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Abstract

We investigate the classical Leslie-Gower competition system where one of the two
competing populations is subject to Allee effects and is also under constant stocking.
The model can have either no interior steady state, a unique interior steady state, two
interior steady states or three interior steady states depending on parameter values.
Using the tools of monotone planar systems, we provide basins of attraction for the
local attractors and for the non-hyperbolic steady states. It is concluded that stocking
of the weaker competitor can promote the coexistence of both competing
populations.
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1 Introduction

The Allee effect, referring to the reduced fitness or the decline in population growth at low
population densities or sizes, was first observed by Allee [1]. It has significant impact on
population survival when the population is at low level. There has been a rebound of inter-
est in Allee effects recently due to fragmentation of habitats, invasions of exotic species,
biological control of pest, etc. We refer the reader to [2] and references cited therein for
biological motivation and mathematical models of Allee effects.

When a population is subject to Allee effects, it is well known that there exists a crit-
ical population level below which the population will go extinct [2]. Therefore, such a
population is in danger of extinction if its population size or density is small. Frequently,
constant levels of the external populations are added to the resident populations per gener-
ation in order to conserve the endangered populations [3]. Motivated by this, we consider
the classical two-dimensional Leslie-Gower competition system where one of the popula-
tions is subject to Allee effects and is also under constant stocking. Several discrete-time
mathematical models have been proposed to study the effects of external stocking. See
AlSharawi and Rhouma [4], Elaydi and Yakubu [5], Kulenovi¢ and Nurkanovi¢ [6] and
references cited therein.

The authors in [6] investigate the Leslie-Gower competition system when one of the
two populations is under constant stocking. The resulting model has at most two interior
steady states and the basins of attraction of the steady states are completely determined
[6]. Unlike the model studied in [6], we assume in this study that one of the two compet-
ing populations is subject to Allee effects and is also under constant stocking. Using the
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tools of two-dimensional monotone maps [7, 8], we provide the asymptotic dynamics of
the resulting system. The model with no stocking has been studied in [9]; it can have at
most two interior steady states. It is proved in [9] that one of the interior steady states is a
saddle point and its global stable manifold is the boundary for population coexistence and
competitive exclusion. With stocking, it is shown in the present study that the model can
have up to three interior steady states, one of which is a saddle point and the other two are
local attractors. The global stable manifold of the saddle point separates the positive cone
into two positively invariant regions such that the solutions converge to either one of the
interior steady states for all positive initial populations. As a consequence, stocking of one
of the two competing populations with Allee effects can promote population coexistence.

In the following section, we present the model and its preliminary analysis. The global
behavior of the solutions is studied in Section 3. The final section provides discussion and

conclusions.

2 The model and preliminary results

Let x(¢) and y(¢) denote two competing populations at time ¢ = 0,1,.... The interaction
between populations x and y proposed by Leslie and Gower [10, 11] is described by the
following system:

_ klx(t)
e+1)= 1+x(f) + cly(t)’ @2.1)
WE+1) = Aoy(t)

1+ cox(t) + y(t)’

where the model has been rescaled to reduce the number of parameters. The parameters ¢;
and ¢, are the competition coefficients and A; and X, are the intrinsic growth rates. These
parameters are positive constants. The asymptotic dynamics of (2.1) is well studied by
Cushing et al. [10]. Under some constraints on the parameters, the model has at most one
interior steady state and the dynamics is similar to the classical Lotka-Volterra competition
system of ordinary differential equations [10].

Kulenovi¢ and Nurkanovié [6] recently studied the following Leslie-Gower competition
model with stocking:

_ Alx(t)
x(t+1) = 20+ ® @ +h, 02
y(t+1) hay(t)

1+ cox(t) +y(2)’

where /1 > 0 is the constant stocking. It is proved in [6] that (2.2) has at most two interior
steady states and the basins of attractions for the steady states are explicitly provided.

In [9], Jang proposes the following competition system with Allee effects occurring in
the x population:

x(t+1) = ( D) )( 0 )
T\ L+x@) +ey@®) ) \m+x@) ) (2.3)
e+ 1) Aay(t)

T 1+ cox(t) +9(8)

The expression -”— models the mechanism of Allee effects for population x. Individuals
within the population have to find others to reproduce or to exploit resources. The fraction
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7 is the probability of an individual successfully finding a mate or a cooperative individ-
ual when population size is x. The larger m the smaller this probability is, and therefore
1/m may be interpreted as an individual?s searching efficiency [2]. The resulting system
can have two interior steady states in which one of them is a saddle point. The global stable
manifold of the saddle point is the boundary for population coexistence and competitive
exclusion [9].

Motivated by the work in [6] and for the conservation of endangered populations, we
propose the following competition system with Allee effects and stocking occurring in the
x population:

(t+1)= A1x(t) x(t)
wry= (1 +x(t) + cly(t)) (m +x(t)) T

Aoy (2) (2.4)
y(E+1)= 2y

1+ cox(t) + y(2)

with nonnegative initial conditions, where # > 0 denotes the constant stocking and the
other parameters have the same biological meanings as those parameters in (2.3).
If y(0) = 0, then y(¢) = 0 for ¢ > 0 and (2.4) reduces to the following scalar equation:

Ax(t) x(t)
x(t+1):(1+x(t)><m+x(t))+u' (2.5)
Let
Ax X
f(x)z <m>(m+x) + U. (2.6)

Thenf(0) = u, f'(x) > 0 for x > 0 and lim,_, oo f (¥) = A1 + . An interior steady state x of (2.5)
satisfies x> + 412> + dxx + a3 = 0, where a; =m+1—u—Ary, ay = m—u(m +1),and as = —um.
By the Descartes rule of signs [13], the interior steady state is unique if either (a): a; > 0,
i=1,2,(b):a; >0 and ay <0, or (¢): a; <0, i =1,2 holds. On the other hand if (d): a; <0
and a3 > 0 holds, then (2.5) may have three interior steady states. In the following analysis
we assume that (2.5) has a unique steady state x, where u <% < u + A;. Notice f'(x) <1 and
since f is monotone increasing, we have the following asymptotic dynamics for (2.5).

Proposition 2.1 Equation (2.5) has a unique steady state X, where u <x <u + A and x is
globally asymptotically stable in [0, c0) for (2.5).

When (2.5) has three interior steady states, then the middle steady state is a repeller
while the other two interior steady states are asymptotically stable (cf [14, Theorem 2.1]).
Similar to the proofin [14], the asymptotic dynamics of (2.5) can be completely determined
when there are three interior steady states. However, we assume (2.5) has a unique interior
steady state for simplicity. The analysis carried out in this work can be applied to the case
where (2.5) has three interior steady states as well.

To study system (2.4), we first notice that (2.4) always has the steady state E; = (¥,0),
where the y population is extinct. Moreover, Ej is the only steady state on the boundary.
If Ay <1, then lim;_,  ¥(¢) = 0 and all solutions of (2.4) converge to the steady state Ey.

Therefore, we assume

Ay >1 2.7)
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for the remaining discussion. Let F(x,7) = (fi(x,7),f2(x, 7)) be the map induced by (2.4),

where
Ax X Aoy
fl(x’y)_(l +x+c1y><m+x)+u’ ﬁ(x’y)_1+czx+y'
The Jacobian matrix J of (2.4) evaluated at (x, y) is given by
o i
J(x,y) = (5} ;”;) ; (2.8)
ox 0y
with
afi ~ M+ cy)x ALIX

ax  (1+x+c9)2(m+x) " (L+x+cy)(m+x)?’

8_f1 _ —)\161?6 X
dy \Q+x+cy)?)\m+x)

8_f2 _ —)\.262_)1 an 3_f2 _ )\.2 (1 + sz)
0x (14 cox +7y)? 3y ([+cox+y)?

After some calculations, the determinant of the Jacobian matrix J(x,y), det/(x, y), can be

written as
MArox(l + cox + 1Y) AAamx(1 + cpx)
det/(x,y) = .
Q+x+cay)?Q+cx+y)?2m+x)  Q+x+cay)d+cx+y)?(m+x)?
It follows that
det/(x,y) >0 forx>0andy> 0. (2.9)

Let R? = {(x,y) € R? :x > 0,y > 0} and let int(R?) denote the interior of R2. It is straight-
forward to verify that solutions of (2.4) remain nonnegative and are bounded for ¢ > 0, and
the map F is one-to-one on R2.

Proposition 2.2 Solutions of (2.4) remain nonnegative and are bounded for t > 0. More-
over, the map F is one-to-one on Ri.

Proof Let (x0,%0) and (x1, 1) in Rf be such that F(xo,0) = F(x1,y1), i.e., fi(%0,Y0) = fi(x1,91),
i=1,2.If xo = 0 or yo = 0, then (x9, yo) = (x1,1) holds trivially. We now assume x;,y; > 0
for i = 0,1 and x¢ < x1. Then yg < y; since f,(xo,y0) = fa(x1,71). Let Y; = Y;(x) be defined by
fi(x, Yi(x)) = fi(xo,0) for i =1,2. Then y = Y1(x) and y = Y5(x) have two positive intersec-
tions (x0,y0) and (x1,71). It is easy to see that y = Y5(x) is a line with Y} (x) = 2% > 0, and

1+coxg
Y{(x) >0 and Y{(x) = (i‘f:ﬁ; > 0 for x > 0, where o = Ww Moreover, a simple
0
calculation yields Y](x) — Y;(x) = de;jfl (’g%;) > 0 by (2.9). Hence Yi(x) > Y»(x) on (x9,00) and
Ty oy

we obtain a contradiction. It is possible that y = ¥;(x) and y = Y;(x) have two solutions, but
at most one positive solution. Hence F is one-to-one on R2. O

Define the partial ordering ?<x? onR? by X; = (x1,71) <x Xz = (x2,%2) if 1 < x» and
Y1 > 2, X1 <k Xo if X3 <x X and X3 # Xo, and X; <x X, if ¥1 < &2 and y1 > ). A map
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T:R? — R? is said to be monotone with respect to <y if T(x1,y1) <x T(x2,7) whenever
(%1,91) <k (%2,%2) and T is strongly monotone if T(x1, y1) <x T(x2,y2) whenever (x1,y1) <k
(%2,2).

A subset B of R? is K-convex with respect to < if B contains the line segment joining
any of its two points that are ordered by <y [8]. An # x n matrix P = (p;) is K-positive on
a subset C of R? if its diagonal entries are nonnegative on C and its off diagonal entries
are nonpositive on C [8]. We refer the reader to Smith [8] for the general theory of two-
dimensional monotone maps.

Since populations x and y engage in interspecific competition, using the tool of mono-
tone planar maps, the asymptotic dynamics of (2.4) can easily be understood as shown

below.

Theorem 2.3 The map F is monotone on R? and strongly monotone on int(R?). Moreover,

every solution of (2.4) converges to a steady state.

Proof Let X;(t) = (x;(¢),y:(¢)), i = 1,2, be two solutions of (2.4) with X3(0) <x X»(0).
Then x1(1) < f1(%2(0),1(0)) < fi(%2(0),2(0)) = x2(1) and y1(1) > f2(x2(0), ¥1(0)) > fo(%2(0),
¥2(0)) = y2(1), ie., X1(1) <k X2(1). Inductively, X;(t) <k X»(¢) for t > 1 and F is mono-
tone on R? with respect to <y. Similarly, one can prove that F is strongly monotone on
int(R?). Notice int(R?) is forwardly invariant under F, contains order intervals and is <g-
convex. The determinant of the Jacobian matrix of (2.4) is positive on int(R?) by (2.9).
Moreover, the Jacobian matrix is K-positive in int(R?) by (2.8) and the map F is one-to-one
by Proposition 2.2. Therefore, conditions (H+) given in [8] are satisfied for F on int(R?).
It follows from [8, Theorem 4.2, Lemma 4.3] that solutions of (2.4) with initial conditions
in int(R?) are eventually componentwise monotone and hence are convergent. If y(0) = 0
and x(0) > 0, then the solution converges to (x,0). If x(0) = 0 and y(0) > 0, then x(1) = u
and y(1) > 0, i.e., solutions start on the positive y-axis will be mapped into int(R?) in one

iteration. We conclude that every solution of (2.4) converges to a steady state. O

Let (x0,70) € R? be given. Relative to (xo,7o), we divide R? into four quadrants in a
counter-clockwise manner: Q;(xo,y0) = {(x,7) € R? : x > x0,5 > 50}, Q2(x0,%0) = {(x,y) €
R? : x < x0,y > ¥}, and Qs (xo,y0) and Qa(xo, yo) are defined similarly. If (xo, yo) is a steady
state of (2.4), then it is easy to see that Q;(xo,yo), i = 2,4, are positively invariant since
F is monotone with respect to <g. Indeed, let (xg,70) be a steady state of system (2.4)
and let (x,7) € Qa(x0,%0), i-e., (x,¥) <k (x0,¥0). Then since F is monotone with respect
to <y, we obtain F'(x,y) <x F'(x0,y0) = (x0,%0) for  =1,2,.... Hence F'(x,y) € Qa(x0,y0)
for t = 1,2,... and Qa(x0,Y0) is positively invariant. The proof of positive invariance of
Qa(x0,%0) is similar.

The Jacobian matrix of (2.4) evaluated at E, = (¥, 0) is given by

](&,0)=(f W ) (2.10)

0 l+cox

where * is an unimportant term. It follows from (2.10) that E, is locally asymptotically

stable if ; fz _ <1 and unstable if 22~ > 1.
cox 1+cox
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Remark 1 When Ai—;l = x, then E is non-hyperbolic with a stable manifold lying on the
nonnegative x-axis by (2.10). One may use the technique of center manifold [15] to de-
termine the stability of E;. However, we do not consider this critical case in the present
investigation.

To discuss the existence of an interior steady state, we set x = fi(x,7) and obtain the
following x-nullcline:

1 )\.1962
J’=Q1(x)=a<m—x—l>, X > U. (2.11)

Notice lim,_, ,+ q1(x) = 00, q1(%¥) = 0, where X is the unique steady state of (2.5) and

/()_1 Mx((m — u)x — 2um) .
qlx_C_1< (x — u)?(m + x)? _>’ e

(2.12)
q; (%)

20 ((u —m)x® + 3mux® + u2m2>
== , x>

a (x—u)(m +x)3

Moreover,

q1(x) >0 ifandonlyif «x € (u,%).

Similarly, letting y = f>(x,y) and assuming y # 0, we have the following non-trivial y-
nullcline:

¥=q2(%) = Ay —1-cox. (2.13)
Notice that y = g,(x) is a straight line with y-intercept A, — 1 and x-intercept Ai—;l Let q2(y)
denote the inverse function of g, (x). A positive intersection x* of the two nullclines will
resultin an interior steady state (x*,y*) only when x* < min{ Ai—;l ,x}, where y* = Ly —1—cox™.

If (%0, y0) is an interior steady state, then the Jacobian matrix of (2.4) evaluated at (xo, yo)

can be rewritten as

a b
L) o

where a,d > 0, b,¢ < 0 and their values depend on (xg, yo). The characteristic polynomial
p() of J(xo, o) is

p(A) =22 —(a+d)A + (ad — bc), (2.15)
with discriminant
(a+d)?*—4(ad - bc) = (a — d)? + 4bc > 0.

Therefore, eigenvalues of J(xo,0) are positive real numbers by (2.9). We conclude that
(%0,%0) is a saddle point if p(1) < 0, and (xo, o) is locally asymptotically stable if p(1) > 0

Page 6 of 19
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and det/(xo,yo) = ad — bc < 1. This observation will be useful to the analysis presented in
Section 3.
Notice that at any interior steady state (xg,yo), we always have

(1 +cawo) A
- (1 + CoXp + y0)2 1+ C2X0 +y0

=1. (2.16)
Moreover, differentiating x = f (x, q1(x)) with respect to x yields

7. = 1—761, (2.17)

and differentiating y = f>(¢2(y), y) with respect to y, one obtains

—d
q,(y) = 17 (2.18)

Using equalities (2.17)-(2.18), we have
p) = (1~ a)(1 - d) - be = (4,()g,(3) - 1) be. (2.19)
As bc > 0, the sign of p(1) then depends on ¢/ (x)q5(y) — 1.

3 Asymptotic dynamics

In this section, we study the existence of interior steady states and investigate the asymp-
totic dynamics of system (2.4). Observe that if ’\i—z’l < u, then the two non-trivial nullclines
cannot have any positive intersections and (2.4) has no interior steady state. Moreover,
Ey = (%,0) is locally asymptotically stable by (2.10) since u < ¥ and therefore Ej is globally
asymptotically stable by Theorem 2.3. The proof of the following theorem is omitted.

Theorem 3.1 If ’\i—;l < u, then E = (%,0) is globally asymptotically stable in R? for (2.4).

It follows from Theorem 3.1 that if the stocking u of the x population is large or if the
x population is more competitive with ¢, > %, then the x population will drive the y
population to extinction even when the x population is subject to Allee effects. In the
remaining discussion, we assume that the following inequality holds:
Ay —1

= su (3.1)
C2

Let
r= {(x,y)eRi:y>O}

and let W} be the stable manifold of the steady state termed E}. The global stable manifold
of a steady state E* is denoted by W*. If R is a subset of R? and E is a steady state in R,
we say that E is globally asymptotically stable (GAS in abbreviation) in R if E is locally
asymptotically stable and globally attracting in R.

To simplify the statements of our analysis, we let cases 1-6 summarized in Table 1 to
denote the different global asymptotic behavior of system (2.4), which will be used in the
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Table 1 Dynamics of system (2.4)

Cases  Global dynamical behavior of (2.4)

1 (2.44) has no interior steady state and £ is GAS in Ri
(2.4) has a unique interior steady state £* which is GASin I'.

3 (2.4) has a unique interior steady state £* which is non-hyperbolic. W*
separates R? into two positively invariant regions Ry and R, such that Fg is GAS
in R, and solutions with initial conditions in Ry converge to E*.

4 (2.4) has two hyperbolic interior steady states £5 and £5. W separates Ri into
two positively invariant regions Ry and R, such that £§ and Eq are GAS in R,
and Ry, respectively.

5 (2.4) has two interior steady states, one is hyperbolic and the other is
non-hyperbolic. The global stable manifold of the non-hyperbolic steady state
separates R2 into two positively invariant regions Ry and R, such that the
other interior steady state is GAS in Ry and £ is GAS in R;.

6 (2.4) has three interior steady states E,.*, i=1,2,3. Wg separates Ri into two
positively invariant regions Ry and R, such that £ and £5 are GAS in Ry and Ry,
respectively.

statements of the remaining theorems. We remark that the positively invariant regions
R; and R, given in cases 3-6 are in general not the same. Moreover, coexistence of both
competing populations can occur in cases 2 and 6. There exists a unique globally attracting
coexisting steady state for case 2. There are three interior steady states in case 6 and the
magnitudes of the steady state where the populations converge will then depend on initial
populations.

If m < u, then the x-nullcline y = g;(«) is strictly decreasing on (1, 00) by (2.12). In this
case, the two nullclines can have either no positive intersections, two positive intersections
or one positive intersection depending on the parameter values. Indeed, the x-nullcline

¥ = q1(x) separates R? into two regions:
Ay = {(x,y) € Ri 1y < ql(x)}, Ay = {(x,y) € Ri 1y > ql(x)}.
Similarly, the curve x = ¢»(y) separates R? into two subsets:

Blz{(x,y)eRi:x<q2(y)}, Bzz{(x,y)e]Ri:x>q2(y)}.

If B; N A, # 0, then the two nullclines have two positive intersections and (2.4) has two
interior steady states. If By N A; = @ and y = ¢»(x) is not tangent to y = g1(x), then the
two nullclines have no positive intersections and thus (2.4) has no interior steady state. If
BiNA, =0 and y = ¢»(x) is tangent to y = q1(x) at x*, where u < x* < kz—;l, then (2.4) has
a unique interior steady state. The asymptotic dynamics of (2.4) is summarized below for

m<u.

Theorem 3.2 Let Ai—;l > u and m < u. The following statements hold for (2.4).
(a) Ifli—;l > X, then case 2 holds.
(b) Let Ai—;l <X. Then Ey is locally asymptotically stable.
(i) If BN Ay =@ and y = q,(x) is not tangent to y = q,(x), then case 1 holds.
(i) IfBiNAy =0 andy = q,(x) is tangent to y = q1(x) at x*, where u < x* < ’\i—;l,
then case 3 holds.
(ili) If B1 N Ay # 9, then case 4 holds.
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Proof (a) Since 222 > % and both nullclines are strictly decreasing, it can easily be shown
that the two nullclmes have a unique positive intersection x*, where u < x* < x. Indeed, let
q(x) = q1(x) — g2(x), the difference of the two isoclines. Then g”(x) = ¢{ (x) > O for x > u by
(2.12) and the assumption # > m. It is clear that g(x) = 0 has at least one positive solution in
(1, %) since lim,_, ,+ g(x) = oo and g(x) < 0.If g(x) = 0 has two solutions x;, i = 1,2, where u <
X1 < x < X, then g(x) < 0 implies that either g(x) = 0 has at least one more solution in (x;, x)
or ¢'(x;) = 0 for some i = 1,2. In either of these cases, we obtain a contradiction to g”(x) > 0
on (u,00). Therefore, g(x) = 0 cannot have more than one positive solution in (#,%) and
(2.4) has a unique interior steady state E* = (x*,y*). We can easily verify that E* is locally
asymptotically stable. Indeed, since g;(x*) < 0, g5(y*) < 0, and b, ¢ < 0, we have from (2.16)-
(2.17) that a < 1 and d < 1. Hence detJ(E*) = ad — bc < ad < 1. Observe that g;(x*) < —c3,
ie., q‘_( > 1 and hence ¢} (x*)g,(y*) —1> 0, i.e., p(1) > 0 by (2.19). Therefore, E* is locally
asymptotlcally stable by the Jury conditions. On the other hand, Ej is a saddle point with

stable manifold being the nonnegative x-axis by (2.10). It follows from Theorem 2.3 that
solutions with initial conditions in I converge to E* and hence E* is globally asymptotically
stable in T, i.e., case 2 holds.

(b) By the assumption and (2.10), Ej is locally asymptotically stable. The proof of (i) is
trivial by Theorem 2.3 since there is no interior steady state. To prove (ii), observe that
the straight line y = g, (x) is tangent to the curve y = ¢1(x) at x* in which E* = (x*,y*) is the
unique interior steady state. Thus, g;(x*) = —c, and g;(x*)g5(y*) = 1. Therefore, p(1) = 0 by
(2.19) and E* is non-hyperbolic. The other eigenvalue of J(E*) is detJ(E*) = ad — bc < ad <
1 since ¢; is decreasing implying a < 1. Moreover, eigenvectors of J(E*) with respect to
detJ(E*) are not parallel to the coordinate axes. Theorems 1-4 of [7] imply that the stable
manifold W* of E* is C! and strictly increasing. Since (2.4) has no 2-cycle solutions and
no other interior steady state, W* intersects the nonnegative y-axis and is unbounded in
Qi(E*) by Corollary 2 of [7]. Therefore, Theorem 6 of [7] implies that W* separates R? into
two positively invariant regions R; and R, with Ey € R;. Since every solution converges to a
steady state by Theorem 2.3 and R; is forwardly invariant, solutions with initial conditions

in Ry converge to E*. Observe that ¢, (x) < q1(x) for x € (x*, )\2 -1

) and every solution in R,
will enter int(Q4(£*)) in finite time steps by [7, Theorem 4]. To show every solution in R,
converges to Ey, it is enough to consider those solutions in int(Q4(E*)). Notice that E* <
(x0,%0) <k F(x0,y0) for any xq € (x*, kz 1) and y = w . Let (x,y) € int(Q4(E*)) be
arbitrary. Then we can find (xo,%0), where xg € (x%, XZ 1) and yj w such that
(%0,%0) <K (%,%). As a result, E* <x F"(x0,%0) <K F”(x,y) for n = 0,1, 2,... and F"(x,y)
cannot converge to E*. Thus solutions in R, converge to Ey and case 3 holds.

(iii) implies that (2.4) has two interior steady states E = (x],%7), i = 1,2, xf <x3. Then
Ef <k Ej and it can be readily verified that Ef is locally asymptotically stable and EJ is a
saddle point. Indeed, g} (x}) < 5(x}), q1(x5) > 45(x3), and g5 (y}) = PAP 757 for i =1,2. There-
fore at E3, we have by (2.19), p(1) = (q;(x3)q5(%3) — 1)bc < 0 and E* is a saddle point. At
E;}, we have p(1) = (g1 (x])g5(y7) — 1)bc > 0 and detJ(E}) = ad — bc < ad <1 by (2.16)-(2.18).
Therefore, Ef is locally asymptotically stable. The stable manifold W of E} is a strictly
increasing C!-curve by [7]. Since Q;(E};) has neither steady state nor 2-cycle solutions,
W3 is unbounded in Q;(E3) and W75 intersects with the nonnegative y-axis. Therefore W3
separates Ri into two positively invariant regions R;, i = 1,2, with Ef € R; and Ey € R,. The

remaining assertion follows and case 4 holds. O
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If m > u, then y = g1 (x) may not be monotone decreasing. However, it can easily be shown
that the x component of any interior steady state satisfies a polynomial of degree 3. To this
end, let

H(x) = (q2(x) — q1(%)) (x — u)(m + x). (3.2)
Then

H(x) = (1-c1c)x” + [ = crca)(m — ) + c1 (Ao = 1) + 1 = Ay |#°

+[(m = u)(c1(ha = 1) + 1) — mu(l - c102) |x — mu[cy (A2 = 1) +1] (3.3)
and

H'(x) =31 - ci¢c0)x” + 2[(1 —cce)m—-—u)+c(hy-1)+1- Al]x

+ [(m - u)(cl(kz -1)+ 1) —mu(l - clcz)]. (3.4)

Any positive solution x* of H(x) = 0 satisfying x* < min{x, '\i—;l} will result in an interior

steady state of (2.4). Moreover, if (x9,70) is an interior steady state of (2.4), then
H'(x0) = (g5(x0) — q1(%0)) (0 — 1) (m + x0). (3.5)

In the following, we separate our discussion into the cases of c;c; < 1, ¢1¢; > 1, and ¢i¢; =1,
respectively.

Let 1—c1cy > 0. Observe that lim,_, o, H (x) = 00, lim,_, o, H(x) = —00, H(x) < 0 and H(x)
has at most two critical points. The asymptotic dynamics of (2.4) is given below.

Theorem 3.3 Let Ai—;l >u, m> u, and cic; < 1. The following statements hold for (2.4).
(a) Letx < Ai—;l Then (2.4) has at least one interior steady state.
(i) Case 2 holds if there exist a unique x* € (u,x) such that H(x) < 0 on (u,x*) and
H(x) >0 on (x*,x).
(i) Case 6 holds if there exist z;, i = 1,2, u < z1 < zp < X such that H'(z1) = 0 = H'(zy)
and H(z;) >0 > H(z,).
(i) Case5 holds if there exist z;, i = 1,2, u < z1 < zy < X such that H'(z;) = 0 = H'(z5)
and either H(z;) = 0 > H(zy) or H(z;1) > 0 = H(z).
(b) Letx > Ai—;l
(i) Casel holds if H(x) < 0 on (u, Ai—;l).
(i) Case 4 holds if there exists z € (u, ’\i—;l) such that H' (z) = 0 and H(z) > 0.
(iii) Case 3 holds if there exists x* = z € (u, Ai—;l) such that H' (z) = 0 # H'(z) and
H(z) =0.
A1

c2
x-axis. Moreover, H(x) > 0 and H(u) < 0 imply H(x) = 0 has at least one solution lying

Proof (a) Since x < , Eo is a saddle point with stable manifold lying on the nonnegative
between u and x. Hence (2.4) has at least one interior steady state. The assumption of (i)
implies that (2.4) has a unique interior steady state E* = (x*,y*) and H'(x*) > 0. It can be
shown that E* is locally asymptotically stable since g, (x*) > ¢;(x*) by (3.5). Therefore, E*
is globally asymptotically stable in I" and case 2 holds.
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If the assumptions of (ii) hold, then H(x) = 0 has three solutions %}, i = 1,2,3, with u <
X} <71 < x5 < zy <« <X. Hence (2.4) has three interior steady states E} = (x},y]),i=1,2,3,
with E} < E; <k Ej. Moreover, H'(x}) > 0 for i = 1,3 and H'(x}) < 0 imply

§(x7) > qi(x}) fori=1,3 and g(x3) <qu(x3).

Therefore, E}, i =1, 3, are locally asymptotically stable and Ej is a saddle point by (2.16)-
(2.19). The stable manifold W3 of Ej is a strictly increasing C!-curve that extends indefi-
nitely in Q;(E}) and intersects the nonnegative y-axis. It follows that W separates R? into
two positively invariant regions R; and R, such that Ef € R; and Ej € R;. It can then be
shown similarly by Theorem 2.3 that E} and E are globally asymptotically stable in R; and
R, respectively, i.e., case 6 holds.

(iii) is the critical case of (ii). Notice that if H(x) > 0 for x > z; and sufficiently close to zi,
then by the assumption on z; there exist z* € (z1,2z,) such that H'(z*) = 0, which contra-
dicts to the fact that H(x) has at most two critical points. Therefore, z; is a non-degenerate
critical point and hence (2.4) has two interior steady states E] = (x},y}), i = 1,2, where
U <X =2z <zy <x5 <x. Since H'(x}) = 0, Ef is non-hyperbolic by (2.19) and (3.5). The
other eigenvalue of J(E}) is det/(E}) = ad — bc < 1 with corresponding eigenvectors not
parallel to the coordinate axes. On the other hand, H'(x}) > 0 implies that E; is locally
asymptotically stable. The stable manifold W7 is a strictly increasing C*-curve that inter-
sects the nonnegative y-axis and extends indefinitely in Q; (Ey). It follows that W7 separates
R? into two positively invariant regions R; and R, with Ej € R,. Consequently, solutions
with initial conditions in R; converge to Ef by a similar proof as that of Theorem 3.2(b)(ii),
and E} is globally asymptotically stable in Ry, i.e., case 5 holds. The other critical case can
be shown similarly.

(b) Since x > Ai—;l, Ey is locally asymptotically stable. Also H(u) < 0 and H (’\i—;l) <0.If
H(x) < 0 on the interval (, Ai—;l), then (2.4) has no interior steady state and E is globally
asymptotically stable by Theorem 2.3. This proves (i).

(ii) Note first that such a z given in the assumption is unique and hence (2.4) has two
interior steady states Ef = (x;,%,), i = 1,2, where Ej <k Ej. It is straightforward to ver-
ify that E{ is locally asymptotically stable and Ej is a saddle point. The stable manifold
W of Ej is a strictly increasing C'-curve that intersects the nonnegative y-axis and is
unbounded in Q;(E3). The remaining assertion follows. The assumption of (iii) implies
that the existence of a unique interior steady state E* = (x*,y*), where x* = z, which is,
moreover, non-hyperbolic since H'(x*) = 0. However, the other eigenvalue of J(E*) is
detJ(E*) = ad — bc < ad < 1 with corresponding eigenvectors not parallel to the coordi-

nate axes. The remaining proof is similar to the proof (ii) of Theorem 3.2(b). O

Figure 1(a)-(f) provides the graph of y = H(x) for ¢i¢; < 1. In Figure 1(a), m =2, u = 0.9,
¢ =¢;=0.5, A =20.5,and A, = 20. Then x = 18.45 < ’\i—;l =38 and H(x) = 0 has a unique
positive solution in (i, x). When the constant stocking u is decreased to u# = 0.3, then x =
17.74 < ki—z’l =38 and H(x) = 0 has three positive solutions in (1, x) as shown in Figure 1(b).
Ifu=0.4,thenx =17.86 < )‘i—;l =38 and H(x) = 0 has two feasible positive solutions where
the smaller solution is a critical point of H(x). See Figure 1(c).

Letm=2,u=09, ¢ =c =05, =125, and A, = 6. Then x = 10.48 > Ai—;l =10 and
y = H(x) lies below the horizontal axis as shown in Figure 1(d). If & is decreased to u = 0.15
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Figure 1 Plots (a)-(c) illustrate the number of solutions of H(x) = 0 in Theorem 3.3(a) cases (i), (ii), and
(i), respectively, and (d)-(f) are for Theorem 3.3(b) cases (i), (ii), and (iii), respectively. The point
min{X, %4} on the x-axis is not plotted if it is large.

with A; = 13.5, then x = 10.51 > *i—z_l =10 and H(x) = 0 has two positive solutions within
the feasible region as shown in Figure 1(e). If # is increased slightly to u = 0.16789, then
x=10.53 > ’\i—;l =10 and H(x) = 0 has a unique positive solution within the feasible region
as shown in Figure 1(f).

Consider the case where 1 — ci¢y < 0. Then lim,_, o, H(x) = —00, lim,_, _o, H(x) = 00,
H(u) < 0 and H(x) = 0 has at least one negative solution. Hence, H(x) = 0 can have at

most two positive solutions. The asymptotic dynamics of (2.4) is given below.
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Theorem 3.4 Let Ai—;l >u, m> u, and cic; > 1. The following statements hold for (2.4).
(a) Ifx< Ai—z’l, then case 2 holds.
(b) Letx > Ai—;l
(i) Casel holds if H(x) < 0 on (u, ’\i—;l).
(i) Case 4 holds if there exists z € (u, 2271y el that H'(z) = 0 and H(z) > 0.

2

(ili) Case 5 holds if the critical point z in (ii) is such that H(z) =0 # H" (2).

Proof (a) By the assumption, we have H(x) > 0, lim,_, o H(x) = —00, and lim,_, o H(x) =
00. Therefore H(x) = 0 has a unique positive solution x* in (i,x) with H'(x*) > 0. The
remaining assertion follows.

(b) Notice that H (Ai—;l) < 0 and E, is asymptotically stable. Since H(x) = 0 has at least
one negative root, H(x) = 0 can have at most two positive roots in (u, ’\i—;l). i) IfH(x) <0
on (u, Ai—;l), then H(x) = 0 has no positive solution on (, %) and (2.4) has no interior
steady state. It follows that E is globally asymptotically stable and case 1 holds.

(i) By the assumption, H(x) = 0 has two positive solutions x}, i = 1,2, where u < ¥} <z <
x5 < Ai—z_l Hence (2.4) has two interior steady states Ef = (x},y}), i = 1,2, Ef < E3. It can
be verified that E} is asymptotically stable and E3 is a saddle point. The remaining of the
proof is similar to the proof of Theorem 3.3(b)(ii) and case 4 holds. (iii) is a critical case
of (ii) and H(x) = 0 implies x] = z. System (2.4) has two interior steady states E = (x},y]),
i = 1,2, where Ef is non-hyperbolic and Ej is asymptotically stable. The remaining proof

is similar to the proof of Theorem 3.3(a)(iii). O

Remark 2 The condition in Theorem 3.3(a)(ii) is a sufficient condition for the existence of
three interior steady states. The condition is feasible since H(x) is a polynomial of degree 3
so that it is possible for y = H(x) to have two critical points in (i, x). Similarly, conditions
stated in Theorem 3.3(b) and Theorem 3.4 are sufficient conditions for the existence of

one or two interior steady states. There are possibly other different sufficient conditions.

In Figure 2(a), weletm =2.0,u =0.9,¢; =2.1,¢; = 0.5, 141 =5,and A = 6. Thenx = 3.28 <
Ai—;l =10 and H(x) = 0 has a unique positive solution in (x,x). If we change A; and A, to
A1 =10 and A, = 3, then x = 8.01 > ’\i—;l =4 and H(x) = 0 has no positive solution as shown
in Figure 2(b). If we let u = 0.2, then x = 7.01 > Ai—;l =4 and H(x) = 0 has two positive
solutions as shown in Figure 2(c). If we let u = 0.4, then x = 7.31 > Ai—;l =4. H(x) = 0 has
a unique positive solution x* and the horizonal axis is tangent to the curve y = H(x) at x™.
See Figure 2(d).

If ¢1¢p =1, then H(x) becomes a quadratic function,
H(x) = [Cl()\g -1)+1- )\1]962 + [(m - u)(cl(kz -1+ 1)]x - mu[cl()Q -1)+ 1].
Observe that ¢;(A; —1) + 1> 0 by (2.7). Let
A=ci(Ay—-1)+1-2. (3.6)

If A >0, then H(x) is a concave up parabola with a negative vertical intercept and a nega-

tive x coordinate at the vertex. On the other hand, if A <0, then H(x) is a concave down
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Figure 2 Plots (a)-(d) demonstrate Theorem 3.4(a) and (b) cases (i)-(iii), respectively. The point marked
on the x axis is the value of min{x, }‘g—; }

parabola with a negative vertical intercept and a positive x coordinate at the vertex,

(m—u)(c1(h2 —1) +1)

Y > 0. (3.7)

X =

When A =0, then H(x) is a linear function with a negative y-intercept.

The asymptotic dynamics of system (2.4) when ¢;¢; =1 is summarized below. Since the
proof of Theorem 3.5 is similar to the proofs of Theorems 3.2-3.4, we omit the proof.
Theorem 3.5 Let ’\i—;l >u, m>u, and cicy = 1. The following statements hold for (2.4).

(a) Let A>0.

(i) Ifx< Ai—;l, then case 2 holds.
(ii) Ifx> Ai—z_l, then case 1 holds.

(b) Let A <O.

(i) Ifx< 22-1 then case 2 holds.

o
(ii) Letx> 2 Ifz e (u, Xiz_l) and H(x) > 0, then case 4 holds. If x € (u, Xi—;l) and

H(x) = O,ZKhen case 3 holds. If either x ¢ (u, Ai—;l) orifx € (u, ’\i—z’l) and H(x) <0,
then case 1 holds.
(c) Let A=0.
(i) Ifx< Ai—;l, then case 2 holds.

(i) Ifx> Ai—z_l, then case 1 holds.
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Figure 3 The figure illustrates the number of solutions of H(x) = 0 in Theorem 3.5 for A > 0 in (a)-(b)
and A =0in (c)-(d). The point marked on the x axis is the value of min{x, Ag—;}‘

Figures 3 and 4 provide the graph y = H(x) for the case c;¢; = 1. The parameter values
m=2,u=0.9,c =0.5,and c; =2 are fixed. In Figure 3(a), A; =2 and 1, = 5.5 so that A =
1.25 >0 and % = 1.37 < 22 = 2.25. The equation H(x) = 0 has a unique positive solution

T
in (4,x). In Figure 3(b), A, is decreased to A, = 3.5 such that ¥ = 1.37 > Ai—;l =1.25. In this
A1
iz
order to obtain A = 0, welet 41 = ¢; (%, —1) + 1 and vary A,. In Figure 3(c), we have A, = 5.5.

case, the positive solution of H(x) = 0 exceeds and (2.4) has no interior steady state. In

Then x =1.97 < ’\i—z_l =2.25 and H(x) = 0 has a unique solution in (i, x). In Figure 3(d), we
let A5 = 3.5. Then x =1.47 > Ai—;l =1.25 and the unique positive solution of H(x) = 0 does
not lie inside the interval (x, ki—;l).

In Figure 4(a), we use A; = 5.2 and A, = 8.5, then A = -0.45<0, x=3.45< ’\i—;l =375
and H(x) = 0 has a unique solution lying in (u,x). In Figure 4(b), where A; = 3 and A, =
3.5, and we have A = -0.75<0 and ¥ = 1.82 > ki—z_l =1.25. Then H(x) < 0 on the feasible
interval so that H(x) = 0 has no positive solution. If we let A; = 10.6 and A, = 17, then
A=-16<0and x=28.61> )‘i—;l = 8.0. In this case, the horizontal axis is tangent to the
curve y = H(x) at its vertex as shown in Figure 4(c). When 2, is increased to A, = 18, then
A=-11<0andx=38.61> Ai—;l = 8.5. The equation H(x) = 0 has two positive solutions in

the interval (i, ki—z_l). See Figure 4(d).

Remark 3 In this study we focus on the case when the x population has only one interior
steady state. If there are three boundary steady states, then since the boundary x-dynamics
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Figure 4 (a)-(d) illustrate the number of solutions of H(x) = 0 in Theorem 3.5(b) where A < 0. The point
- .
marked on the x axis is the value of min{x, T}'

is completely known, we can apply a similar analysis by separating R? into several pos-
itively invariant regions instead of only two regions and the corresponding asymptotic

dynamics can also be obtained.

4 Discussion and conclusions
Allee effects are phenomena in biology which arise when per-capita growth rates increase
with increasing population level up to a maximum and then decline thereafter due to in-
traspecific competition [1]. The phenomena have received considerable attention recently
due to fragmentation of habitats, invasion of exotic species, and biological control of pest,
etc. [2], all involving small populations. When a population is subject to Allee effects, it
is well known that there exists a critical population level below which the population will
go extinct [2]. Therefore, the population is in danger of extinction if its population size or
density is small. Consequently, constant levels of the external populations are frequently
added to the resident populations per generation in order to conserve the endangered
populations [3].

In [5], Elaydi and Yakubu considered the following competition system governed by the
Ricker equations:

xt+1) = xl(t)e—pl—q1(x1(t)+xz(t)) +ax (2),

2t +1) = x2(t)e—pz—qz(ﬁ(t)mz(t))’
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where the parameters p;, g;, i = 1,2, are positive, and o € (0,1) denotes stocking. System
(4.1) has been studied by Yakubu previously in [16] and [17]. Yakubu obtained parameter
regimes for the occurrence of an attracting 2-cycle and conjectured that the 2-cycle is
globally stable. The study in [5] disproved this conjecture and concluded that a 2-cycle
cannot be the ultimate life-history of evolution of all population sizes [5]. Since (4.1) is
based on the Ricker equations which are nonmonotone and system (2.4) is monotone, the
dynamics of (4.1) is more complex than the dynamics of (2.4), where every solution of (2.4)
converges to a steady state.

AlSharawi and Rhouma [4] on the other hand studied the following system of # popu-

lations:

bix;(t)

x(t+1)= ——22
! 1+ )7, cj()

+h, 1<i<n, (4.2)

where b; and c; are positive constants, 1 < i,j < n, and /; denotes either harvesting or
stocking depending on whether 4; < 0 or 4; >0, 1 <i < n. In particular, AlSharawi and
Rhouma proved that if stocking occurs for all # populations, i.e., /; > 0 for 1 < i < n, then
the unique interior steady state is globally asymptotically stable so that coexistence occurs
for all positive populations [4].

Kulenovi¢ and Nurkanovi¢ [6] studied a special case of (4.2), namely n = 2 with /&, = 0
and /1y = h > 0, ie., system (2.2). It is proved in [6] that (2.2) has at most two interior
steady states and in such a case the smaller interior steady state is a saddle point. The
stable manifold of the saddle point then separates R? into two positively invariant regions
such that solutions in either region converge to the corresponding steady state, i.e., one
region of solutions converges to the coexisting steady state, while the x, population goes
extinct in the other region. That is, case 4 of Table 1 holds for system (2.2).

In this investigation, we also consider only two competing populations where one of
the populations is subject to Allee effects and is also under stocking. The resulting sys-
tem (2.4) has a richer dynamics than that of the model (2.2) with no Allee effects. Indeed,
Table 1 summarizes different asymptotic behavior of model (2.4). In addition to case 4,
it is possible for system (2.4) to have three interior steady states where the middle inte-
rior steady state is a saddle point. The stable manifold of the saddle point separates R?
into two positively invariant regions such that solutions in each of the regions converge
to the corresponding interior steady state. Therefore, when stocking is implemented for
the population with Allee effects, it can promote the coexistence of the two competing
populations.

We next discuss the effects of constant stocking « on system (2.3). First, notice that those
steady states of (2.3) on the nonnegative y-axis all disappear for (2.4). Therefor stocking
of the x population prevents the population from extinction. Secondly, model (2.3) always
has a region I', depending on the Allee threshold of the x population, such that the y pop-
ulation out-competes the x population if the initial population distributions lie in I". See
Theorem 2.7 of [6]. In particular, the y population will drive the x population to extinction
if the x population is small. With stocking of the x population, the region I" disappears so
that the y population will not out-compete the x population when the x population is small
as long as the constant stocking u satisfies the assumption of Proposition 2.1. Moreover,
if the stocking u is large, then the x population will drive the y population to extinction
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even when the x population is subject to Allee effects as demonstrated in Theorem 3.1. As
a consequence, large stocking can reverse competition outcomes.

The most important effect of the stocking is that system (2.4) can have three interior
steady states. Without stocking, system (2.3) has at most two interior steady states where
the smaller one is a saddle point and the other steady state is asymptotically stable. One
region of the solutions converges to the steady state on the positive y-axis so that the x
population is driven to extinction when the population is subject to Allee effects but there
is no stocking. When system (2.4) has three interior steady states, then the middle interior
steady state is a saddle point while the other two interior steady states are asymptotically
stable. See Theorem 3.3(a)(ii). The stable manifold of the saddle point separates R? into
two positively invariant regions such that solutions in each of these regions converge to
the corresponding interior steady state. Therefore, for this parameter regime, given in
Theorem 3.3(a)(ii), both competing populations can coexist as an interior steady state,
where the magnitude of the population sizes depends on the initial populations.

Finally, system (2.4) can have a unique global asymptotic stable interior steady state as
given in case 2 of Table 1. This global stability signifies that dynamical behavior of (2.4)
is no longer initial condition dependent. The dependence on the initial conditions can
be viewed as a hallmark of the Allee effects and stocking of the population can erase this
hallmark and can promote a robust coexistence between the two populations.
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