1(Qax)(®) | < MMgb + Mb(|| i llzooyre) + rllpallropre) + kK rllnsliioprs),  (3.10)

so we know that {(Qux)(¢) : x € B,} is uniformly bounded. Then we show that Q(B;) is
equicontinuous. The functions {(Q.x)(¢) : x € B,} are equicontinuous at ¢ = 0. For any x €
B,and 0 < f <ty < b, we have

1(Qax)(82) — (Qex) (@) |

< +

/ l[7?1(tz —8) = T4(t1 — 5)|Buls) ds
0

/ i T4(t2 — s)Bu(s)ds

+

/0 1 [To(t2 = 5) = Ty(tr = 8)|f (s, %(5), (Hx)(s)) ds

+

/ i Ta(ts = s)f (s, x(s), (Hx)(s)) ds

i
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SMBleE(tz—S)—E(h—S)H ds|lull + MMa(ts — )]
0

5]
+M(ta — 1) |[f (5, %(5), (Hx)(9)) || + / | T4(t2 = 8) = Tyt = 9)| ds
0
X (I llooprey + rllallzoopre) + K7l psll oo )- (3.11)

By the continuity of the function ¢ — ||7,(¢)|, the right hand side of the above inequal-
ity tends to zero as ¢, — t;. Therefore, {(Qx)(¢) : x € B,} is a family of equicontinuous
functions.

According to the infinite dimensional version of the Ascoli-Arzela theorem, it remains
to prove that for any ¢ € [0, b], the set V(£) := {(Q.x)(¢) : x € B,} is relatively compact in
C(I,X). The case t = 0 is trivial, V(0) = {(Q2x)(0) : x(-) € B,} is compact in C(I,X). Let
t € (0, D] be a fixed real number, and let /1 be a given real number satisfied 0 < /1 < t, define
Vi(e) = {(Qx)(6): % € B},

/ T4t — 5)Bu( s)ds+f To(t = 8)f (s,x(s), (Hx)(s)) ds
/ T,(t — s — h)Bu(s) ds
+Tq(h) /0 Tt — s — W)f (s, x(s), (Hx)(s)) ds

= T, ()¢, h). (3.12)

Since 7,4 (h) is compact in C(/, X) and y(¢, &) is bounded on B,, then the set V},(¢) is relatively
compact in C(Z, X). Since

[(Qex)®) - () ()|

t t
< / T4t — s)Bu(s) ds + / Tt - s)f(s,x(s),Hx(s)) ds
t—h t=h
L !
< M MB(C1 + Cz) dS
A t—h
t
M(llpllzopre) + rllialloopre) + K57l s ll o pre) / . ds, (3.13)
t_

if &1 is small enough, it implies that there are relatively compact sets arbitrarily close to the
set V(t) for each t € (0,b]. Then V(¢t), t € (0, D] is relatively compact in C(/,X). Since it
is compact at ¢ = 0, we have the relatively compactness of V(¢) in C(/,X) for all £ € [0, b].
Hence, by the Arzela-Ascoli theorem, we obtain the result that Q, is compact. In view of
Lemma 2.3, we can conclude that the control system (1.1) has at least one mild solution
on [0, b].

Without loss of generality, we assume that x; (-) is a fixed point of Q; + Q; in B,. Then
from [16], any fixed point of Q; + Q, is a mild solution of (1.1) on [0, ] under the control

up(t) = BT (b - )R(AL, TG p(x;), tel, (3.14)

and satisfies x; (b) = x, — AR(A, Fg)p(x,\).
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The functions f(¢,x, Hx) and h(t,s,x) are bounded for ¢ € [0,5] and x € X, thus there

exists a constant N > 0 such that

b
/0 I (s,%:.(5), (Fx,)(s)) |* ds < BN (3.15)

Consequently, there is a sequence, still denoted by {f (s, x, (s), (Hx,)(s))}, that weakly con-
verges to say {f(s)} in L2[I, X]. Denote

b
w = xp — Sy(b) (w0 — g@1(%2)) — Kq(b) (%1 — g2(%2)) — / Ty(b—s)f(s)ds. (3.16)
0
From (3.4) and (3.16), we know that

b
[pe) = w] = H / Tl = 9)[f (500 (H)(5)) —£(5)] s

= sup . (3.17)

te[0,b]

/0 Tt = 9)[f (5,55, (Hx)(5)) —f (5)] ds

By using the infinite dimensional version of the Ascoli-Arzela theorem, one can show that
the operator [(-) — fo T4(-—s)l(s)ds : L?[I,X] — C(I,X) is compact. Therefore, for all ¢ €
[0, b], we obtain ||p(x;) —w| — 0 as A — 0".

Jo20) =] < [ARG T5)00)] + 2R 8) | ) -]

< [AR(LTHW)|| + |p) - w|. (3.18)

It follows that ||x;(b) — x| — 0 as A — 0*. From Lemma 2.2, we know that the fractional

control system (1.1) is approximately controllable on [0, b]. The proof is completed. [

Theorem 3.2 Assume that conditions (H;), (H}), and (Hs)-(Ha) hold. The functions
f(t,x,Hx) and h(t,s, x) are bounded for t € [0,b], x € X. The linear system (2.8) is approxi-
mately controllable. Then the fractional control system (1.1) is approximately controllable
on [0,b] provided that (1 + T MEM*b)(MPBy + MB, + o1 bM + aybk*M) < 1.

Proof Define the operators Q; and Q) on B, as follows:

(Qx)(8) = Sy(t) (%0 — g1(x)) + Kg(8) (%1 — g2(x)) + /0 T,(t — s)Bu(s) ds,
(3.19)

(Qyx)(0) = /0 Tt = 9)f (s, %(5), (Hx)(s)) ds.

By the definition, it is easy to see that B, is a bounded, closed, and convex set in C(/, X).
We shall prove that there exists a constant r > 0 such that (Q; + Q3)(B,) C B,. If this is not
true, then for each r > 0, there exists x, € B, but (Q; + Q,)(B,) does not belong to B,, i.e.,
Q) + Q3)(x)(®)|| > r for some ¢ € [0, b].
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In view of assumptions (H;), (H}), and (H3)-(Ha), we have
1
|u@®)] < X1\431\4(||xb|| + M(llxoll + @) + loall + [ g2 (%))

M [ Ut t0) | )

=

1
XMBM<||xb” + M(llxoll + Brllall +&1(0) + llx1 ]| + Ballas || +€2(0))

+ M/obe(s,x)\(s), (Hx,\)(s)) H ds)

1
< XMBM(”xb” + M(llxoll + Bullxs ]l +g1(0) + [l + Balls || + €2(0))
b
+ o M ||, || + ctabk* M ||, | +M/ £ (s,0,0)| ds). (3.20)
0
From (3.19), we get

b
[(Qx:) @) || < Mllxoll + M||ga () | + Mllwrl| + M|| g2 () | +MA | Bus(s) | s
<M(lxoll + Bl ll +g1(0) + 111l + Ballxs || + £2(0))
b
+ MM;p f |u(s)| ds, (3.21)
0
b
(Qyx:) (1) <t bM|x, || + ctabk* M |3, || + M f |f(s,0,0)| ds. (3.22)
0
From (3.21)-(3.22) and x;, < r, it follows that
r< (@ + Q)x @)
b
<M(|lxoll + Bl [l +(0) + [lx1 ]| + Ballxs |l + g2(0)) +MMB/ [u(s) || ds
0
b
+ a1bM || x5 || + cobk* M ||x;. || + M/ |[f(s,0,())|| ds. (3.23)
0
Dividing both sides of (3.23) by r and taking the limit as r — oo, we obtain
(1 + %M,%Mzb) (MB1 + MBs + a1 bM + anbk*M) > 1. (3.24)

This contradicts the assumption in this theorem. Thus we can deduce that (Q] + Q;)(B,) C
B,.

Next, we show that Q; is a contraction operator, and Q, is a completely continuous
operator. Assume that x,y € B,, we conclude that

[ (Q)®) - (Q)@)|
<MBillx =yl + MBallx— yll
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1
+ XMBMLZ;b(ﬂl o = yll + Ballx = yll + crbllx — yll + cabk*||x - yll)
1
< ((Mﬂl +MPBs) + XMZMJZSb(Mﬂl +MPBy + ayMb + ozszk*)> [l =yl
1
< (1 + X1\/1,23M2b> (MB1 + MBy + os Mb + a; MbK*) ||x - . (3.25)

By the assumptions in this theorem, we know that Q; is a contraction operator.
Let x,, € B, with x, — «x in B,. By (Hj), it follows that

S (8:%a(s), (Hx)(s)) = f (s, %(5), (Hx)(s)), 1 — o0, (3.26)
and
f (s, 2u(s), (Hx)(5)) = f (5, %(5), (Hx)()) | < o1 [l%6 — %[| + cv2|| Hx,, — Hix]). (3.27)

From (3.27) and the dominated convergence theorem, it is easy to see that Q, is continuous
on B,.
For any x € B, and / > 0, we have

(@)t + 1) - (Qx) @)

t+h P
< [ e =S (50, (6 s~ [ Ty (5,56, (009 s
= / [Tt + h—s) =Tyt = 5)]f (s,x(s), (Hx)(s)) ds
0
t+h
o [ Tt (o6, (109 s
= / [To(t + h—s) = Tyt —5)]f (s, %(s), (Hx)(s)) ds
0
t+h
+ M/ [f(s,0,0)| ds + Mh(onr + c2k*r). (3.28)

Since 7T,(¢) is strongly continuous for £ > 0 and f is compact, it follows that Qy(B,) C B, is
equicontinuous, and the set {7,(¢ — s)f (s, x(s), (Hx)(s)) : s, € [0, b],x € B,} is precompact.
It is easy to have

Q,(B))(@) C tm{ﬁ(t - s)f(s,x(s), (Hx)(s)) :s,t €[0,b],x € B,}. (3.29)

Thus we have Q,(B,)(t) C X is precompact. Then Q' = Q] + Q, is a condensing operator
on B,. By Lemma 2.4, Q' has a fixed point x on B,. It is easy to prove that x is a mild
solution of system (1.1) Similar to the proof of Theorem 3.1, it is easy to see that system
(1.1) is approximately controllable on [0, b]. The proof is completed. d

4 Existence of optimal controls

In this section, we suppose that Y is a separable Banach space. wy(Y) represents a class
of nonempty, closed, and convex subsets of Y. The multifunction w : I — wy(Y) is a
measurable and w(-) C E, where E is a bounded set of Y, the admissible control set
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Uy = {u € LME) | u(t) € w(t) a.e.}. Then u(t) is nonempty. Consider the following frac-
tional control system:

CDYx(t) = Ax(t) + f (£, (), (Hx)(2)) + C()u(?),
tel=[0,b],1<qg<2,ucly, (4.1)
x(0) + g@1(x) =x9 € X, *(0) +g(x) =x1 € X,

where C € L®(I, L(Y,X)). It is easy to see that Cu € L}(I,X) for all u € U,,.
Let x* be a mild solution of system (4.1) corresponding to a control u € U,,;. We consider
the Bolza problem (P): find a optimal pair (x°, 4°) € C(I,X) x U,y such that

](xo, uo) < ](x”,u), forall u € U,,, (4.2)
where
b
J(x",u) = ¢(x“()) + / 1(6,%"(2), u(t)) dt. (4.3)
0

Here, we introduce the following assumptions:
(HL) The functional /: I x X x Y — R U {00} is Borel measurable.
I(t,-,-) is sequentially lower semicontinuous on X x Y for almost all £ € I.
I(t,-,-) is convex on Y for each x € X and almost all £ € I.
There exist constants d > 0, e > 0, ¢ is nonnegative, and ¢ € L'(/, R) such that

It x,u) > o(t) + dllx| + ellull5. (4.4)

Theorem 4.1 Let A be the infinitesimal generator of an analytic compact semigroup
{T(t),t > 0}. In addition to the assumptions of Theorem 3.1, we suppose that condition
(HL) holds. Then the Bolza problem (P) admits at least one optimal pair on C(I,X) x Uy,.

Proof If inf{J(x*,u) | u € U,s} = +00, there is nothing to prove. So we assume that
inf{J(x*,u) | u € Uy} = n < +00. Since condition (HL) holds, we have
b b b
T( ) = $(x(0)) + / o(t)dt+d f ()| de + e / (o), dt
0 0 0

>0 >—-00. (4.5)

Here, 0 > 0 is a constant, so n > —0 > —00.

By the definition of infimum there exists a minimizing sequence of feasible pair
{(x", u™)} C Aga, where A,z ={(x,u) | x is a mild solution of system (4.1) correspond-
ing to u € U,4}, such that J(x", u") — n as n — +00. Since {¢"} C U,,, {#"} is bounded in
LY(I,Y), there exists a subsequence, relabeled as {#"}, and u° € L'(I,Y) such that " weakly
converges to u® in L'(I,Y). Since the admissible control set I, is convex and closed, we
have u° € U,,.

Suppose that x” is a mild solution of system (4.1) corresponding to u”, and x” satisfies

x'(t) = S4(t) (xo -@ (x")) + qu(t)(xl ) (x")) + /0 T,(t —s)Bu”(s) ds

+ ‘/0 Ta(t = 9)f (5,2 (s), (Hx")(s)) dis. (4.6)
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From (H;), we find that f (s, x"(s), (Hx")(s)) is a bounded continuous operator from I to X.
Because f(s,x"(s), (Hx")(s)) € L}(I,X) is bounded, there exists a subsequence, relabeled as
{f (s, 2", (Hx")(s))} andf(s, x, (Hx)(s)) € L}(I,X) such that f(s,x", (Hx")(s)) weakly converges
to £(s, x, (Fx)(s)).

We denote

(Qi/x)(t) = /0 Tt - s)f(s,x(s), (Hx)(s)) ds, (Q/Z’x)(t) = /0 T4(t = s)Bu(s)ds. (4.7)

By (H;) and (Hj), we can see that [|(Q{x)(¢)| is bounded. It is not difficult to see that
1(Q{x)(#)| is compact and equicontinuous in X. Then by the Ascoli-Arzela theorem,
{(Qfx)(#)} is relatively compact in C(/,X). Since Qf is linear and continuous, Qf is a
strongly continuous operator. Thus we see that Q/x” strongly converges to Q/x in C(, X).
Similarly, we can conclude that Q) is a strongly continuous operator. Next, we consider
the following controlled system:

CDIx(t) = Ax(t) +f(t,x(t), (Hx)() + C()u’(t), tel0,b],1<q<2,ucly, 4.8)
%(0) + g (x) = x € X, %(0) + @(x) =% € X. '
Similar to Theorem 3.1, it is easy to prove that system (4.8) has a mild solution,
x(t) = Sy(1) (%0 — @1 (%)) + Ko(8) (%1 — 2(%)) + / To(t = )C(s)u’(s) ds
0
+ /0 To(t = 5)f (5, %(s), (Hx)(s)) dis. (4.9)
For each t € I, x"(-),%(-) € X, we get
") -%(@) | <S,(0]&1(*") — @@ + Kg(6) | 22(x") - 2R
+ /t T4t —5)C(s) (u”(s) —ud (s)) ds denoted by P,
0
+ /0 Tat = 9)(f (s,4"(s), (Hx")(s)) —f(s,x(s), (Hx)(s))) ds
denoted by P,, (4.10)
which implies that
n_=l < Pl + P2
| =31 < T YT EWAL (@.11)

Therefore we can infer that x” strongly converges to x in C(I,X) as n — 0.

From (Hy)-(Ha), f(s,x"(s), (Hx")(s)) strongly converges to f(s,%(s), (Hz)(s)) in C(/,X) as
n — 0o. From the uniqueness of the limit, we obtainf(s,x(s), (Hx)(s)) = f(s,%(s), (Hx)(s)).
Then

X(8) = Sy () (%0 — @1 (%)) + Kg(8) (%1 — (X)) + /0 T, —s)C(s)u°(s) ds

+ fo Tyt - ) (5 30s), (HR)(s)) ds. (4.12)
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From assumption (HL) and Balder’s theorem, we can infer that

n—00

b
—qb(x”(h)) + lim +/ l(t x"(t), u (t))
0
b
> (3 0)) + / 16300 dt =] i) = 1, (4.13)
0

which implies that J attains its minimum at (%, #°) € C(I,X) x U,4. The proof is com-
pleted. O

5 Applications
Example 5.1 Consider optimal controls for fractional control system of order g = % as
follows:

| (S8

x(ty) = 55 2 X, y)+ et+e—t cos[x(t,y) + fo x(s,y)ds + [, h(t,s)x(s,y) ds]
+ fo (t,8)u(s,y)ds, ye€[0,1],t€[0,1],u € Uy,
x(t,0) =x(t,1) =0, ¢>0, (5.1)
x(0,y) = Y7 0; kl(t S)x(sny)dy + Y% 0; k2(t s) x(s,,y) dy,
®(0,9) =27 /s kl(t $)x(siy) dy + 7% Jo kz (t,s) L 3% x(s;, y) dy,

@
le

with a cost function

1 1 1 1 1
J(x,u) = /0 fo |x(t,9)|” dydt + /0 fo |u(t, )| dydt + /0 |x(b,9)|" dy, (5.2)

whereo; e N, 0 <sg<s1<--- <85, <1, b,k € C([0,1] x [0,1],R*), k; € L*([0,1] x [0,1],R*),
i=1,2.

As a similar method to the example of the example in [26], let X = Y = (L2([0,1]), || - [l2).
Operator A : D(A) — X is defined by D(A) = {x € X | «,&” € X,x(0) = (1) = 0} with Ax =
—x", then A generates a compact, analytic semigroup 7'(-) of uniformly bounded linear
operator, and assumption (H;) is satisfied. Moreover, the eigenvalues of A are n?7? and
the corresponding normalized eigenvectors are e, (1) = /2 sin(nmu), n=1,2,....

Here, we take the control function # : Tx([0,1]) — R such that u € L*(Tx([0,1])). Then
t — u(t,-) going from [0,1] into Y is measurable. Set U(t) = {u € Y | ||ully < ¢} where
9 € L*>(I,R*). We also restrict the admissible controls U, to be all the u € L*(Tx([0,1]))
such that |u(t, -) |2 < ?(¢), a.e.

Let us denote C(I,X) a Banach space equipped with supnorm || - ||. Let x(¢£)(y) = x(¢, ),

(Hx)(£)(y) = (fo (t,8)x(s) ds)(y), C()u(t)(y) = (fo1 k(t,s)u(s) ds)(y). Define f : [0,1] x X x
X — X by

—L 1 t
f(t,x(t), (Hx)(t))(y) = % cos (x(t) + / x(s)ds+ [ h(t,s)x(s) ds) () (5.3)
el +e 0 0

and g1, g»: C(I,X) — X by

0]

ax)) = (Z(Kx)(ti)) () forxeCX), (5.4)

i=0
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BE0) = (Z(m)(n)) () forxe C(L,X), (5.5)

i=0
where K : X — X are defined by
1 1
(Kx)(s) :/ ki(t,s)x(s) ds +/ ko(t,8)x'(s)ds, forallxeX. (5.6)
0 0
It is easy to see that
1 1
(I((x —y))(s) = / ki(t,8)(x — y)(s) ds + / ko(t, s) (x/ —y/)(s) ds, forallxeX. (5.7)
0 0

The system (5.1) can be transformed into the following type:

CDIx(t) = Ax(t) + f (¢, x(t), (Hx) () + C(t)u(t), teluel,, (5.8)
2(0) + @1(x) =x0 € X, x(0)+gx)=x€X, ’
with a cost function
b 2 2
) = @) + [ (o] + ] 2) e 59
we can verify (HL) is satisfied. It is also not difficult to know
If (6500, O)| = — =00 90 eL¥(LR). (5.10)

Then there exist w1 (t) = (), o () = n3(t) = 0 such that condition (H;) holds.
Meanwhile, one finds from example in [25] that g and g, are completely continuous
operators from C(I, X) to X and satisfy

lg1(®) = g1 < o1(crz + ca2)llx =y, (5.11)
2 — 20| < oalcrz + c2)llx - yll, (5.12)

where the definitions of constants ¢ and ¢y, are the same as that in [26]. Let 8; = o1(c12 +
¢y2) and By = oz(c12 + €22), it is easy to verify that (Hs) holds. Since the operator H in
the nonlinear term f is linear, condition (H,) is satisfied automatically. By Theorem 4.1,
we can conclude that the system (5.1) has at least one optimal pair, while the condition
M(o1 + 09)(c12 + ¢22) < 1 holds.

Remark 5.1 In order to describe various problems in nature and science which undergo
abrupt changes at certain instants during the evolution process, impulsive fractional dif-
ferential equations are emerging as an important class of system models. Among the pre-
vious and known results, few people have discussed the control problems for impulsive
differential equations of order 1 < g < 2. Using the same methods and ideas in this paper,
one can obtain the approximate controllability and optimal controls results of fractional
impulsive differential equations with nonlocal conditions of order 1 < g < 2.
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