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Abstract

This paper proposes a first-order random coefficient integer-valued autoregressive
model under random environment by introducing a Markov chain with a finite state
space. We derive conditions for stationarity, geometric ergodicity, and S-mixing
property with exponential decay for the random coefficient integer-valued
autoregressive model under random environment.
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1 Introduction

In the fields of economics, finance, biology, and engineering, many time series data exhibit
nonlinearity, which cannot be explained by the traditional linear time series models. In this
context, many nonlinear time series models (see, among others, [1-5]) which have been
more effective in capturing certain features of time series data were proposed. However,
time series models for a sequence of dependent discrete random variables are rare. Al-
Osh and Alzaid [6] introduced first-order integer-valued autoregressive (INAR(1)) model
for modeling and generation of sequences of dependent counting processes. Nasti¢ and
Risti¢ [7] derived the distributions of the innovation processes of some mixed integer-
valued autoregressive models of orders 1 and 2 with geometric marginal distributions and
discussed several properties of the model. Zheng et al. [8] introduced first-order random

coefficient integer-valued autoregressive (RCINAR(1)) model which is defined as
Xe=¢roXe1+e, 21, (1.1)

where {¢,} is an i.i.d. sequence on [0,1); {¢;} is an i.i.d. non-negative integer-valued se-
quence; ¢, 0 X1 = Zl{t{l B;, where {B;} is an i.i.d. Bernoulli random sequence with P(B; =
1| ¢¢) = ¢:, and {B;} is independent of X;_;. This model assumes random coefficient and
some basic probabilistic and statistical properties of it discussed by [8]. Chen and Wang
[9] proposed a conditional least absolute deviation method to estimate the parameters of
the model and investigated the asymptotic distribution of the new estimator. Roitershtein
and Zhong [10] studied the asymptotic behavior of this model in the case where the addi-
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tive term in the underlying random linear recursion belongs to the domain of attraction
of a stable law.

There is a growing literature on the application of model (1.1). However, the model ne-
glects the influence which is produced by environment (see, among others, [11, 12]). For
instance, let X; be the number of queuer in the ¢th hour, ¢; o X;_; be the number of queuer
left over from the previous hour and &; be number of the new queuer in the current hour.
Here, X, satisfies model (1.1). In fact, the number of new queues may be influenced by a
sudden change (e.g., blizzard) of the various environments and this could make a tremen-
dous difference at different hours.

In this paper, we extend model (1.1) to a random environment model, where the ¢; varies
with a new i.i.d. random variable which takes values in a finite set. We will investigate the
basic probabilistic and statistic properties of the new model and provide mild sufficient
conditions for geometric ergodicity in the present paper.

The remainder of the paper is organized as follows. Section 2 introduces the first-order
random coefficient integer-valued autoregressive model under a random environment.
Section 3 develops some useful lemmas and summarizes the main results. All the proofs
are collected in Section 4.

2 The first-order random coefficient integer-valued autoregressive model
under random environment

In this section, we first give some notations which will be used throughout the paper. We

suppose that (€2, F,P) is a probability space. E = {1,2,...,r} (r is a positive integer) denotes

a finite set, and H denotes the o -algebra generated by all subsets of E. {Z;,¢ > 0} is an

irreducible and aperiodic Markov chain defined on (2, F,P), and it takes values in E.

Let &/(Z;) = Y i, &:()13(Zy), where {e,(1)},{€:(2)},...,{e:(r)} are iid. non-negative
integer-valued random variables and I{;(Z;) denotes the indicator function of the single
element set {i}.

This paper considers the following nonlinear time series model:

Xe=¢roXeq + gt(Zt)) t>1, (2.1)

where: (1) {¢,} is an i.i.d. sequence of random variables with probability distribution func-
tion Py, on [0,1); (2) for each i € E, {&,(i)} has probability mass function f;(-); (3) ¢ 0 X;_; =
Z?i‘l’l B;, where {B;} is an i.i.d. Bernoulli random sequence with P(B; = 1| ¢;) = ¢; and in-
dependent of X;_1; (4) Xy, {¢:} and {&;(i)} (Vi € E), are independent. We call this new model
a first-order random coefficient integer-valued autoregressive model under random envi-
ronment (RERCINAR(1)).

Obviously, model (2.1) is a generalization of model (1.1). The difference between model
(2.1) and model (1.1) lies in the fact that the former reflects the factors of the interference
in a system as well as the system itself being influenced by a sudden environment change.
So the new model (2.1) can better imitate many substantial problems in the real world.

The idea is similar to that of Tong and Lim [13], where a class of threshold autoregressive
models were introduced to capture the notion of a limit cycle, which plays a key role in
the modeling of cyclical data.

The iterative sequence in (1.1) develops a Markov chain on a general state space, while
the iterative sequence of the nonlinear time series model (2.1) does not possess such a
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better nature. So until now, to the best of our knowledge, there is very little research on the
limit behavior of the iterative sequence of model (2.1). In this paper, we try to add proper
supplementary variables to the non-Markov process, thereby obtaining a Markov process,
so we can use the theory of Markov processes to an analysis of the non-Markov process.
Furthermore, the nature of the original non-Markov process can be obtained from the
nature of the Markov process.

In the following, let Z = {0,1,2,.. .}, and BB denote the o -algebra generated by all subsets
of Z. By Lemma 1 in the next section, we know that the sequence {(X;,Z;)} is a Markov
chain on Z x E with the following transition probability:

P{(Xt, Z1) = 0,)) | (Xi-1,Ze1) = (%, )}
min(x,y)

-y 3 Clo-h / PF(L— gy dp,, (22)

where p;; = P(Z;,1 = j | Z; = i) is the transition function of Markov chain {Z;, f > 0}. In fact,
P{(Xtrzt) = 0)) | K1, Ze1) = (i, l)}

1
=piP|{de o x + £,(j) = y} =pij](; P{prox+ &) =y | ¢} dP,y

1 min xy

-p,,/ g ox=kelf) =y—k| ¢} dP

lmm Xy

—Pz// St(l) y- k}IP{q’)tox k| ¢:}dPy

1 min xy

- [ D sl kot~ 01 an

min(x,y)

= pi Z Cifily k) f of 1 - 1) dp,,

where the first equation follows from the proof procedure of Lemma 1.
We introduce the following notation:

P(t){(x, i), (y’])} = P{(Xsﬁ,zsﬁ) = (Y’]) | (X, Z) = (x, L)}’ Vx,y € Z,i,j €E.

Therefore by the property of conditional probability, we have

@i, 0,0} =D P, (2. k) } P (2, k), (7))}

keE zeZ
By the inductive approach, Vt > 2 it follows that
PO (x,0), (5.)}

min(x,z1) min(z;,z2)

- Z PikiPaks ** Pheij Z Z Z

k1,k,....ks—1 €E 21,22,.02t-1€L m1=0 my=0
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min(z;_1,y)

S il —m) f B (L= ) APy - CI2fiy (22 — o)

mtO

/ B (L— GV APy - C £y — my) / G- G dRy. (23)

Generally, (2.2) is called a one step transition probability or a transition probability of
the Markov chain {(X;, Z;)}, and (2.3) is called a ¢-step transition probability of the Markov
chain {(X;, Z;)}.

3 Main results
Now we give some basic assumptions which guarantee that the following lemmas can be
used properly throughout the paper.
(A1) {Z:}, {e:(1)}, ..., {e:(r)} are mutually independent satisfying Vi € E, £ > 0, Z;,; and
£¢41(0) are all independent of {X;,s < t};
(A2) E(e.(i)) is a constant, independent of ¢, Vi € E, E(¢;), E(¢2(i)) are all assumed finite.
(A3) The probability mass function f;(-) of &(i) is positive everywhere, that is, Vi € E,
fi()>0.

Remark 1 The independence of {¢;(1)},...,{e:(r)} and (A2) ensure the stationarity of
{e:(i)}, i € E, and the assumption (A3) is needed to guarantee the irreducibility and aperi-
odicity of {(X, Z;)}.

A Markov chain {Y;} is said to be irreducible if each state can communicate with every
other one, i.e., for every x and y, there exists ¢ > 0, such that P(Y; =y | Yy =«) > 0. An
irreducible chain on a countable space is said to be aperiodic if for some state x the proba-
bility of remaining in x is strictly positive: P(x,x) > 0. This prevents the chain from having
a cyclic behavior. But before we give the qualifications of {(X;, Z;)} to become irreducible

and aperiodic, we need the following lemma.

Lemmal Suppose (Al) and (A2) hold, then the sequence {(X, Z;)} is a time-homogeneous
Markov chain defined on (2, F,P) with state space (Z x E, B x H).

Next, we state the results about the irreducibility and aperiodicity of the sequence
{(X:, Z¢)}. Although we narrate them for the proofs of our main results, they are of in-
dependent interest. Note that {Z,} is irreducible, that is, for arbitrary measure A defined
on (E, H), {Z;} is A-irreducible. Let ¢ be a measure satisfies ¢{i} > 0, Vi € E. So, we can de-
rive the measure p x ¢ defined on (Z x E, B x H), where u is a Lebesgue measure defined
on (Z,B), such that u(A) > 0 implies u x (A x B)>0,A € B,BeH.

Lemma 2 Under assumptions (Al)-(A3), the Markov chain {(X;, Z;)} is u X ¢ irreducible

and aperiodic.
The following lemma is the key to the proof of Lemma 2.

Lemma 3 (Tong [14]) A g-irreducible Markov chain {Y;} with state space (x,.A) is aperi-
odic if and only if there exists A € A satisfying ¢(A) > 0, and for every regular subset B of A,
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@(B) > 0, there exists a positive integer t such thatNy € x,
PY9y,B)>0,  P“Y(y,B)>0.

A Markov chain {Y;} with state space (x,.4) is said to be ergodic if there exists a prob-
ability distribution 7, such that ¥y € x, lim; .o [|[P®(y,-) = 7(-)||; = 0. Moreover, if there
exists a constant 0 < § < 1, such that Vy € x, limy_, o 87 [|PP(y,-) = (-)|l; = 0, then {V}} is
geometrically ergodic, where P%)(y, -) is the transition probability of {Y;} and || - ||, denotes
the total variation norm. Knowing the sufficient conditions for geometrical ergodicity of a
time series is very useful for analyzing it. This is so, first, because it clarifies the parameter
space for estimation purposes when the model is parametric, and second, because it vali-
dates useful limit theorems such as the asymptotic normality of various estimators (Meyn
and Tweedie [15]).

Our main results are as follows: Theorem 1 gives the sufficient conditions for geometric
ergodicity for the Markov chain {(X;, Z;)}, while Theorem 2 develops the idea that {X;}
possesses the nature which is analogous to the geometric ergodicity of the Markov chain,
though {X;} is not a Markov chain.

Theorem 1 Suppose (Al)-(A3) hold, and there exist constants 0 < « <1 and ¢ > 0, such
that

Eprox|Zy=i)<ax+c, VxeZi€E,

then the Markov chain {(Xy, Z;)} is geometrically ergodic. Moreover, if (X, Z;)} is initialized
from its invariant measure, then it is stationary and B-mixing with exponential decay.

Theorem 2 Suppose (Al)-(A3) hold and {(X;, Z;)} is geometrically ergodic. Then there ex-
ist a unique probability distribution w* and a positive number B < 1, such that for any
initial valuex € Z, Xo =x and Vy € Z,

lim B[ P(X, =y | Xo = %) - 7* ()], =0,
where || - ||; is the total variation norm.

4 Proofs

Proof of Lemma 1 Vx,y,x; € Z, and Vi, j, is € E, where s is a integer number satisfying 0 <
s<t, we have
P{(Xes1, Ze1) = 0) | (Xe, Zo) = (%,0), (X, Zg) = (%, 85), 0 < s < £}
= P{‘bm o Xi + ern1(Zen1) = ¥, Zen = | Ko, Zy) = (%, 0), (X, Zs) = (%5,5),0 < s < t}
=Pl 0 x+ () = 3, Zen =j | (Xo, Z2) = (), (X, Z5) = (%5,45),0 < 5 < £}
=P{prox+em()=y| X =52 =i}P{Z1=j| X, =x,Z; = i}
= IP’{(j)Hl ox+em()=y|Xe=x,2; = i}P{Zm =j|Z, =1}

=pij- P{d’m ox +&r41(j) = J’}:
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where the last equation follows from the definition of the RERCINAR(1) model, the as-
sumption (Al), and the notation p;; = P{Z;,1 =j | Z, = i}.
On the other hand,

P{(Xes1, Ze1) = 0)) | (Xe, Z0) = (1)}
=P{prnox+ () =9, Zoa =j | (X0, Z4) = (%)}
=P{prox+en()=y| X =52 =i}P{Z1=j | Xy =%, Z; = i}
=P{prox+em()=y| X =52 =i}P{Zp1 =1 Z, =}

=pij - Plorox + e0a(f) =y}
Therefore Vx,y,x; € Z, and Vi, j, i € E, we have

IP{(XHl:ZHl) = (%}) | (Xt’ Zt) = (x: l): (Xs:Zs) = (xs: is)» 0<s< t}

= ]P){(XHI’ZHI) = (%]) | (Xtth) = (x’ l)}

Hence the sequence {(X;, Z;)} is a Markov chain, and its time-homogeneity follows from
the stationarity of &:,1(j), j € E. O

Proof of Lemma 2 Suppose A x B€ B x H and i x ¢(A x B) > 0. From the irreducibility
of {Z,}, we know that Vi,j € E, 3s > 0, such that

Py =P(Zis=j| Zs=i)>0, Vt=s,
that is, 3k;, ko, ..., k;_; € E, such that

Piky Py Pej > 0.

Then from (2.2), V(x,i) € Z x E, we have

PO (x,i), (7,))}

min(x,z1) min(zy,22)

= Z PikiPiky ** * Phej Z Z Z

k1,k,....ks—1 €E 21,22,5.2t-1€Z m1=0 mo=0

min(z¢—1,) 1
> Clfila - Wll)/o ¢ A=) " dPy - C2 iy (20 — m13)
Wl,j:O

1 1
x / B2 (1= 1) dPy - CI fily — my) / (L= )1 APy > 0,
0 0

therefore the Markov chain {(X;,Z;)} is u x ¢ irreducible. The aperiodicity of {(X;,Z;)}

follows from Lemma 3. g

The proofs of our main results make use of the following well-known lemma.
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Lemma 4 (Tweedie [16]) Suppose that {Y;} is a p-irreducible and aperiodic Markov chain
with state space (x,A). If there exist a non-negative measurable function g(-), a finite set
B e A, and three constants ¢; >0, ¢y >0, and 0 < p <1, such that

Elg(Y) | Y1 =y} < pg(y) —c1, VyéB,

E{g(Yt) | Yiaa =}’} <c, VyeB,

then {Y,} is geometrically ergodic. If {Y}} is initialized from its invariant measure 7, then
it is strictly stationary and B-mixing with exponential decay.

Proof of Theorem 1 By Lemma 1, Lemma 2, and the conditions given in Theorem 1, we
know that {(X;,Z;)} is a u x ¢ irreducible and aperiodic Markov chain. So by Lemma 4
it suffices to show that there exist a non-negative measurable function g(-), a finite set B,
and three constants ¢; > 0, ¢; >0, and 0 < p < 1, such that

E{g(Xt;Zt) | (Xt—ly Zt—l) = (xy l)} =< Pg(x: l) —C1 V(xr l) é B’ (41)
E{g(X0, Z0) | (Xe-1,Zo1) = (,0)} <2, Y(x,0) €B. (4.2)
Let

g(x¢ l) =V x2 +i% = ”;”;1”27

where | - |2 denotes the Euclidean norm, and m = (x,i), x € Z, i € E. Then we have

E{g(X1,21) | (X0, Zo) = (x,0)}
=E{g(p1 0 Xo + £1(Z1), Z1) | (X0, Zo) = (%, i)} = E{g(p1 o x + £1(Z1), Z1) | Zo = i}
<E{|prox+e1(Z1)|, 120 =i} + E{I1 Z1ll1 | Zo = i}
<E{l¢roxli|Zo =i} + E{||er(Z0)|, | Zo = i} + E{1Z1Il1 | Zo = i}
=E{prox|Zo=i}+co
<ax+c+ co,

where ¢y = max;cg(E{|le1(Z1)|l1 | Zo = i} + E{| Z1]l1 | Zo = i}).
Suppose M C Z is a finite set, and K € M. Let
B={(xi):x<K,icE},
a=(p-a)K-c-co,

¢ =aK +c+ ¢y,
where K > (¢ + ¢)/(p — @) and « is a real number satisfying & < p < 1. Then we have

E{g(X1,Z1) | (Xo, Zo) = (x,)}

< px— px+ 00X +C+Co
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<px—[(p-a)x—c—co]

< pgxi)—[(p—a)K —c—co),
therefore (4.1) and (4.2) hold. This completes the proof. |

Proof Since {(X;, Z;)} is geometrically ergodic, there exist a probability measure 7 on (Z x
E,B x H), and a constant 8: 0 < 8 <1 such that V(x,i) € Z x E,

i -t|| p® i -
tl_l)noloﬁ HP ((x, i), ) —7(-) ”t =0. (4.3)
Suppose * is a set function on (Z, B) satisfying

7*(A)=nw(A xE), VAehB,

obviously, 7* is a probability measure on (Z, B). Suppose that {X,} is iterative sequence

generated by (2.1) with initial value X, = x, then Vy € Z, we have

P(X; =y | Xo =)
= ZIP’(X,:y,Zt =j| Xy =x)
jeE
= ZZP()Q =y, Zr=j| Xo =20 = )P(Zo = i | Xo = %), (4.4)
jeE icE
and VA € B,
7*(A)=7(A xE) = ZZ;T(A x JNP(Zo = i| Xo = x). (4.5)

jeEE ieE
Since E is a finite set, then (4.3), (4.4), and (4.5) imply that
tlinolo B P(X, =y | Xo =x)—7*(y)], =0. (4.6)

Then 7* is an invariant probability measure of {X;}, and the uniqueness of 7* can be

deduced from the uniqueness of 7. This completes the proof. g
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