Zhang and Wang Advances in Difference Equations (2015) 2015:7 ® Advances in Difference Equations

DOI 10.1186/513662-014-0337-y

a SpringerOpen Journal

RESEARCH Open Access

Oscillation of second-order nonlinear neutral
dynamic equations with distributed deviating
arguments on time scales

Shao-Yan Zhang' and Qi-Ru Wang?”

“Correspondence:
mcswgr@mail.sysu.edu.cn

2School of Mathematics and
Computational Science, Sun Yat-sen
University, West Xingang Road 135,
Guangzhou, 510275, PR. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

This paper concerns second-order nonlinear neutral dynamic equations with
distributed deviating arguments on time scales of the form

b
(rO(O +pOy(T ) )™ + / F(Ly(8(t,€)AE =0,

where y > 0is a quotient of odd positive integers. By using the generalized Riccati
technique and integral averaging techniques, we derive new oscillation criteria for the
above equations, which generalize and improve some existing results in the literature.
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1 Introduction
In this paper, we consider second-order nonlinear neutral dynamic equations with dis-

tributed deviating arguments of the following form:

b
(rO((0) + pOy(x©))*))* + / Flby(5(6,€))) A& =0 (1L1)

on a time scale T satisfying infT = £, and sup T = co. Throughout this paper, we assume
the following:
(HI1) y >0 is a quotient of odd positive integers, 0 < a < b, t(t) € C,4(T, T) such that
t(t) < tand lim;_, o, T(¢) = 00, 8(¢,&) € Cy(T x [a, b], T) such that
lim;_, o0 8(¢, &) = 00;
(H2) 7(t) € Ca(T, (0,00)) such that [°(:5)7 At = 00, and p(¢) € Cyu(T, [0, 1));
(H3) f: T x R — R isa continuous function such that uf (¢, ) > 0 for all # #0, and
there exists a function g(t) € C,4(T, [0, 00)) such that |f (¢, u)| > q(£)|u|”.
Oscillation of some second-order nonlinear delay dynamic equations on time scales has
been discussed; see [1-18] and the references therein. Recently, there has been much re-
search activity concerning the oscillation of second-order nonlinear neutral delay dynamic
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equation

(r& (6@ +p@y(x®))*) ) +£(t,(5()) =0, teT.

We refer the reader to [1-4].
In 2010, Thandapani and Piramanantham [5] discussed oscillation of the second-order
nonlinear neutral delay dynamic equation with distributed deviating arguments

b
() (x(0) + POt = 1)) + / a6,6) (x(e(,8)))AE =0, t€T,

where g(z, &) is strictly increasing with respect to ¢t and decreasing with respect to &, and
f € C(R,R) with uf (u) >0 for u #0, f(-u) = —f (u).

In 2011, Candan [6] discussed the oscillation of Eq. (1.1) for §(t,&) < ¢ and 8(¢,&) > ¢,
respectively, where y > 0 is a quotient of odd positive integers. In [6], §(¢, ) is decreasing
withrespectto&, 0 < p(£) < lisincreasingand f € C(T x R, R) with uf (¢, u) > 0 forallu #0.
There exists a positive function g(t) defined on T such that |f (¢, u)| > g(£)|u|?, where 8 > 0
is a ratio of odd positive integers. In 2013, Candan [7] established other oscillation criteria
of Eq. (1.1) for 8(¢,&) < ¢, where y > 1 is a quotient of odd positive integers, 8 (in [6]) is
equal to y, r2(¢) > 0, and (¢, £) is decreasing with respect to &.

The purpose of this paper is to establish new oscillation criteria of Eq. (1.1) for y > 0,
a quotient of odd positive integers, where functions p(t) and r(¢) may not be monotonic,
8(t,&) may not be decreasing with respect to &. Hence, our results will generalize and
improve those in [6, 7] and others.

By a solution of Eq. (1.1), we mean a nontrivial real-valued function y(¢) such that
¥() + p(O)y(z(2)) € CL L7 (t0), 00), r()((8) + p()y(z(£)))*)” € Culti (o), 00) and satisfies
Eq. (1.1). Our attention is restricted to those solutions of Eq. (1.1) that satisfy sup{|y(¢)| : £ >
t,} > 0 for any £, > o. A solution y(¢) of Eq. (1.1) is said to be oscillatory if it is neither even-
tually positive nor eventually negative. Otherwise, it is called nonoscillatory. The equation
itself is called oscillatory if all its solutions are oscillatory.

This paper is organized as follows. After this introduction, we introduce some basic
lemmas in Section 2. In Section 3, we present the main results. In Section 4, we illustrate
the versatility of our results by two examples.

2 Some preliminaries
In this section, we present several technical lemmas which will be used in the proofs of
the main results. For convenience, we use the notation (x(o(£)))” = (x°(£))” and set

x(2) = y(t) + p@)y(z (1)) (2.2)

Then Eq. (1.1) becomes

b
(o (=*0)")> + / f(y(5(t,8)))Ag = 0.
For ¢, T € T with ¢ > T, we define

| BOWHT) 5y t
Bt T)= / ——As, and gt T)=4 PED (£,8) <
T rv(s) L 86 =t

(2.2)
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b
Q. T) = q) / [1-p(56,8)] gl (&, T) A,
For D ={(t,s) € T? : t > s > 0}, we define

H= {H(t,s) IS Cid(D, [0, oo)) :H(t,t)=0,H(t,s)>0 anstA(t,s) >0fort>s> 0},

C(t,s) = HSA(t, $)2% (s) + H(¢,8)z"(s) for H(t,s) € H,

where z € C},(T, (0,00)) is to be given in Theorems 3.1 and 3.2, and z2 () = max{z*(¢), 0}.
First of all, we give the following lemma.

Lemma 2.1 Let conditions (H1)-(H3) hold. If y(t) is an eventually positive solution

of Eq. (1.1), then there exists T € T sufficiently large such that x(t) > 0, x*(¢) > 0,
1

(r(®)x® (1)) <0, x(t) = r¥ (x*(£)B(t, T), and x(8(t,£)) = g: (¢, T)x(t) for t € [T, 00)r.

Proof Since y(¢) is an eventually positive solution of Eq. (1.1), then by (H1) there exists
T € [ty,00)T such that

8(t,€)>T, y(t) >0, y(f(t)) >0 and y(é(t,é)) >0 fort>T.

From (2.1) and (H2), we see that x(t) is also positive and satisfies x(t) > y(t). Also by Eq.
(1.1) and (H3), we have that x(¢) satisfies

b
(o 0)) <- [ aey Geo)as <o fore=T,
which implies that r(¢)(x*(£))” is decreasing on [T, 00)t. So we can get

E(r(s)(x2())7) Y N

x(t) = x(T) + T
T rv(s)

=
<|=

>r

) /Tt ll( )As::r x2S, T).
rvi(s

We claim that (£)(x*(£))Y > 0 on [T, 00)t. Assume not, there is ; € [T, 00)t such that
r(t)(x®(t1))? < 0. Since r(£)(x2(£))” < r(t1)(x*(t1))? for t > t;, we have

(1) < 17 (0 ) (Ur (@)

Integrating the inequality above from # to ¢ (> T), by (H2) we get
t
x(t) <x(t1) + r% (tl)xA(tl)/ (l/r(s))w As— —00  (t— 00),
51

and this contradicts the fact that x(¢) > 0 for all £ > T. Thus we have r(t)(x*(¢))Y > 0 on
[T, o00)t and so x2(¢) > 0 on [T, 00)r.

Let ¢t > T be fixed such that §(¢,&) > T. We consider the two cases §(¢,&) < ¢t and
8(t, &) > ¢, respectively.
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Case I: §(t,£) < t. Noting that (r(£)(x*(2))”)* < 0, we have

t A % 1 t
x(t)—x(s(t,g))=/ MASE(r(S(t,E))(xA(S(t,E)))V)V/B as |

1
8(t.8) rv(s)

It follows that

) (06 / As
%(8(2,€)) ~ x(8(t,&)) e

Since 8(t,&) > T for t € [T, 00),

o) % 1 o6E)
o> [ O e ) o)) [

1
T rv(s)
which implies that

(r(5(6,£)) (x> (5(4,€)))") 7 1

< .
x(8(£,8)) [o8) s
rY (s)
Thus
ft IAS ft ]AS
x(t) <1+ 8(es) r? (s) Ty (s)
x(6 (t, %‘)) f?(t»f) lAs - ;(tf) lAs
rY (s) rY (s)

Case II: §(¢,&) > t. Noting that x*(¢) > 0 and from the definition of g (¢, T) defined in
(2.2), we have

2(8(6,€)) = g (¢, Dx(2). O
Remark 2.1 By x(£) > y(£) on [f1,00)r, 82 (£) > 0 and (£) < £, we get

y(t) = x(t) - p(Ox(z () = (1 - p(®))x(t).
Then from Eq. (L.1), x(8(£,€)) > g (£, T)x(t), (H2) and (H3), we conclude that

0> (r(H(*®)")"

b
e @000 [ [1-p06)] 26 DAL ¢ 06 €lab (23)

+1
Lemma 2.2 ([2]) Let g(u) = Bu — AuVT, where A > 0 and B are constants, y is a positive

number. Then g attains its maximum value on [0,00) at u* = (A(i’il))”, and

. yy By+1
ma = =
ue[O,())(o)g g(u ) (y +1)r+t Av
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3 Mainresults
In this section, we establish our main results.

Theorem 3.1 Let y > 0. Assume that (H1)-(H3) hold. Furthermore, for sufficiently large

T €T, one of the following conditions is satisfied:
(a) either [~ Q(s, T)As =00, or

‘/Oo Q(s, T)As<oo and PBY(t, T)/~c>o Q(s,T)As>1 forallt>T,
t t

(b) there exists z € C-,(T, (0, 00)) such that

t A
lifn sup /T |:z(s)Q(s, T)- /3?(5(5;") i| As = 00,

(c) there exists z € C}d('ll‘, (0,00)) such that

lim sup /t [z(s)Q(s, T) - 1 r(s) ) ] As = 00,

t>oo JT (y+Dr*t 2r(s)

(d) there exist z € C!y(T,(0,00)) and H € H such that

) 1
lim sup

C7*(¢,s) :|
= Q.
t—00 H(t’ T)

[ |9z - 0

Then every solution y(t) of Eq. (1.1) is oscillatory.

Proof Suppose to the contrary that Eq. (1.1) has a nonoscillatory solution y(£). Without
loss of generality, we may assume that y(¢) is eventually positive. Then, by (H1)-(H3), there
exists T € [ty,00)7 such that for £ > T, y(z(¢)) > 0, y(8(¢,&)) > 0, and Lemma 2.1 holds.

The rest of the proof is divided into four parts corresponding to conditions (a)-(d), re-
spectively.

Part I: Assume condition (a) holds.

Let ¢(¢) := r(t)(x*(£))”. Then ¢(¢) > 0 and ¢*(t) < 0 for t > T, and lim,_, o0 ¢(t) = ¢ > 0.

From (2.3), we have
2(0) + 2 (D4 (0) f " -p (s 8) el (6 DA <0, (3.)
Integrating both sides of (3.1) from ¢ to 00, we obtain
C-p(0)+ / " Qs T ()85 < 0.

In view of x*(¢) > 0, we have reached a contradiction if [, Q(s, T)As = oo. If [ Q(s,

T)As < 0o, then

6(0) > / " Qs T (9)As = 47 (0) / Qs T)As.
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By Lemma 2.1, we obtain

BY(6,T) f T TAs <1,

which is a contradiction to condition (a). Therefore, every solution y(¢) of Eq. (1.1) is os-
cillatory.
Part II: Assume condition (b) holds. Define
2(t)r(t) (" (1)

W(t) = xV—(t) for ¢ > T. (3.2)

Then w(t) > 0. From (2.3), we have

Wi = (f@)(xA(t))y)A( = ) * (r(r)(xAm)y)”( & )A
xY (t) xY (t)
22 ()7 (£) - 2(2) (7 (£)°
& () ()7 }

2, (OO (6))7 (B> (6)7)72(E)( (£)*
& () x7 (t)x? (o (1)) '

< -z()Q(6 T) + (r(2) (xA(t))y)”[

= -z()Q(LT) + (3.3)

When y > 1, using x*(£) > 0 and the Keller?s chain rule, we get
(& @®)" = y[ /0 l(x(t) + hp(Ox(0) dh]xA(t)
> yx(t) /01((1 — h)x(t) + hx(t))y_1 dh =y’ )% (). (3.4)
When 0 < y <1, using x°(¢) > 0 and the Keller?s chain rule, we obtain
(& )" = yx*(0) /0 1((1 — ) (t) + ha® ()" dh = y (x7 ()" 2 (0). (35)

Noting that r(¢) > 0 and from (3.4), (3.5), and Lemma 2.1, we obtain

(rO@> @) ) 2@ E)S 0
x7 (t)x7 (o (2)) T

Since (r(£)(x2(£))Y)2 <0 and ¢ < o (£), we have
(o) (0©) < rO(E ). (3.6)

Hence from (3.6) and Lemma 2.1 and noting that x2(¢) > 0, we have

z2(1)

A
w2 (t) < -z()Qt, T) + T

Integrating the above inequality from T to ¢ for ¢ > T, we get

A

/T t [z(s)Q(s, T)- ﬂ’j(s(f)T) } As < w(T) - wlt) < w(T).




Zhang and Wang Advances in Difference Equations (2015) 2015:7 Page 7 of 11

Taking limsup on both sides as £ — oo, we obtain a contradiction to condition (b). There-
fore, every solution y(t) of Eq. (1.1) is oscillatory.

Part III: Assume condition (c) holds.

When y > 1, from (3.3) and (3.4) we have

Z5(2) o Z(B)yx’ L ()xA ()

wh(t) < —z()Q(t, T) +

wo(t) — (r(t) (xA (t))y)

Z°(t) x¥ (£)x7 (o ()
2 o 2()yx®(t)
<—z(H)Q(t, T) + - (t)w ® - (r®) (x> ®)") W) (3.7)

From (3.6) we get

_(}”(t) (xA (t))}’)rf Z(t))/xA(t) < _(ro (t)) VTH (xA (U(t)))yﬂ Z(t))/

210 (2) P (%7 (o (1)
- ),
) ()
Then
WA =00 T) + 0w (1) - 2 (o(0), (3.8)
27 (2) 27 (a@)r7 (t)

When 0 < y <1, by (3.3) and (3.5) we have

Z5(t)
Z°(t)

o 2(O)y (67 (2))Y 22 (2)

Ar) < _ o
wh(t) < —z(O)Q(t, T) + w° (t) x () (x° (£))7

- (r(*0)")
By (3.6) we have

OGO 2y O 0 @) T (@ 0)) 20y @)

7 (£)(x” (£)7 OO0 @) @A @)y

y+l

- (@) 7 (2 (0)7) z(t)y x> ()
- X () ()17 (x5 (2)

< ()
(z7(2) 7 rv ()
It follows that
WA D) < —20Q6 T) 4w (0" Ay W ®)7, (3.9)

7O @) 0
which is the same as (3.8). Let

z%(t) z(t)y
= o’ A= vel 1
z @ @) r7 ()

u=w’(t).
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Then by Lemma 2.2 and (3.9) we obtain that forall £ > T,

1 r(E @)

A
wi(t) < —z(t)Q(t, T) + (y + v 27 (1)

Integrating the above inequality from T to ¢ for > T, we get

t A y+1
/T [z(s)Q(s, T)- G +11)y+1 r(S)(; ((SS))) ]As <w(T) = w(t) < w(T).

By taking limsup on both sides as £ — oo, we obtain a contradiction to condition (c).
Therefore, every solution y(¢) of Eq. (1.1) is oscillatory.

Part IV: Assume condition (d) holds.

From (3.8) and (3.9) we have that for H € H, and ¢t > T,

‘/TtH(t,s)z(s)Q(s, T)As < —/tH(t,s)wA(s)As+ /tH(t )W (s )%A
/ H(t,s) Z(i)ﬂ T (w[I (s))y7+1 As.
v r7(s)

By integration by parts we obtain

_/tH(t,s)wA(s)As =H(t, T)w(T) + /tHSA(t,s)w"(s)As

T T

It follows that

fo NG o)

(t,9)z(s)Q(s, T)As < H(t, T)W(T) + HZ (t,s) + H(t,s) ) (s)As
HG, s)i(s)ly ( "(s))VTJr1 As.
7 r7 (s)

Let

B:Hﬁ(:,s)+H(t,s)@, A= w = w7 (s),

z() @ ()7 7 (9)

by Lemma 2.2 we obtain that forall t > T,

/tH(t, $)z(s)Q(s, T)As < H(t, T)w(T)
T

f [HA(t,5) + H(t, )50 76 ]V”'”(S)(Z”(S))’”l
+ S.
T

HY (t,s)(y +1)r+1zv(s)
That is,

[C(t,8)]*r(s)
Hy (t,s)(y +1)r+1zv(s)

t[H(t,s)z(s)Q(s, T) - :|As <w(T).
T

H(t,T)
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By taking limsup on both sides as t — oo, we obtain a contradiction to condition (d).
Therefore, every solution y(¢) of Eq. (1.1) is oscillatory.
The proof is complete. 0

The results in the next theorem hold only for y > 1.

Theorem 3.2 Let y > 1. Assume that (H1)-(H3) hold. Furthermore, for sufficiently large
T €T, there exists z € C-,(T, (0, 00)) such that one of the following conditions is satisfied:

(a)

¢ A(e))\2y 7
e [ [0~ £ -

(b) there exists H € H such that

) 1
lim sup

Cz(t,s)r%(s) ~
el H(t,T) ]AS -

Then every solution y(t) of Eq. (1.1) is oscillatory.

Proof Suppose to the contrary that Eq. (1.1) has a nonoscillatory solution y(£). Without
loss of generality, we may assume that y(¢) is eventually positive. Then, by (H1)-(H3) there
exists T € [ty,00)r such that for t > T, y(¢) > 0, ¥(§(¢,&)) > 0, y(z(£)) > 0, and Lemma 2.1
holds.

The rest of the proof is divided into two parts corresponding to conditions (a) and (b),
respectively.

Part I: Assume condition (a) holds.

Define w(t) as in (3.2). By x2(¢) > 0, o/(£) > ¢, (3.3), and (3.4), we obtain

A 5 ZA(t) A y\o Z(t))/xy_l(t)xA(t)
wh(t) < ~2(0Q(, T) + W (1) © - (ro@*®)") OOy
S - () BT (9} 2 2l (5 Pl () ISR
= 0D 05 GproE @y
From (3.6) and Lemma 2.1, we get
WA O < —2(OQ( T) + wr () - _FOY_ X

z27(t)  (z7(8)%r(t) (x2 ()1
Z2(t) Z(t)yﬁy’l(lt, T) (" ()" (3.10)

< —z(H)Q(t T) +w<’(t)z,,(t) - (27 (£))2r7 (£)
t rv(t

By completing the square for w’(£) on the right-hand side, we have

(@) (1)

A
wh(t) < —z(t)Q(t, T) + 4yz(t)pr-1(t, T)

Integrating the above inequality from T to ¢ for t > T, we get

f (P )
/T |:Z(S)Q(S, T) - W} As < W(T) - W(t) < W(T).
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Taking limsup on both sides as t — 0o, we obtain a contradiction to condition (a). There-
fore, every solution y(¢) of Eq. (1.1) is oscillatory.

Part II: Assume condition (b) holds.

Based on (3.10), the proof is similar to those of Part IV of Theorem 3.1 and Part I of
Theorem 3.2, and hence is omitted.

The proof is complete. O

4 Examples

In this section, we give two examples to illustrate our main results.

Example 4.1 Consider the equation

1 1 MINA b
(;((y(t)+;y(r(t))) ) ) +/a (t_l)%yi(S(t,E))Aézo, teT, (4.1)

where §(t, §)>t 7(¢) <tand’]I‘—[ oo)t. Here we have
(i) y =35, r(t)=p(t)=1,and q(t) =

’

(t- 1>%
o -1
(i) [, 7(s)As= [,°s*As = o0, gg(t T) =
(i) [y 11-p(8(t, €))7 gl (6 T)AE = [J11- mﬁas > [[1-15Ae=01-13(b-a).
Hence (H1)-(H3) hold. With z(¢) = 1, we see that for sufficiently large T' € T,

t t 1 1 %
lim sup/ Q(s, T)As > limsup[b — a] T (1 - —> As
T

t—00 t—00 T (S — 1)§ N
| 1
> limsup[b — a] _(s—1)5 —As
t—00 T (S — 1)3 s3
t1
> limsup[b — a] —As =00
t—00 T §3

Hence condition (c) of Theorem 3.1 is satisfied.

By Theorem 3.1, every solution y(£) of Eq. (4.1) is oscillatory.

Example 4.2 Consider the equation

A b
(m((y(thz‘\y(r(t))ff) +/ 2y (8(t-£))AE =0, teT, (4.2)

where1>A >0, t(¢) <tand T = [1, 00)T. Here we have
() ¥ =3,7(t) = o PO = A, 8(6,6) =t — & <t,and q(t) =
(i) [s+o@)As=+c, [° r_% (s)As = o0,
BS(t,€),T) = f; S(s+0(s)As> f sAs>T(t—&—-T),and
B, T) = fT s+o(s)As=t>2-T?
(i) [70-p(3(t N7 gL (6, T)AE > LIAL V(g - TV g > LI (6~ b - T) (b~ a).
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Hence (H1)-(H3) hold. With z(¢) = 1, we see that for sufficiently large T' € T,

t t
1
limsup/ Q(s, T)As > lim sup T3[1—A]3(b—a)/ szz—
T t—00 T (S -

t—00

‘1 b T\®
zlimsupTB[l—AP(h—a)/ —(1————) As = 00.
t T

—00 N

Hence condition (a) of Theorem 3.2 is satisfied.
By Theorem 3.2, every solution y(¢) of Eq. (4.2) is oscillatory.
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