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Abstract
In this paper, the center conditions and the conditions for bifurcations of limit cycles
from a third-order nilpotent critical point in a class of quartic systems are investigated.
Taking the system coefficients as parameters, explicit expressions for the first 11
quasi-Lyapunov constants are deduced. As a result, we prove that 11 or 12
small-amplitude limit cycles could be created from the third-order nilpotent critical
point by two different perturbations.
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1 Introduction
For a given family of polynomial differential equations, the number of Lyapunov constants
needed to solve the center-focus problem is related to the so-called cyclicity of the point.
Many works have been devoted to study this problem; see [–].

As far as the maximum number of small-amplitude limit cycles is concerned, there have
been many results. Bifurcating from an elementary center or an elementary focus, one of
the best-known results is M() = , which was solved by Bautin in  []. For n = , a
number of results have been obtained. Around an elemental focus, James and Lloyd []
considered a particular class of cubic systems to obtain eight limit cycles in , and
the systems were reinvestigated a couple of years later by Ning et al. [] to find another
solution of eight limit cycles. Yu and Corless [] constructed a cubic system and com-
bined symbolic and numerical computations to show nine limit cycles in , which was
confirmed by purely symbolic computation with all real solutions obtained in  [].
Another cubic system was also recently constructed by Lloyd and Pearson [] to show
nine limit cycles with purely symbolic computation. Recently, Yu and Tian showed that
there could be  limit cycles around a singular point in a planar cubic-degree polynomial
system []. For n = , Huang gave an example of a quartic system with eight limit cycles
bifurcated from a fine focus []. In recent years, bifurcations of limit cycles from degen-
erate critical points were investigated intensively. Especially, for a nilpotent critical point,
there were also many results as regards limit cycles; see [, ].
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In this paper, we consider another quartic system,

dx
dt

= y + λ
(
–bxy + axy + ay + axy + axy – bxy + ay),

dy
dt

= –x + λ

(
bxy + bxy + by + bx –




axy + bxy + by
)

.
(.)

We will show that  or  limit cycles can be bifurcated from the origin by different per-
turbations.

The rest of this paper is organized as follows. In Section , some preliminary results
in [] which are needed in the following sections will be given. In Section , the linear
recursive formulas in [] are used to compute the first  quasi-Lyapunov constants and
then obtain the sufficient and necessary conditions for a center. In Section , one kind of
different bifurcation is discussed to confirm that  limit cycles can bifurcate from quartic
systems. In Section , another kind of interesting bifurcation phenomenon is discussed to
confirm that  limit cycles can bifurcate from quartic systems.

To perform the computations in this paper, we have used the computer algebra system
MATHEMATICA .

2 Preliminary knowledge
For convenience, in this section we present some results taken from [] for the center-
focus problem of third-order nilpotent critical points in planar dynamical systems. We
introduce some notions and results; for more details, see [].

The origin of a system is a third-order monodromic critical point if and only if the system
can be written in the following form of a real autonomous planar system:

dx
dt

= y + μx +
n∑

i+j=

aijxiyj = X(x, y),

dy
dt

= –x + μxy +
n∑

i+j=

bijxiyj = Y (x, y).

(.)

Theorem . For any positive integer s and a given real number sequence,

{cβ}, β ≥ , (.)

one can construct successively the terms with the coefficients cαβ satisfying α �=  of the
formal series,

M(x, y) = y +
∞∑

α+β=

cαβxαyβ =
∞∑

k=

Mk(x, y), (.)

such that

(
∂X
∂x

+
∂Y
∂y

)
M – (s + )

(
∂M
∂x

X +
∂M
∂y

Y
)

=
∞∑

m=

ωm(s,μ)xm, (.)

where Mk(x, y) is a kth-degree homogeneous polynomial of x, y for all k and sμ = , cαβ and
ωm(s,μ) are constants which will be determined by (.).
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Equation (.) is linear with respect to the function M, so that we can easily obtain the
following recursive formulas for calculating cαβ and ωm(s,μ).

Theorem . For α ≥ , α + β ≥  in (.) and (.), cαβ can be uniquely determined by
the recursive formula,

cαβ =


(s + )α
(Aα–,β+ + Bα–,β+); (.)

and for m ≥ , ωm(s,μ) can be uniquely determined by the recursive formula,

ωm(s,μ) = Am, + Bm,, (.)

where

Aαβ =
α+β–∑

k+j=

[
k – (s + )(α – k + )

]
akjcα–k+,β–j,

Bαβ =
α+β–∑

k+j=

[
j – (s + )(β – j + )

]
bkjcα–k,β–j+.

(.)

Note in (.) that the following coefficients:

c = c = c = ,

c = c = , c = , (.)

cαβ = , if α <  or β < ,

have been set. The mth-order quasi-Lyapunov constant is defined as

λm =
ωm+(s,μ)
m – s – 

. (.)

Clearly, the recursive formulas in Theorem . are linear with respect to all cαβ . There-
fore, it is convenient to develop programs for computing quasi-Lyapunov constants by
using computer algebraic system such as MATHEMATICA.

3 Quasi-Lyapunov constants and center conditions
According to Theorem ., for system (.), we can find a positive integer s and a formal
series M(x, y) = x + y + o(r), such that (.) holds. Applying the recursive formulas in
Theorem . to carry out the calculations, we have

ω = ω = ω = ,

ω = –



bλ(– + s),

ω ∼ (s + )c,

ω ∼ –
(a + b)λ


(– + s),

ω ∼ –
(a + b)λ


(– + s).

(.)
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It follows from (.) and (.) that the first two quasi-Lyapunov constants of system (.)
are given by

μ =
ω

 – s
=

bλ


,

μ =
ω

 – s
=

(a + b)λ


.

Setting ω = ω =  yields c =  and s = .
Furthermore, with s = , we obtain the following results.

Proposition . For system (.), one can determine successively the terms of the formal
series M(x, y) = x + y + o(r), such that

(
∂X
∂x

+
∂Y
∂y

)
M – 

(
∂M
∂x

X +
∂M
∂y

Y
)

=
∑

m=

μm
[
(m – )xm+ + o

(
r)], (.)

where μm is the mth-order quasi-Lyapunov constant at the origin of system (.), m =
, , . . . , .

Theorem . For system (.), the first  quasi-Lyapunov constants at the origin are given
by

μ =
bλ


,

μ =
(a + b)λ


,

μ =
b(a + b)λ


,

μ = –
(a + b)aλ




,

μ =
b(a + b)λ


,

μ =
–b(a – b)(a + b)λ

,
,

μ =
b(–,a + ,abλ)(a + b)λ

,
,

μ =
ab(,b

λ + ,a)(a + b)λ

,,
,

μ =
ab(a + b)(–,,b

λ + ,,b
)λ

,,,
,

μ = –ab(a + b)

× (–,,,,,b
λ

 + ,,,,,,a
)λ

,,,,,,
,

μ = –
,,,,,,,,a

bb(a + b)λ

,,,,,,,,
.

(.)
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In the above expressions of μk , for each k = , . . . , , μ = μ = · · · = μk– =  have been
set.

Theorem . directly gives the following assertion.

Proposition . The first  quasi-Lyapunov constants at the origin of system (.) are zero
if and only if one of the following conditions is satisfied:

b = a = b = b = a = b = , (.)

b = , a = –b, a = –
b


, (.)

b = a = b = b = b = a = a = , a = –b. (.)

When condition (.) is satisfied, system (.) can be brought into the form

dx
dt

= y + λ
(
–bxy + ay + axy + ay),

dy
dt

= –x + λ
(
bxy + bxy),

(.)

whose vector field is symmetric with respect to the y-axis.
When condition (.) holds, system (.) can be rewritten as

dx
dt

= y + λ

(
–bxy + ay –




bxy + ay – bxy + axy
)

,

dy
dt

= –x + λ

(
by + bxy + by –




axy + bx + bxy
)

,
(.)

which has an analytic first integral:

H(x, y) =



y +



x + λ

(
a


y +

a


y –

b


x –

b


xy

–
a


xy – bxy –

b


xy – bxy

)
. (.)

When condition (.) holds, system (.) becomes

dx
dt

= y – bxy – bxy + ay,

dy
dt

= –x + bxy + by,
(.)

which has an analytic first integral

H(x, y) =



y +



x + λ

(
–

b


xy – bxy

)
.

From Proposition . we have the following theorem.
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Theorem . The origin of system (.) is a center if and only if the first  quasi-Lyapunov
constants are zero, that is, one of the conditions in Proposition . is satisfied.

4 The first kind of multiple bifurcation of limit cycles
Now, we will prove that the perturbed system of (.) can generate  limit cycles enclos-
ing an elementary node at the origin of unperturbed system (.) when the third-order
nilpotent critical point O(, ) is a th-order weak focus.

Using the fact μ = μ = μ = μ = μ = μ = μ = μ = μ = μ = , μ �= , we obtain
the following.

Theorem . The origin of system (.) is a th-order weak focus if and only if abb ×
(a + b) �=  and

b = b = a = b = ,

a = –b, b =
a


,

a =
,abλ

,
,

a = –
,b


,

,

b
 =

,,b
λ

,,,
,

a
 =

,,,,,b
λ



,,,,,,
.

(.)

Proof Solving μ = μ = μ = μ = μ = μ = μ = μ = μ = μ = , we obtain the fol-
lowing relations:

b = b = a = b = ,

a = –b, b =
a


,

a =
,abλ

,
,

a = –
,b


,

,

b
 =

,,b
λ

,,,
,

a
 =

,,,,,b
λ



,,,,,,
,

(.)

while μ �=  implies

abb �= .

So when condition in Theorem . holds, the origin of system (.) is a th-order weak
focus. �



Qiu and Li Advances in Difference Equations  (2015) 2015:29 Page 7 of 10

Figure 1 Phase portrait of system (4.3).

Next, we study the perturbed system of (.), given by

dx
dt

= δx + y + λ
(
–b(ε)xy + a(ε)xy + a(ε)y + axy

+ a(ε)xy – b(ε)xy + a(ε)y),

dy
dt

= δy – x + λ

(
b(ε)xy + b(ε)xy + b(ε)y + b(ε)x

–



a(ε)xy + b(ε)xy + b(ε)y
)

.

(.)

When the conditions in (.) hold, using the relationships μ = μ = μ = μ = μ = μ =
μ = μ = μ = μ = , we can determine the values of

b, a, b, a, b, b, a, a, b, b.

Hence, when the conditions in Theorem . are satisfied, we have

∂(μ,μ,μ,μ,μ,μ,μ,μ,μ,μ)
∂(b, a, b, a, b, b, a, a, b, a)

=
,,,,,,,,,,,,,,,a

b
b

λ


,,,,,,,,,,,,,,

�= . (.)

Further, Theorem .. in [] shows that if the origin of system (.)|δ=ε= is a weak focus
of order m, then, when  < δ, ε � , (.) has at most m limit cycles in a neighborhood of
the origin. Namely the following theorem holds.

Theorem . If the origin of system (.) is a th-order weak focus, for  < δ, ε � , then,
for system (.), in a small neighborhood of the origin, there exist exactly  small-amplitude
limit cycles enclosing the origin O(, ), which is an elementary node; see Figure .

5 The second kind of multiple bifurcation of limit cycles
In this section, we consider an interesting bifurcation of limit cycles which is different
from the first kind of bifurcation discussed in the previous section. Consider the following
perturbed system of (.):

dx
dt

= y + λ
(
–bxy + axy + ay + axy + axy – bxy + ay),
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dy
dt

= δεy –
(
x – ε)

(
x

(
 –

λb


x
)

– λby
)

(.)

+ λ

(
bxy + by –




axy + bxy + by
)

.

System (.) is called a double perturbed system of system (.). When  < |ε| � , system
(.) has three real singular points in the neighborhood of the origin, namely O(, ) and
P,(±ε; ).

By using the following transformation:

x = ε(u ± ), y = ε δu – ρv
 ± ελ(∓bε + λaε)

, t =
τ

ρε
,

ρ =

√
(
 ± ε

(∓bε + λaε
))(

 ± 


bε

)
– δ,

we can shift P,(±ε, ) of system (.) to the origin and obtain a new system in the form of

dξ

dτ
= �(ξ ,η, ε, δ) =

δξ

ρ
– η +

∞∑

k+j=

Akj(ε, δ)ξ kηj,

dη

dτ
= �(ξ ,η, ε, δ) = ξ +

δη

ρ
+

∞∑

k+j=

Bkj(ε, δ)ξ kηj,

(.)

where �(ξ ,η, ε, δ) and �(ξ ,η, ε, δ) are power series in (u, v, ε, δ) with nonzero convergence
radius. So P,(±ε, ) of (.) are fine foci when δ �= , and weak foci or centers when δ = .
Especially for δ = , corresponding to P,(±ε, ), system (.) are changed into the follow-
ing system:

du
dt

= –v +


ε( + bελ)
(
–aλuv + (b + aε)λuv

)

+


– + bελ + aελ

(
aλv – ε(a – aε)λv + (a + bε)λv)

+
√

(A) 
 (– + bελ + aελ)

× (
–bλuv – (–a + aε)λuv + ε(b + aε)λuv

)

+
aλ


√

(A) 
 (– + bελ + aελ)

uv,

dv
dt

= u +


ε( + bελ)
(
–bλuv + bλεuv – (b + aε)λuv)

+



√

ε( + bελ)A 


(
–buvλ +




aλuv + ε( + bελ)u
)

+



√


√

A(– + bελ + aελ)

× (
bλv – ε(b + aε)λv – (–b + bε)λv)

–
( + bελ)(– + bε

λ + aε
λ)

ε( + bελ) u +
bλ(– + bε

λ + aε
λ)


√

ε( + bελ)A 


u.

(.)
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Figure 2 Phase portrait of system (5.1).

The first Lyapunov constant at the origin for system (.) is given by

V = –iλ
(
–ε(a + b – aε – bε)( + bελ)

+ b
(
 – ελ

(
ε(b + aε) + b

(
– + ε(b + aε)λ

))))
.

When the origin of system (.) is a th-order weak focus, the first Lyapunov constant
of system (.) at the origin is

V = (a + b)ε( + bελ) �= ,

when ε → .
Similarly, summarizing the above results yields the following theorem.

Theorem . If the origin of system (.) is a -order weak focus, choosing proper coeffi-
cients in system (.), when  < |ε| � , there exist  limit cycles with the distribution of
one limit cycle enclosing each of P,(±ε, ), and ten limit cycles enclosing both (ε, ) and
(–ε, ) in the neighborhood of origin; see Figure .

The following result is easy to obtain from the above discussion.

Theorem . If δ = , b = , a = –b, a = – b
 , there exist three centers (, ) and

P(±ε, ) in (.).

We have studied an interesting bifurcation which, different from the first kind of bifurca-
tion, can generate  limit cycles by perturbing the quartic system with a nilpotent critical
point.
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