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Abstract

In this paper, the center conditions and the conditions for bifurcations of limit cycles
from a third-order nilpotent critical point in a class of quartic systems are investigated.
Taking the system coefficients as parameters, explicit expressions for the first 11
quasi-Lyapunov constants are deduced. As a result, we prove that 11 or 12
small-amplitude limit cycles could be created from the third-order nilpotent critical
point by two different perturbations.
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1 Introduction

For a given family of polynomial differential equations, the number of Lyapunov constants
needed to solve the center-focus problem is related to the so-called cyclicity of the point.
Many works have been devoted to study this problem; see [1-3].

As far as the maximum number of small-amplitude limit cycles is concerned, there have
been many results. Bifurcating from an elementary center or an elementary focus, one of
the best-known results is M(2) = 3, which was solved by Bautin in 1952 [4]. For n = 3, a
number of results have been obtained. Around an elemental focus, James and Lloyd [5]
considered a particular class of cubic systems to obtain eight limit cycles in 1991, and
the systems were reinvestigated a couple of years later by Ning et al. [6] to find another
solution of eight limit cycles. Yu and Corless [7] constructed a cubic system and com-
bined symbolic and numerical computations to show nine limit cycles in 2009, which was
confirmed by purely symbolic computation with all real solutions obtained in 2013 [8].
Another cubic system was also recently constructed by Lloyd and Pearson [9] to show
nine limit cycles with purely symbolic computation. Recently, Yu and Tian showed that
there could be 12 limit cycles around a singular point in a planar cubic-degree polynomial
system [10]. For # = 4, Huang gave an example of a quartic system with eight limit cycles
bifurcated from a fine focus [11]. In recent years, bifurcations of limit cycles from degen-
erate critical points were investigated intensively. Especially, for a nilpotent critical point,
there were also many results as regards limit cycles; see [12, 13].
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In this paper, we consider another quartic system,

dx

7 =y+ A(—b12x2y + auxy2 + ao3y3 + a31x3y + a22x2y2 - 4b04xy3 + a04y4),

4 3 1.1)
d_)t/ =-2x>+ A (bmxzy + buxy2 + b03y3 + bagxt — Eaglxzﬁ + blgxys + b04y4>.

We will show that 11 or 12 limit cycles can be bifurcated from the origin by different per-
turbations.

The rest of this paper is organized as follows. In Section 2, some preliminary results
in [14] which are needed in the following sections will be given. In Section 3, the linear
recursive formulas in [14] are used to compute the first 11 quasi-Lyapunov constants and
then obtain the sufficient and necessary conditions for a center. In Section 4, one kind of
different bifurcation is discussed to confirm that 11 limit cycles can bifurcate from quartic
systems. In Section 5, another kind of interesting bifurcation phenomenon is discussed to
confirm that 12 limit cycles can bifurcate from quartic systems.

To perform the computations in this paper, we have used the computer algebra system
MATHEMATICA 7.

2 Preliminary knowledge
For convenience, in this section we present some results taken from [15] for the center-
focus problem of third-order nilpotent critical points in planar dynamical systems. We
introduce some notions and results; for more details, see [15].

The origin of a system is a third-order monodromic critical point if and only if the system

can be written in the following form of a real autonomous planar system:

dx - .
yr Al ux® + Z agx'y = X(x,9),
i+2j=3

(2.1)

Y 2542 " byriy <

T Y2+ Z i*'y =Y ().

i+2j=4
Theorem 2.1 For any positive integer s and a given real number sequence,
{COﬂ}r ,3 > 3, (2.2)

one can construct successively the terms with the coefficients cqp satisfying o # 0 of the

formal series,
M(x,y)=y"+ Y capn®y’ =Y Milx,y), (2.3)
a+p=3 k=2
such that
X 3y M M = ”
<a + a—y)M—(S-Fl)(aX-F WY> =;wm(s,u)x , (2.4)

where Mi(x,y) is a kth-degree homogeneous polynomial of x, y for all k and sju = 0, cup and
W (s, ) are constants which will be determined by (2.4).
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Equation (2.4) is linear with respect to the function M, so that we can easily obtain the
following recursive formulas for calculating c,g and @, (s, u).

Theorem 2.2 Fora > 1, o + B > 3 in (2.3) and (2.4), cug can be uniquely determined by
the recursive formula,

1

= AO(— Ba_ M 2.5
o 1)0{( 18+1 + Ba—1,841) (2.5)

Cap

and for m > 1, w,,(s, u) can be uniquely determined by the recursive formula,

@m(S, 1) = Ao + B, (2.6)
where
a+pB-1
Agp = Z [k —(s+1)(ax—-k+ 1)]akjca_k+1,ﬁ_/,
k+j=2
(2.7)
a+p-1
Bug= Y [j= s+ D(B—j+D)]bycarpjo-
k+j=2

Note in (2.7) that the following coefficients:

Coo =10 =co1 = 0,
¢y =cn =0, co2 =1, (2.8)

Cap=0, ifa<0orp<0,

have been set. The mth-order quasi-Lyapunov constant is defined as

_ W44 (S 1)

= . 2.9
2m—4s—1 29)

m

Clearly, the recursive formulas in Theorem 2.2 are linear with respect to all ¢,g. There-
fore, it is convenient to develop programs for computing quasi-Lyapunov constants by
using computer algebraic system such as MATHEMATICA.

3 Quasi-Lyapunov constants and center conditions

According to Theorem 2.1, for system (1.1), we can find a positive integer s and a formal
series M(x,y) = x* + y? + o(r*), such that (2.4) holds. Applying the recursive formulas in
Theorem 2.2 to carry out the calculations, we have

w3 =w4=ws =0,

1
we = —gbzl)\.(—l + 4-S),

w7 ~ 3(s + 1)co3, (3.1)
2 3bgp3)A
g ~— (a1 +5 03) (=3 + 4s),

2([122 + 3b13 ))\

3 (-1+s).

w9 ™~
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It follows from (2.9) and (3.1) that the first two quasi-Lyapunov constants of system (1.1)

are given by

We b21)u
M e ™ 3

wg 2(1112 + 31’)03))»
H2= 3 g™ 5

Setting w; = wg = 0 yields cp3 =0 and s = 1.

Furthermore, with s = 1, we obtain the following results.

Proposition 3.1 For system (1.1), one can determine successively the terms of the formal
series M(x,y) = x* + y* + o(r*), such that

12

X Y (M M N Ey,2md 26
(ax + 8y>M 2( X » Y) —;Mm[(Zm 522 + o(r?)], (32)

where |, is the mth-order quasi-Lyapunov constant at the origin of system (1.1), m =
1,2,...,11.

Theorem 3.1 For system (1.1), the first 11 quasi-Lyapunov constants at the origin are given

by
by
M1 = T,
2(ary + 3bg3) A
Mo=—————
bao(2an; + 3b13)A*
U3 = 35 ,
(222 + 3b13)az 2>
Ha = _T’
20b94(2a23 + 3b13)A?
M5 = 77 ’
—4bo3(172a99 — 13b13)(2a22 + 3b13)A3
He = 3,003 ’
(3.3)
8bo3(—4,563a04 + 2,593a20b191) (2a2 + 3b13)A3
7= 83,655 ’
56a3,b03(3,061b%, ) + 54,366403)(2a2; + 3b13)A*
He = 168,070,5 ’
256a29b03(2a2 + 3b13)(~345,402,163, 1 + 258,836,526b3,)A°
Ho = 667,727,289,45 ’

M1 = —128a32b03(2azy + 3b13)
(-478,112,236,791,537,5b%, A% + 145,729,657,408,679,111,7a%,)A°
X
432,080,529,791,586,126,75

257,127,887,226,223,945,896,687,96845,bo3b12 (2425 + 3b13)A°
483,358,905,172,324,820,519,887,5 ’

’

M1 =—
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In the above expressions of i, for each k =2,...,11, uy = g = -+ = ui1 = 0 have been
set.

Theorem 3.1 directly gives the following assertion.

Proposition 3.2 The first 11 quasi-Lyapunov constants at the origin of system (1.1) are zero
if and only if one of the following conditions is satisfied:

by = a3 = bag = bos = a1z = bp3 =0, (3.4)
3b

by =0, a1y = —3bo3, ax = —%, (3.5)

by = a3z = bao = bos = b13 = aps = ax =0, a1y = —3bos. (3.6)

When condition (3.4) is satisfied, system (1.1) can be brought into the form

dx
— =y + AM(=bix’y + agsy’ + anx’y* + agy®),
dt
4 (3.7)
o _ —2x° + k(blgxys + buxyz),
dt
whose vector field is symmetric with respect to the y-axis.
When condition (3.5) holds, system (1.1) can be rewritten as
d_x _ _ 2 3 3 2,2 4 2 3
P =y + Al =3bo3xy” + ag3y 2b13x V- + agay” — biax”y + anx’y |,
(3.8)
dy 3 3 3 4 3 2,2 4 2
i =2x° + A\ bosy” + bisxy’ + bosy” — 5(131.% y° + baox™ + b1ax”y |,
which has an analytic first integral:
1 1 b b
H(x,y) = 53/2 + ix‘* + A(%y‘* + %yS - %0953 - 712x2 2
b
- %xgy2 — bozxy® — §x2y3 - b04xy4>. (3.9)
When condition (3.6) holds, system (1.1) becomes
dx
pri y- buxzy - 3b03xy2 + &Z()g_)/s,
i (3.10)
Z__9 3 b 2 b 3’
dt X~ + D12XY" + Do3)

which has an analytic first integral

1 1 b
H(x,y) = Eyz + §x4 + k<—§x2y2 - bogxy3>.

From Proposition 3.2 we have the following theorem.
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Theorem 3.2 The origin of system (1.1) is a center if and only if the first 11 quasi-Lyapunov
constants are zero, that is, one of the conditions in Proposition 3.2 is satisfied.

4 The first kind of multiple bifurcation of limit cycles
Now, we will prove that the perturbed system of (1.1) can generate 11 limit cycles enclos-
ing an elementary node at the origin of unperturbed system (1.1) when the third-order
nilpotent critical point O(0, 0) is a 11th-order weak focus.

Using the fact 1 = j2 = 43 = fla = s = e = j7 = J1g = b9 = (1o = 0, 11 # 0, we obtain
the following.

Theorem 4.1 The origin of system (1.1) is a 11th-order weak focus if and only if az, bo3bro x
(2a55 + 3b13) #0 and

by = bag = az = bos =0,

171(122
ays = —3bos, b3 = ,
12 03 13 13
2,5936122b12)\
ags = ———,5
4,563
3,061b3, (4.1)
a3 =——FC o,
54,366

,  345,402,15},)

03 = 558,836,526,0

,  478,112,236,791,537,5b},A%
"2 = 745729,657,408,679,111,7

Proof Solving 1 = o = 3 = s = s = [be = 47 = g = lo = (1o = 0, we obtain the fol-
lowing relations:

by =bag =az =bpa =0,

1716122
= —3bg3, b3 = ,
ai 03 13 13
2,5936122b12)\.
ags = ——— -~
4,563
3,0615%, (4.2)
a3 =——>-,
54,366

,  345,402,15},)

%3~ 258,836,526,0’

, 478,112,236,791,537,5b},A2
"2 = 145729,657,408,679,111,7

while p1; # 0 implies

abozbiy # 0.

So when condition in Theorem 4.1 holds, the origin of system (1.1) is a 11th-order weak

focus. O
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Figure 1 Phase portrait of system (4.3).

Next, we study the perturbed system of (1.1), given by
x
pria Sx+y+ A(—blg(e)xzy +ap(e)xy? +ap(e)y® + anx’y

+ ana ()x°y” — 4boa(e)xy® + aoa(e)y?),
(4.3)

d
d_i‘/ =8y —2x>+ A (bzl(s)xzy + bia(e)xy* + bos(€)y” + bao(e)x*

3
- §ﬂ31(8)x23’2 +bis(e)xy’ + b04(8)y4)'

When the conditions in (4.2) hold, using the relationships w1 = po = 3 = pta = s = pg =
7 = g = (o = 1o = 0, we can determine the values of

by, a1, bag, asi, boa, bz, ao4, ao3, bos, byy.

Hence, when the conditions in Theorem 4.1 are satisfied, we have

(K1, 42, 43, [as K55 [h6s 475 [85 49, [410)

0(ba1, 412, bao, as1, boa, b13, @04, ao3, bo3, a2z2)
B 154,946,109,366,382,001,351,461,510,098,905,727,812,847,534,0St/zélzbggbfz)»6
- 130,962,590,631,294,708,682,345,700,356,793,953,279,312,5

#0. (4.4)

Further, Theorem 3.1.3 in [15] shows that if the origin of system (4.3)|5-.-0 is a weak focus
of order m, then, when 0 < §,& <« 1, (4.3) has at most m limit cycles in a neighborhood of
the origin. Namely the following theorem holds.

Theorem 4.2 If the origin of system (1.1) is a 11th-order weak focus, for 0 < §,& < 1, then,
for system (4.3), in a small neighborhood of the origin, there exist exactly 11 small-amplitude
limit cycles enclosing the origin O(0,0), which is an elementary node; see Figure 1.

5 The second kind of multiple bifurcation of limit cycles

In this section, we consider an interesting bifurcation of limit cycles which is different
from the first kind of bifurcation discussed in the previous section. Consider the following
perturbed system of (1.1):

dx
i Y+ A(—buxzy +apxy® +agsy® + anx’y + anx’y* — 4boyxy’® + ao4y4),
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d AD
d_)tl = 48ey — (x* — &%) (Zx(l - %x) - Xbm)’) (5.1)

3
+ A (buxy2 + b03y3 - 56131962_)/2 + b13xy3 + b04y4).

System (5.1) is called a double perturbed system of system (1.1). When 0 < |¢| < 1, system
(5.1) has three real singular points in the neighborhood of the origin, namely O(0,0) and
Pyy(£e;0).

By using the following transformation:

Su— pv T
x=¢e(u+1), )/:282 noe , t=—of)
1+ eA(Fbye + Aazi?) 2p¢

p = \/(1 + 8(:Fb218 + )L(lglé‘z))(l + %b408> - 52,

we can shift P; »(+e¢, 0) of system (5.1) to the origin and obtain a new system in the form of

d 8 - :
£ = O£, 1,6,8) = f —n+ Y Ayle, 085y,
kej=2 (5.2)
dn on Zoc j
d_-L- :lIJ(E,n,s,(S):$+;+ Bkj(sja)ékrfj’

k+j=2

where ®(&,n,¢,8) and W(&, n, &, 8) are power series in (i, v, &, 8) with nonzero convergence
radius. So P;5(+£e,0) of (5.1) are fine foci when § # 0, and weak foci or centers when § = 0.
Especially for § = 0, corresponding to Py 5(+¢,0), system (5.1) are changed into the follow-

ing system:
du 1
ey ———— (—apru®V? + (b + 3aze) ulv
dt 282(2+b4os)\)( 2 (biz + 3az)huc™v)
1
ol vt — e(ay — axe)Av? + (ags + 4boye)Mv®
—1+b1282A+a3183k( 04 (arz — azz¢) (@03 04€) )
1
+

«/E(A)% (=1 + b12€%1 + az1631)

X (—4bo4kuv3 — (—a1y + age)Auv? + 28(2b1y + 3@318))»141/)

ﬂgl)\. 3
+ 5 u’v,
27/2(A)2 (~1 + b1og?A + aze3))
dv 1 (5.3)
— —u+———(~bizru® + 2byy heuv — (b + 3az &) Auv?
It U+ 282(2+b408k)( BAUVS + 2by deuv — (by + 3az1€) uv)
1 2 3 2.2 2
+ | —buu VA + —azluv® + (6 + 5baoer)u
23/262(2 + byoeh)AZ 2

1
+
2V2VA(=1 + byo&2 A + aze3))

X (2b04)»1/4 — 8(21’)12 + 361318))\1/2 - 2(—b03 + b138))ﬂ/3)

_ (1 + 219408)\)(—1 + b1282)\. + 613183)\.) u3 + b40)»(—1 + b1282)\. + ﬂ3183)\.) M4
284(2 + b408)")2 4\/584(2 + l’)4,08)\,)214% .
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Figure 2 Phase portrait of system (5.1). y

The first Lyapunov constant at the origin for system (5.3) is given by

V1 = —i)»(—282(a12 + 3]903 - 261228 - 3b138)(2 + b40£)\)2

+ byt (4 — eA(26(4brp + 5az18) + bao (—4 + £2(6b1y + 7azie)1)))).

When the origin of system (1.1) is a 11th-order weak focus, the first Lyapunov constant

of system (5.3) at the origin is
Vi = 2(2ag + 3b13)e3(2 + b40s))* #0,

when ¢ — 0.

Similarly, summarizing the above results yields the following theorem.

Theorem 5.1 If the origin of system (1.1) is a 11-order weak focus, choosing proper coeffi-
cients in system (1.1), when 0 < |¢| K 1, there exist 12 limit cycles with the distribution of
one limit cycle enclosing each of P15(=%e,0), and ten limit cycles enclosing both (¢,0) and

(—¢,0) in the neighborhood of origin; see Figure 2.
The following result is easy to obtain from the above discussion.

Theorem 5.2 If§ =0, by; =0, ajp = —3by3, dz = —Bh%, there exist three centers (0,0) and
P(#%e,0) in (5.1).

We have studied an interesting bifurcation which, different from the first kind of bifurca-
tion, can generate 12 limit cycles by perturbing the quartic system with a nilpotent critical

point.
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