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1 Introduction

Many evolutionary processes in nature are characterized by the fact that their states are
subject to sudden changes at certain moments and therefore can be described by an im-
pulsive system. Basic theory of impulsive differential equations can be found in the mono-
graphs [1-3]. Gopalsamy [4] proposed the following single species logarithmic population
model:

N'(t) = N(t)(a(t) - b(t) InN(t) - c(t) InN (¢ - 7(2))).

By utilizing the continuous theorem of coincidence degree theory, the existence of pe-
riodic solution and almost periodic solution of this model is investigated in papers [5]
and [6], respectively. In paper [7], Alzabut and Abdeljawad consider the existence of pe-
riodic solution of the impulsive differential equation

N'() =N'{)(a(t) - b)) InN(#) — c(t) InN(E - t(2))), ¢+t
AN(£f) = N(t) e, k=1,2,....

By employing the contraction mapping principle and Gronwall-Bellman inequality, the
existence and exponential stability of positive almost periodic solution of this model are
obtained in paper [8]. Using the same method as [8], Yang and Li [9] deal with the ex-
istence of almost periodic solution of an impulsive two-species logarithmic population
model with time-varying delay. By means of the Cauchy matrix, Wang [10] gives sufficient
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conditions for the existence and exponential stability of periodic and almost periodic so-
lution for the delay impulsive logarithmic population:

N'(t) =N'(t)(a®) - b(t) InN () — c(t) InN(t — ©(2))), tF#t

NG = UpON@I ek =12, ..

Some scholars are interested in impulsive differential equations or the existence of (al-
most) periodic solution. Related results can be found in the literature [11-14]. By using
fixed point theory and constructing a suitable Lyapunov function, Chen [15] studies the
existence, uniqueness and global attractivity of positive periodic solution and almost pe-

riodic solution of the delay multispecies logarithmic population model

Nj(®) = Ni(®) [n(t) =) ag®)InNj(t) = > by(e) InN; (£ — 7(t))

Jj=1 Jj=1

n t
_chvj(t)/‘ klj(t—s)lnN/(s)ds:|, i=1,2,...,n.

j=1

In this paper, we consider the impulsive multispecies logarithmic population model

N() = Ni(£) {ri(t) = > ag(t)InNy(e) = > by(t) InNj(t - ;(0))
=1 =1

t
—00

= () / kyi(t — 5) In Nj(s) ds:|, t#t, (1.1)
j=1
Ni(£) = A+ di)Ni(te),  i=1,2,...,mk=12,...,

where 7;(-), a;(-), by(-), c;(), T;;(-) are nonnegative almost periodic functions in sense of
Bohr, k;i(t —s) > 0 and f_too kij(t — s)ds < +00, {dj} is an almost periodic sequence, {f} is

By utilizing the continuous theorem of coincidence degree theory, we obtain some suf-
ficient conditions for the existence of almost periodic solution of Eq. (1.1). Our results
generalize previous results obtained in [6] and are easier to verify than the conditions
obtained in paper [15].

The continuous theorem of coincidence degree theory has been extensively used to
study the existence of periodic solution of a differential equation, regardless of the equa-
tion being with impulse or without. Using this theorem, papers [6] and [16] investigate the
existence of almost periodic solution of a population model without impulse. To our best
knowledge, the continuous theorem has not been used to prove the existence of almost
periodic solution of an impulsive multispecies logarithmic population model. Besides, our
technique used in this paper can be applied to study the existence of almost periodic so-
lution of an impulsive differential equation with linear impulsive perturbations.

The remaining part of this paper is organized as follows. We present some preliminaries
in the next section. In Section 3, by employing the continuous theorem of coincidence
degree theory, we establish a criterion for the existence of almost periodic solution of
system (1.1).
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2 Preliminaries
In this section, some lemmas and definitions, which are of importance in proving our main

result in Section 3, will be presented.

Definition 2.1 ([17]) ¢(-) € C(R,R") is said to be almost periodic in sense of Bohr if Ve > 0,
there exists a relatively dense set T(g, ¢) such that if t € T(¢, ¢), then |¢p(t) —p(t + T)| < €
for all ¢ € R. Denote by ap(R, R") all such functions.

Definition 2.2 ([3]) Let ¢(-) = (¢1(:), 92(-), ..., 9(-)) be a piecewise continuous function
with first kind discontinuities at the points of a fixed sequence {t;}. We call ¢ almost pe-
riodic if:
(1) {t«} is equipotentially almost periodic, that is, Ve > 0, there exists a relatively dense
set of e-almost periodic common for any sequences {tj,;}, tz = tiyj — b
(2) Ve >0, 38 > 0 such that if the points ¢, ¢ belong to the same interval of continuity
and |t —t"| < 8, then |p(t') — p(t")] < &;
(3) Ve >0, there exists a relatively dense set T(¢, €) such that if t € T(p, ¢), then
lo(£) — (¢ + 7)| < € for all £ € R which satisfy the condition |t - £;] > ¢,
i=0,%£1,%2,....
Denote by AP(R, R") all such functions.

Now, we introduce some basic notations. Suppose f € ap(R,R") or f € AP(R,R"), we
use Ay to denote the set of Fourier exponents of f, mod(f) to denote the module of f, m(f)
to denote the limit mean of f. We suppose that dy and 7;(-) in system (1.1) satisfy the
following conditions:

(A1) H0<tk<t(1 +djr), ]_[Oqu_rii(t)(l + dj) are positive almost periodic functions,

inf,er ]_[0<tk<t(1 +dy)>0,j=1,...,m;
(A2) ffoo kij(t —s)In ]_[0<tk<s(1 +dji) ds are almost periodic functions, i,j = 1,...,n.
Thereinto, the definition of H0<¢k<:(1 +di) (j=1,2,...,n) is as follows:

te (—OO, tl]y

[]a+dw= b

O<ty<t (1+d]‘1)"'(1+d]‘k), te (tk,tkﬂ],k:l,z,?),....

Remark There exist a great deal of functions satisfying assumptions (Al) and (A2). For
instance, let {t} be an arbitrary equipotentially almost periodic sequence, 7;(¢) = 7 > 0,
dik = djprr, L+djp) >0,k=1,2,...and (1+dj)(1 +dp)...(1+djr) = 1, then ]—[0<tk<t(1 +djk)
is a positive almost periodic function with discontinuous points #, and inf;cp H0<tk<t(1 +
di) > 0. ]_[qu([_rl,j(t)(l +dji) is also a positive almost periodic function with discontinuous
points tx + 7, i,j=1,...,m.

Besides, we suppose that k;(-) satisfy ffoo kit —s)ds = 0+°° k() du < +00 and

0, te[0,sup,., ¢t +1],
ki/‘(t): [ pzeZ i ]

>0, otherwise,

then f_too kij(t —s)In l_[0<tk<s(1 +dj)ds=0,i,j=1,2,...,n. Thus, assumption (A2) holds.
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Before studying the existence of strictly positive AP solutions of system (1.1), we firstly
consider the following equation:

yi(®) = yi(t) [n(t) =Y ag®n [[ Q+di) = by [ Q+dp)

j=1 O<ty<t j=1 O<ty<t—7;(t)

—ch,(t) / ki(t=s)In ] 1+d,k)ds—Zal,(t)lny,(t)

O<ty<s
- Z by(2) lnyj(t - ‘L’,'j(l’)) - Z ci(t) / kij(t — ) In y;(s) ds:|, (2.1)
j=1 j=1 e

where i =1,2,...,n. The solutions of Egs. (1.1) and (2.1) satisfy the following relation.

Lemma 2.3 Suppose that (Al) is satisfied, the following results hold:
(1) IfNi(t) € AP(R,R) is a positive solution of Eq. (1.1), then
yi(t) = ]_[0<tk<t(1 +di)INi(t) is a positive ap solution of Eq. (2.1),i=1,2,...,n
2) Ifyi(t) € ap(R, R) is a positive solution of Eq. (2.1), then N;(t) = l_[0<tk<t(1 +di)yi(t) is
a positive AP solution of Eq. (1.1),i=1,2,...,n

Proof Since ]_[0<tk<t(1 +dy) € AP(R,R) and inf,cp ]—[0<tk<t(1 +dy)>0,i=1,...,n from
[3] we know 1_[O<tk<t(1 +dy)™t € AP(R,R). Therefore, if y,(t) € ap(R,R), then N(t) =
]_[0<tk<t(1 +di)yi(t) € AP(R,R); if Ni(t) € AP(R, R), combining N;(£{) = (1+dix)N;(tx), then
yi(t) = l—[0<tk<t(1 +d)'Ni(t) € ap(R, R). Similar as [18], the rest of the proof of Lemma 2.3
can be obtained easily, we omit it here. d

In order to investigate Eq. (2.1), we take y;(t) = "), Eq. (2.1) can be translated to

x(0) = 7i(t) = Y ay(B)a(e) = > by(t) (¢ — 7y (8))

Jj=1 Jj=1

—ch,(t) / k(£ - s)x;(s) ds, (2.2)

j=1

where

Zau(t In [T @+d)- Zb,, Hin J] @+dw)

O<ty<t <ty <t—T;5(2)

—ch,(t/ kii(t — slnl_[ (L+dy)ds, i=1,2,.

O<tg<s

Obviously, if Eq. (2.2) has ap solution, then Eq. (2.1) has strictly positive ap solution.
It follows from Lemma 2.3 that Eq. (1.1) has strictly positive AP solution. Consequently,
we mainly study the existence of ap solution of Eq. (2.2). To do so, we firstly summarize a
few concepts.

Let X and Z be real Banach spaces, L : domL C X — Z be a linear mapping, N: X — Z
be a continuous mapping. L is called a Fredholm mapping of index zero if dimKerL =
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codimImLZ < oo and ImL is close in Z. If L is a Fredholm mapping of index zero, there are
continuous projects P: X — X, Q: Z — ZsuchthatImP = KerZ,ImL = Ker Q = Im(/ - Q).
It follows that L| dom LNKer P : (I - P)X — Im L is invertible. We denote the inverse of that
map by K. If € is an open subset of X, the mapping N will be called L-compact on €2 if
QN() is bounded and K,(I-Q)N: Q — X is compact. Since Im Q is isomorphic to Ker L,
there exists an isomorphism J : Im Q — Ker L. The following result is proved in [19].

Lemma 2.4 (Continuous theorem) Let Q2 C X be an open bounded set, let L be a Fredholm
mapping of index zero and N be L-compact on Q. Assume

(1) Foreach i € (0,1), every solution x of Lx = ANx is such that x ¢ 9<;

(2) Foreachx e KerLNadR, QNx #0;

(3) deg(JON,KerL N ,0) #0.
Then Lx = Nx has at least one solution in domL N Q.

3 Main results
In this section, by means of the continuous theorem of coincidence degree theory, we
investigate the existence of strictly positive AP solution of Eq. (1.1). To do so, we take

X1 = {x = (X1,...,%,) € ap(R,R”) :mod(x;) C mod(F),VA € Ay, a1 > |A] > a} U {0},
Zi=3z=(z1,...,2,) € AP(R,R”),

z;(t) are AP functions with discontinuous points #,

o0
mod(z;) C mod(F),¥i € Az, o0 > M| >, Y |a(h;,z)| < +o0  U{0},
j=1

Zz =X2 = {hZ(hl,hz,...,hn) ER”},

where o and «; are given positive constants, and F is a given almost periodic function in
sense of Bohr. Define X = X; ® Xy, Z = Z, ® Z, with the norm ||¢|| = max;<;<, sup,g [$:(£)|,
¢ =(p1,b2,....,¢,) € X or Z.

Lemma 3.1 X and Z are Banach spaces equipped with the norm || - ||.

Proof Firstly, we can easily obtain that X is a Banach space, hence we only need to prove
that Z is a Banach space. If {zx = (z1k, ..., Zuk) }k C Z1 converges to z = (z1, . .., z,) uniformly,
it follows from the properties of AP functions that z € AP(R,R"). Similar as [16], the
fact mod(z;) C mod(F), YA € A, a1 > |A| > « can be obtained easily. Now, we assert that
Z;fl la(Aj,z))| < +00,i=1,...,n. If not, VM > 0, Im > 0 and i such that

m

> lath.z)| > M. (3.1)

j=1

Since {zx} is a Cauchy sequence, for 1/2”, 3K such that for any m, n > K,

1 (7 . 1
la(h 23— alhzip)| = | lim — / (i)~ 2aO) | < =, ViER (32)

T—+00 2T J_r
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Since zi converges to z uniformly,

1 1
for A; € Az and g,flnl > K, s.t., ﬂ()»[,Z;)’ < ‘a(k;,z;ym)‘ + ?’ZZ 1,2,...,m. (3.3)
Since ny, 1, ..., 1, > K, from (3.2)
1 .
|a(k/,z;,nl,)| < |ﬂ()\.]‘,Z;’nl)| o = 12,...,m. (3.4)
Hence, combining (3.1)-(3.4)
m m 1 m
M < Z|a(kj,z;)| < Z|a()»,,z;ynl_)| + > < Z|a(kj,z;yn]_)| +1
j=1 j=1 j=1

m oo
< la(,z,)] +1+ 2% <Y |, z,,)| +3 < +oo.
j=1 J=1

The arbitrariness of M leads to a contradiction, so the assertion holds. Therefore, Z; is a

Banach space. Similarly, we can obtain that Z is a Banach space. The proof is complete.

d

Lemma 3.2 Let

dx, d d
L:X—Z, L(xl,xz,...,xn):< Y x)

dt’dt’ 7 dt
then L is a Fredholm mapping of index zero.

Proof Obviously, Ker L = X,. We prove ImL = Z;. Firstly, for any ¢ + 92 = ¢ € ImL C Z,
Q1 € Zy, @y € Zo, since fot(p(s) ds € ap(R,R"), that is, fot o1(s)ds + fot @o(s)ds € ap(R,R").
From [20] we know fot ¢1(s)ds € ap(R, R"), then ¢, = 0. Hence ¢ € Z;, ImL C Z;. Sec-
ondly, for any ¢ = (¢1,¢2,...,¢,) € Z1, without loss of generality, we suppose ¢ # 0. Since
s ¢(s) ds € ap(R, R"), furthermore

A g ds-mfi gy = Do E=L2e0m

then fot @i(s)ds — m(fot @;(s) ds) is the primitive of ¢; in X, ¢ € Im L. Therefore, Z; C ImL.
To sum up, Z; = Im L. Besides, one can easily show that Im L is closed in Z

dimKerL = n = codimImL.

Therefore, L is a Fredholm mapping of index zero. g

Remark If f € ap(R,R") and VA € Ay, |A| > o > 0, then f has an ap primitive function. It
does not hold for an AP function. From [20] we know that if f € AP(R,R"), VA € Ay,
o1 > Al > a >0, Y |a(r;,f)| < +00, then f has an AP primitive function. That is the
reason why in Lemma 3.1 we take Z; like that.
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Set

N:X—Z, N(xi,%,...,%,) = (Nx1,Nxs,...,Nx,),

Q Z— Z, Q(zlvzzr cee rzn) = (Wl(Zl), m(ZZ)) ) I’I’I(Zn)),

P:X—X, Plr,x,...,%,) = (mx), m(x),...,m(x,)),

where

Nx;(t) = ri(t Za,,(t (¢ Z i (t) x, t T;(t Zc,, t)/ ii(t s)ds,

j=1
then we have the following.
Lemma 3.3 N is L-compact on Q (2 is an open, bounded subset of X).

Proof Firstly, it is easy to show that P and Q are continuous projectors such that

ImP =Kerl, ImL =Im(/ - Q) =KerQ,

where I is an identity mapping. Hence L| dom L NKerP: (I - P)X — ImL is invertible. We
denote the inverse of that map by K,,. K, : ImL — Ker P N Dom L has the form

I(pZ = 1(19(21, 22500 izl’l)

= (/otzl(s)ds—m(/otzl(s)ds>,...,/Otzn(s)ds—m(/otzn(s)ds)).

Thus,

QNx = (QNx, ..., QNx,),
K,(I - QNx = (f (x1(£)) — Qf (x1(8)),....f (%(8)) = QF (%u(2)))

where

F(() = /O (N(s) — QN (s)) ds,

QNx;(t) = m(r, (t) - Za,](t)x} th/(t x] - Ty t))

j=1

_ZCU / " _s)x,()s).

Obviously, QN and (I — Q)N are continuous. In fact, K, is also continuous. For any
,2y) € Z1 and for any 1 > ¢ > 0, let /(¢) denote the inclusion interval of T(F,¢).

z=(z1,...
,2,) € Z1 =ImL, then fot z(s) ds € ap(R, R"). Since

Suppose z = (21,25, . ..

A] ds\{o}_Af $) ds— mfoz;(s ds)_AZ’ i=12,...,n
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and mod(z;) C mod(F), then mod( fot zi(s) ds) C mod(F). Therefore, there exists 0 < § < ¢
such that T'(F,§) C T(fot z;(s)ds, €). Let [ be the inclusion interval of T(F, §), then [ > I(¢).
For any ¢ ¢ [0, /], there exists § € T(F,$) C T(fot zi(s)ds, €) such that ¢ + & € [0,]. Hence,
by the definition of almost periodic function, we have

+ sup

t t t t+&
/ zi(s)ds / zi(s) ds / zi(s)ds — / zi(s)ds
0 0 t¢0,1Jo 0

t+&
/ zi(s)ds
0

t
<2 sup / |z,»(s)|ds+ sup
tefo.Jo £¢[0,]]

sup
teR

< sup
te(0,]]

+ sup
£€[0,1]

/:zi(s) ds — /OHE zi(s) ds

!
< 2/ |z,»(s)| ds+¢.
0

Hence, we can conclude that K}, is continuous, and consequently, K,(I — Q)N is also
continuous. In addition, we also have K,(I — Q)N is uniformly bounded in Q, QN(Q)
is bounded and K,(I — Q)N is equicontinuous in Q. Since (I - Q)Nx € Z; = ImL and
Ak, 1-Qnx = M-y, V& € 2, then mod(K},(I — Q)Nx) = mod(( — Q)Nx) C mod(F). For
any € > 0, 38 > 0 such that T'(F,8) C T(K,(I — Q)Nx, &), Vx € @, hence K,(I — Q)N is equi-
almost periodic in 2, According to [21], we can conclude that K,,(/ - QN Q is compact,
thus N is L-compact on Q. d

Noticing Lemmas 3.1-3.3, for Eq. (1.1), we have the following result.

Theorem 3.4 If(Al) and (A2) are satisfied, m(z;il(a,j(t) +byi(t) + cy(2) f_too kij(t —s)ds)) #

0,i=1,2,...,n, then Eq. (1.1) has at least one strictly positive almost periodic solution.

Proof From the analysis above, we know that in order to prove the existence of strictly
positive AP solution of Eq. (1.1), we only need to investigate the existence of ap solution
of Eq. (2.2).

Define the isomorphism J : Im Q — Ker L as an identity mapping. We search for an ap-
propriate bounded open subset €2 for the application of Lemma 2.4. Corresponding to the
operator equation Lx = ANx, A € (0,1), we have

x(t) = A (7i(t) - Zﬂij(t)xj(t) - Z bij()x; (£ — 7;(0))

j=1 j=1

_ Zcii(t) /t ki (¢ — $)x;(s) ds), i=1,2,...,n (3.5)
= =

If x € X is a solution of system (3.5), taking the limit mean for system (3.5), we obtain

n

m(?l(t)) =m (Z (alj(t)xj(t) + b,,(t)x, (t - ‘L’Lj(t)) + Cij(t)/ kl']‘(t - s)xj(s) dS)) )

j-1

i=12,...,n,
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then
supx;(t) > —— ) , i=12,...,n,
teR m(zjzl(aij(t) +by(t) + c;(t) [~ kij(t — 5) ds))
ilellgxi(t) < m(Fi() =12,...,n

m(S(ay(0) + by(e) + cy(®) [ kylt —5)ds)
Thus, there exists at least one t* € R such that

|X'(t*)| < |m(7;(2))| +
S S ay0) + by() + e5(0) [ Kyt —9)d9)

1, i=12,...,n (3.6)

Since Lx € Z;, by a similar argument as in Lemma 3.3 we can derive that

t
f x(s)ds
t*

t*+1
§|xi(t*)|+2/ ()| ds+1, i=1,2,...,n. 3.7)
t*

llxill = sup|xi()| < |ai(£%)| + sup
teR teR

Take 7 € [1,2]] N T(F,8) C T(/, x/(s) ds, ), then

£ 4T 4T
‘ / x:(s)ds — / x(s)ds / xi(s) ds
0 0 £

Integrating system (3.5) over the interval [£¥, £* + T], we obtain

t*+7
A
t*

t*+7
§A/ |fi(s)|ds+1.

*

<e<l1l, i=12,...,n.

n

Z (ai,«(s)x,»(s) + byi()x; (s — 7i5(5)) + c4i(s) /: kij(s — u)x;(u) du)

Jj=1

ds

Consequently,

t*+l
/ ‘x: (s) ’ ds
t*

t*+7T 47
5/ ‘x;(s)’ds < A/ |;'"i(s)|ds
t* ¥

+ A/ Z (aij(s)x,'(s) + bij(s)x,»(s - t,»j(s)) + cij(s) / kij(s — 1)x;(u4) du) ds
t* 1 00
< Z/t " |7:(s)| ds + 1. (3.8)

Combining (3.6)-(3.8), we obtain

lx: )l <My, i=12,...,m,
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where

w—— A0 cavaf )| s
(372 (@ (8) + by(e) + cy(0) [ Kyt = 5) ) ‘

Take Q = {x € X, ||x|| < M; + 2}, then it is clear that € verifies all the requirements in
Lemma 2.4, hence Eq. (2.2) has at least one almost periodic solution in €2 and the proofis
complete. 0

Remark In this paper, we investigate the existence of almost periodic solution of Eq. (1.1)
in terms of the continuous theorem of coincidence degree theory. The novelty of this paper
is not only the method but also the results. In fact, if dix = 0, ¢;; =0,i=j =1, Eq. (1.1) can
be rewritten as

N'(t) = N@®)[r(t) - a(®) InN () - b(#) InN (£ — (2)) ].

Paper [6] obtains the existence of almost periodic solution of the above equation based
on the assumptions m(a(t) + b(¢)) # 0. Obviously, our results generalize previous results
obtained in paper [6].
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