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1 Introduction
As is known, the Bernoulli polynomials of order r are defined by the generating function
to be

t r ot > . I
(ef—l) e :;B;)(x)ﬁ (see [1-29]). n

When x =0, BY = Bg)(O) are called the Bernoulli numbers of order r.
For ay,ay,...,a, #0 € C,, the Barnes-Bernoulli polynomials are defined by the generat-
ing function to be
: t > t"
t_
H(m)ex = ZBn(levﬂzw-;ﬂr)E-
n=0

i=1

When x = 0, B,,(0|ay,as,...,a,) = B,(ai,as,...,a,) are called Barnes Bernoulli numbers
(see [14—33]).

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will denote the
ring of p-adic integers, the field of p-adic numbers and the completion of algebraic closure
of Q,, respectively. The p-adic norm is defined as |p|, = 1/p. Let UD(Z,) be the space of
uniformly differentiable function on Z,,. For f € UD(Z,), the bosonic p-adic integral on

Zy is defined by
PN-1
I(f) = i f@duo) = lim > f@uo(x+pNZ,)
P x=0
]
= lim N Xoj f(x) (see[16,21]). 2)
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From (2), we have

Io(h) = Io(f) +£(0), 3)
where fi(x) = f(x + 1).

By using iterative method, we get

n-1
L) =) + Y _f), (4)
i=0

where f,,(x) = f(x + n) (n € N).

As is well known, the fermionic p-adic integral on Z, is defined by Kim to be

-1

L) = | f@duatx) = fim > fGuale+pVZ,)
14 x=0

N1

= lim 20: F@(1)F  (see [26, 27)). (5)

From (5), we can derive

n-1

Lafy) + () () =2 3 ()" O), ()

=0

In particular, # = 1, we have

Li(fi) + I (f) =2f(0)  (see [26, 27]). (7)

The purpose of this paper is to investigate several special polynomials related to Barnes-
type polynomials and give some identities including Witt’s formula of their polynomials.

Finally, we give some identities of mixed-type Bernoulli and Euler polynomials.

2 Barnes-type polynomials
Let ai,ay,...,a, #0 € C,. Then, by (3), we get

f L f e(a1x1+a2x2+~»+arxr+x)t dﬂo(xl) ce dlLO(xr)
Zp Zp

- tr Xt

) (1_1[ ‘”) ((emf —1)(enat —1) - (et — 1)>e

- (r[ai) ZBn(xml,az,...,ar);—f. 8)
i=1 n=0 '

From (8), we obtain the following Witt’s formula for the Barnes-Bernoulli polynomials.
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Theorem 1 For ay,ay,...,a, #0 € Cy, we have
. -1
B, (xlay, ..., ar) = <]—[ a,-) / o | axy e+ ake + )" dpo(%) - dpo(xy).
i=1 Zp Zp
Note that
(@ + - +ax)" = Z " alalt i
mr Ly...L) 7
h++ly=n
n r
L\ I
= 2 (;1 1)(H“i>xf~~x,- ©)
h+-tlp=n R i=1
By (9) and Theorem 1, we obtain the following corollary.
Corollary 2 For n > 2, we have
" r
Bn(ﬂl,...,ﬂr) = Z (l ] )(Haii_l)Bh "'Blrr
h++ly=n Leeestr i=1
where B, = B,/(1) is the nth Bernoulli number.
From (2), we can easily derive the following integral equation:
d-1
1
/ f@dnot) == / fla+dx)djo(x), (10)
Zp a=0 Zyp
where d € N.
By (10), we get
/ . / e(a1x1+a2x2+-~+a,x,+x)t d/L()(X)
Zp Zp
1 41 dd
= J Z e Z/; .. /% e(lla1+~--+lmr+al dxy+-+ay dxp+x)t dﬂo(xl) . 'dl/LO(xr)
h=0  L=0"% P
_dfl %id"/‘ /‘ <lla1+---+l,a,
=0  [,=0 n=0 dar Zp Zp d
x\" "
+aX] Ay + 2) dpg(x) - - - dMO(xr);- (11)
By Theorem 1 and (11), we get
ol hai+---+la, +x
_ a1+
Bn(xlm,...,ar):d”’;:..-ZX(;BH< y e ‘al,...,a,) 12)
1= r=

Therefore, by (12), we obtain the following distribution relation for a Barnes-type
Bernoulli polynomial.



Lim and Do Advances in Difference Equations (2015) 2015:42

Theorem 3 For n > 0, we have

d-1  d-1
har+---+la, +x
Bn(x|alr~-«:ﬂr):dn_rZ"'ZBn<1 ! s ‘dl,...,ﬂ,«).

d
L=0 =0

From (4), we note that

n-1
f eal(x1+n)t d,LL()(xl) _ / ealxltduo(xl) — ﬂltzeallt.
Zp 1=0

Zp
By (13), we get
art n-1
aixt _ 1 aylt
[ et ot = S S et
p 1=0

From (14), we can derive

/ N / plarst+arx)t dpg(xr) -+ duo(xy)

n-1
() () Y detvann
enalt _ 1 ena,t _ 1

ll ''''' lr=0
r n-1 o0 tk 00 tj
_ (nai) 5 (Zsml,...,m)ﬂ) S+ ady
i1/ htr=0 \k=0 </ = J:

i=1 m=0 L., 1,=0 j=0

By (15), we get

/ / (@1 + -+ - + apx,)™ dpo (1) - - - dpno ()
ZI’ ZI’

r n-1 m

= <| |ﬂi> E (@ +---+ arlr)ij_j(nal,...,nar)(ﬂ.l),
. - ]
i=1 I =

wheren e Nand m € Z > 0.
Therefore, by Theorem 1 and (16), we obtain the following theorem.

Theorem 4 For n € N and m € Z with m > 0, we have

n-1 m
) m
B, (ai,...,a,) = Z Z(ﬂlh 4ot a,lr)/Bm_j(nal,...,na,)(j )
Hpnly=0 j=0

Moreover,

n-1 m
Bu(lay,....a)= ) Y (arh+---+ad, + xYByj(nay,...,na,) (17>

Hyeendy=0 j=0

r 00 n-1 m m
= (H al) Z{ Z(alll et a,l,)ij_j(nal, e ML) (7) ] %
I j: :

Page 4 of 12

(14)

(15)

(16)
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From (15), we observe that

/ o / glarsitrarx)t duo(x) - duo(x,)
Zp Zp

n-1
= at oo ﬂrt Z e(“lll+"'+ﬂrlr)t
enalt -1 e”lﬂrt -1
5

Lseees lr:()
n-1
ﬂ]t .. ﬂyt (“lll+"'+ﬂrlr Yt
ehait _ ... (eMart —
0 yeely=0 ( ) ( )
r n-1 o0
alh+---+al, t"
= a; E B,, p a,...,ay |n"—
i=1 Hyeenly=0 m=0
00 r n-1 m
m alh+ - +al, t
= a; |n " ” ai,...,ad, et @17)
m=0 \ i=1 Hyerly=0 ’

Thus, by (17), we get

[ [ @ s amy dpoton - disota)
Zp Zp

- L h+-+al
= a; " Bm<u
UDEREES

al,...,a,), (18)

wheren e Nand m € Z > 0.
Therefore, by Theorem 1 and (17), we obtain the following theorem.

Theorem 5 Forn € N and m > 0, we have

1 ali+---+al
141 e rbr
m
B, (ai,...,a,)=n E B,n(f al,...,u,).
1 yeelr=0
Moreover,

ol ali+--+al, +x
141 rér
B, (x|a1,...,a,) =n" Z Bm< ‘al,...,a,).

n
yeeolr=0

Remark Let g; =1and r =1. Then we have

n-1
/ rnt dpo () _/ ot duo(x) = tzelt.
Zp Zp 1=0

Thus, we have

(o] . . tm n-1 oo mtm
;{ Zp(x+”) dMo(x)—/pr dﬂo(x)}%(x)=t§§l - (19)
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By (19), we get

n-1

1
U womrmaum - [ #duo) =30 (20)
m+1 7 7
p p =0
wheren e Nand m € Z > 0.
It is easy to show that
t > t"
(x+y)t _ Xt -
/Zpe dpoly) = —e _;Bn(x)n!, (21)
where B, (x) is the nth Bernoulli polynomial.
Thus, by (21), we get
[ Gerdu) =5, =0 22)
‘v

From (20) and (21), we note that

n-1

! {Bm+1(n) - Bm+1} = Z ",

m+1

wheremeZ >0and n e N.

From (5) and (6), we can derive the following equation:
/ eV du(x) + f etdu_(x) =2.
Zp Zp

Thus, we have

2 > t"
[ )= et =Y B
pr n.

Zp el +1

where E,(x) is the nth Euler polynomial.

Witt’s formula for the Euler polynomials is given by

(x+y)"dp-1(y) = Eq(x) (1= 0) (see [26, 27]). (23)
ZP

When x = 0, E, = E,(0) are called the Euler numbers.
For r € N, the generating function of higher-order Euler polynomials can be derived
from the multivariate p-adic fermionic integral on Z, as follows:

2 r
/ . / Wit tarta)t du (%) - dp_g(x) = ( n ) e’
a ) e +1

) o
-3 EwE.
n!
n=0
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Thus we get
[ s e dia) - duat) -0 mezz0n  @4)
Zp Zp
It is easy to show that

/ f (1 + -+ + )" dp () - - dpa(xy)
Zp Zp

n
= Y ( ) / it dp () - / At dp ()
hy....l) Ja, z

h++ly=n 4

X /Z (%, + %) dpay (%)

P

n
. ( )5,1512 By E () (25)
hL,...,1

f++ly=n

From (24) and (25), we have

y n
EDw= Y <ll; . lr>E;1 - E, Ep(x). (26)

l1++lp=n
When x =0, E,(f) = E,(f)(O) are called the higher-order Euler numbers.
From (6), we note that

n-1
/ e (%) + (-1)" / etdp(x) = 22(-1)"*1*’(;” (n e N). (27)
Zp Zp =0
Thus, by (27), we get
2 n-1
/ )= e S, (28)
and
,;{ /Z G+ /Z * du_l(x)} -
o] n-1 m
_ Z[z 3yt } — men. (29)
m=0 1 1=0 ’

By comparing the coefficients on the both sides of (29), we get

n-1
fz e @)+ (7 /Z =2 g(—l)"*lf’lm, (30)

wheren e Nand m € Z > 0.
Therefore, by (23) and (30), we obtain the following lemma.
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Lemma 6 Form >0, n €N, we have

n-1

E,(n)+ (_l)n—lEm ) Z(—l)n_l_llm.

=0

Let us assume that » € N with # =1 (mod 2).
Then, by (28), we get

(31

2 n-1
ext d,u, X) =
/Zp 1( ) € t 1

Now, we consider the multivariate p-adic fermionic integral on Z, related to the higher-
order Euler numbers as follows:

/ L / e(x1+x2+---+xr)t dﬂ_l(xl) . dl/«—l(xr)

2 r n-1 n-1
N4+l (44t
o) Lo e
e +1 =

h= Iy

oo n-1 n-1
- (ZE}’n ) Y () Z(ll"’ +lr)k/‘
0

1=0 = 1,=0

n-1 n-1 00 m m
5 S S (Mg |
5h=0 1-=0

k=0

Z:‘){,Z Z D+ +ZrZ(’;{">nm-k5§;)k(zl+---+z,)k}%ﬂ!. (32)

k=0

Thus, from (32), we can derive the following equation:

/Z /Z s+ x) " du_i (%) - - dpi ()

n-1 m
Z ZZ( 1)11+ +lr< ) m") knm k(l1 +---+lr)k, (33)

h=0 Iy=0 k=0

where m > 0 and n € N with # =1 (mod 2).
Therefore, by (24) and (33), we obtain the following theorem.

Theorem 7 For m > 0 and n € N with n =1 (mod 2), we have

-1 -1 m
=Z ZZ (-1t ”’( )E(’ K L,
=0 0 k=0

Moreover,
n-1 n-1 m
EZ)(X) _ L Z Z 1)11+ +l,( )EZ),<nmk(ll 4t lr +x)k.

=0  [=0 k=0
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From (32), we note that

/ .. / e(x1+'"+x')t du_1(x1)--- dﬂ—l(xr)
Zp Zp

r n-1 n-1
:( 2 ) ( l)ll+ +ly (h+--+p)t
e +1

h=0 =0
n-1 n-1
:Z.“Z(_I)zﬁu.w 2 ’e(w)m
h=0 =0 e +1
1= r=
oo n-1
Lh+--+1 t"
=)D - Z( D Ey, (1 ’)n'"—, (34)
m=0 [1=0 m!

where #n € N with n =1 (mod 2).
Thus, by (34), we get

/ .. / (1 + - +x.)"du_q1(x) - - dai(x,)
7, Jz,

n-1 n-1 l P l
_ Z L Z(_l)lﬁ...urEZ) arT- T nm’ (35)
=0 =0 n

where m € Z > 0, n € N with n =1 (mod 2).
Therefore by (24) and (35), we obtain the following theorem.

Theorem 8 FormeZ > 0,n € N with n =1 (mod?2), we have

n-1 n-1 Liogooogl
E(mr) = nm Z e Z(_1)11+"‘+lrE(m") (%>,
5L=0 1=0

Moreover,

n-1 n-1
A |
EO@) =n" 3o 3 (cape D <¥)

h=0 =0

For ay,ay,...,a, € C,\{0}, let us consider the Barnes-type multiple Euler polynomials

as follows:

/ o / e(a1x1+~--+ayxr+x)t du_i(x) - dpi(x,)
Zyp Zp

2 2 "
= X X 4
ent +1 et +1

o0 tn
= ZE,,(xml,...,a,)—‘. (36)
n!

n=0

When x =0, E,(a3,...,a,) = E,(0lay, ..., a,) is called the nth Barnes-type Euler number.



Lim and Do Advances in Difference Equations (2015) 2015:42 Page 10 of 12

For d € N with d =1 (mod 2), we observe that
d-1
f@dua@) =Y (1) | fla+dx)du (). (37)

Zp a=0 Zp

From (37), we can derive the following equation:

// et rarst gy () - - du g (xy)

d-1 d-

Z Z( 1)11+ +lr/ / {a1ly +-+arl +(a1xy ++-+arxy)d}e dﬂ l(xl) -d,u_l(x,)
Zp

h=0

[ee) d-1 d— I I
Sy Z( 1)+ w/ /(“IH Hady
n=0 5L=0
n tn
+a1x1+---+arxr) dﬂ—l(xl)"'dﬂ—l(xr);' (38)
By (38), we get
f f (@11 + - + ) At () - djta(s)
ZP ZP
d-1 d—-
Z Z( Py +,r/ / <alll+ + aply
=0 ly=
+a1x1+---+arxr) dp_1(x1) - - dpi(x,). (39)

Therefore, by (36) and (39), we obtain the following theorem.

Theorem 9 Ford € N withd =1 (mod2), n> 0, we have

d-1 d-1
L+ +a/l
En(al: e rar) =d" Z e Z(_l)lﬁm”rEn (% ays... yﬂr)~
=0 1,=0

Moreover,

a1 d-1
Xx+aih+---+al,

En(xlal,...,ar):d”z Z( 1)l1+ +1E < g

h=0 =0

611,...,6!,«).

Remark Note that

" n
En(x|alw-~rar) = Z (l>xlEnl(alr- -nar)

1=0

n
(n>x”_lEl(u1, e, dy).

1=0 !
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Thus, we have

/ / / (ﬂ1x1+...+arxr
ZP ZP ZP

+biyi+ -+ by dui () - - dusa(ys) dpoxn) - - - dpo(xy)

=/ / E(aix1 + - + ayxe|by,..., bs) dpo(xr) - - - divo(x)
Zp Zp

n

_ Z (7)Enl(blr B .,bs)/ .. (a1x1 + - + drxr)ld,uo(xl) - dpo (%)
Zp Zp

=0

n

-3 (7)]5"_;(171,...,bS)Bl(al,...,a,). (40)

=0

Now, we define mixed-type Barnes-type Euler and Bernoulli numbers as follows:

EBn(b]y~ . ~xbs;d1, .. .,(lr)

:/ ---/ ---/ (ﬂlxl+"'+arxr
Zp Zp Zp

+ by + -+ bgy) A (1) - dua(ys) dio(xn) - - - dino (%), (41)

where ay,...,a,,by,...,bs # 0.
By (40) and (41), we get

" n
EBn(bl,...,bS;ﬂl,...,ﬂr) = Z <1)En—l(bln-«1bs)Bl(alwuyar)'
=0
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