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1 Introduction
In this paper, we consider the polynomials T,(,r'k) (xlaa,...,ar;A1,...,X,) whose generating
function is given by

r [e¢]
1-2; \ Lix(1 - " t"
H(e“ft—kj> 1_et E T (x|611, rar;)\vlwu;)‘-r)at (1)
n=0

j-1

wherer € Zoy, k€ Z,ay,...,a, #0, A,...,Ar #1 and

0 XM
Lig(x) = Z s
=l

is the kth polylogarithm function. T,(,V‘k)(xlal,...,ar;kl,...,kr) will be called Barnes’
multiple Frobenius-Euler and poly-Bernoulli mixed-type polynomials. When x = 0,
T (. aid,.. o h) = TVPOlay, ... a0, ..., 2,) will be called Barnes’ multiple
Frobenius-Euler and poly-Bernoulli mixed-type numbers.

Recall that, for every integer k, the poly-Bernoulli polynomials B (x) are defined by the
generating function as follows:

o]

le(l e ) xt
=) B (x) )

n=0

([11, ¢f [2]). Also, as a natural generalization of higher-order Frobenius-Euler polynomials,
Barnes’ multiple Frobenius-Euler polynomials Hﬁ,r)(xml,...,a,; M,-...,Ay) are defined by
the generating function as follows:

r 1—)\.]‘ 00 " "
Xt _ Frr . —
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where a1,...,a, # 0. Note that the Frobenius-Euler polynomials of order r, HY (x|)1) are

defined by the generating function

1-2Y)\
et -\

oo tw
) er = ZHL’)(xM);
n=0 :

(see, e.g, [3]).
In this paper, we consider Barnes’ multiple Frobenius-Euler and poly-Bernoulli mixed-
type polynomials. From the properties of Sheffer sequences of these polynomials arising

from umbral calculus, we derive new and interesting identities.

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:
o) a
f:!f(t):ZFrk zzke(C}. (4)
k=0 '

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(x)) is the
action of the linear functional L on the polynomial p(x), and we recall that the vector space
operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), {cL|p(x)) = c({L|p(x)),
where ¢ is a complex constant in C. For f(t) € F, let us define the linear functional on P

by setting

@) =a, (n=0). (5)
In particular,

(tk|x”) =n'8,x (n,k>0), (6)

where §,,x is the Kronecker symbol.

For fi.() =Y 1o <L}<’fk> tk, we have (f; (t)|x") = (L|x"). That is, L = f; (¢). The map L > f;(¢)

is a vector space isomorphism from P* onto . Henceforth, 7 denotes both the algebra

of formal power series in ¢ and the vector space of all linear functionals on P, and so an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call F the umbral algebra and the umbral calculus is the study of umbral algebra. The
order O(f(t)) of a power series f(t) (# 0) is the smallest integer k for which the coefficient
of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta series; if O(f(t)) = 0, then
f(¢) is called an invertible series. For f(t),g(¢) € F with O(f(¢)) = 1 and O(g(¢)) = 0, there
exists a unique sequence s, (x) (degs,(x) = n) such that (g(£)f (£)|s,(x)) = n!,,x for n,k > 0.
Such a sequence s,(x) is called the Sheffer sequence for (g(t),f(t)) which is denoted by
5u(8) ~ (D), (2)).
For f(t),g(t) € F and p(x) € P, we have

(f(Og®)p&)) = f(O)IgE)pE)) = [g@)|f )p(x)) 7)
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and

0= O x) =Y (tIp) k, ®)
k=0 k=0

[4, Theorem 2.2.5]. Thus, by (8), we get

k

kp(x) = p and  'p(x) = p(x +7). 9)

Sheffer sequences are characterized in the generating function [4, Theorem 2.3.4].

Lemma 1 The sequence s,(x) is Sheffer for (g(t),f(¢)) if and only if

1 7 =\ sk(y)
1 o 3350 o)
i) g ved

where ]_’ (¢) is the compositional inverse of f (t).

For s,(x) ~ (g(¢),f(¢)), we have the following equations [4, Theorem 2.3.7, Theo-
rem 2.3.5, Theorem 2.3.9]:

S®)su(x) = ns,1(x)  (n>0), (10)
5u() = Z ( (F@) Fayi), (1)
Su(x + J’ ( )s](x)l)n—j(y)’ (12)

where p,(x) = g(t)s,(x).
Assume that p,(x) ~ (1,f(¢)) and g,(x) ~ (1,g(¢)). Then the transfer formula [4, Corol-
lary 3.8.2] is given by

() = x(f 8) ¥ pux) (1= 1),

For s,(x) ~ (g(¢),f(¢t)) and r,(x) ~ (h(¢), [(t)), assume that

n
Sn(x) = Z Cn,mrm(x) (I’l > 0)
m=0
Then we have [4, p.132]

1 [h(f©) =, m
Com = — | ————1(F(t
m!<g(f(t)) (@)

x”>. (13)
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3 Main results

We now note that BY(x), H' (xlay, ..., a5 A1, ..., A,) and TSP (xlay, ..., a5 A1, ..., Ay) are

the Appell sequences for

1-et LY
)= ——, (t) = ,
«O=p oy &0 !‘1[( 1_M)
e =\ 1-et
() = : )
&it) H( Ty )le(l—ef)

j-1

So,
1_ —t
B® (x) ~ =% 4),
Lix(1-e?)

r ait
et —A;
H,(,’)(xml,...,a,;)»l,...,)»,)~( ( ]),t>,
LI\

j=

T,(l"k)(xml,...,ar;kl,...,kr) ~ (

In particular, we have
® d ) ®
tB) (x) = %Bn (x) =nB, (%),
(r) d (r)
tH,” (%|di, ..., @M1, h) = EH” (X|ar,..or@r; Alyens Ar)
= nHi:?l(x|ﬂ1; cees Qs )"17 seey )"r),
- d k)
tT," (xlay, ..., a4 15000 h) = ET,,’ (xlat,...,ar; M, s Ay)
K
= nT,iil)(x|al, e A AL ey ).
Notice that

d _. 1.
d_ le(x) = - le,1 (x).
X X

3.1 Explicit expressions

17)

(18)

(19)

Write HY (a1, ..., dp A, ..o Ar) 1= HY (Olay, ..., @y Ay ..., Ay). Let (n); = n(n=1) - - (n—j +1)

(j > 1) with (n)o =1.
Theorem 1

T,g"k)(xml,...,ar;kl, ce )

n

n
-3 ( )Bg“(x)H;’_),(al,...,a,; Ayeeorhr)

n
ny Lk
= <Z>qu-)1H1(r)(x|“l’""“r?)‘l""’)‘r)
0

(20)

(21)
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n n m . )
= Z(_l)] <Wl) (I’l) kH}(:_)l(dl;.--,ﬂr;)q,...,)\_r)(x_]')l (22)

1=0 m=0 j=0 jJ)\l)(m+1)

n n n-j
S5 ()0

1=0 \ j=l m=0 J

m! ) o
mSz(ﬂ - m)Hj,,(al,...,a,; )"1”"7)";')).?6[ 23)

" (n

= Z (}.)T;Er';‘)(al,...,ur; Ayeeos A o0

j=0

Proof By (1), (2) and (3), we have

. .
tl
T;Elr’k)(y|a17-“)ar;)"11---7)‘4') = <Z Tl(rk)(y|ﬂ1, "rar:)"lr---:)"r),_' xn>
i!
i=0
i 1% \Lik@-e?) |,
Mo ) 1o O
j=1 /
p
1-2 \|Liy(1-¢€*
=<1_[( ait K )‘ k( ¢ )eytx">
. evt — )\ 1-et
j=1 /
r o0
1-2; t
— U (K) (NS m
_< (6“" —)\;‘> 25 U)Z!x>
1

So, we get (20).

We also have

Tr(lr'k)(y|ﬂ1, ey Ay )\1, .. -:)‘-r) =

" /n 00 . £
- (l)BEk)(y)<ZHi()(al,...,ar;kl,...,kr)ﬁ

[e¢] ( k) ti
¥
E T; (y|a1,...,a,;)\1,...,k,)ﬁ

xn—l >

ait ]
eVt — A

r

4 ( 1-X )Lik(l—e‘)eyt

1-et

iy >
— &y
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1=0
n n ,
=2 (I)Hl( Ol
=0
n n .
- (1>H} Ot
I=0
Thus, we get (21).
In [5] we obtained that
Liy(1—e™) - 1 -~ (m
LIV S S | —jn
et ;(m+1)k ].:0( ! j =)

So,
T,g"k)(xml, ey ALy ey Ay)

(1= \Lik(l-e?)
-T1( 5 .
et — )L]‘ 1-et

j=1

n

m=0 j= j=

n

m=0

= Z Z Z(—l)j <r]rz) (};) n _IF l)kH’(:_)l(ﬂl’ R S0 S TR

=0 m=0 j=0

which is identity (22).
In [5] we obtained that

Liy(1-¢!
'-’ar;)\-lwu))\-r) M xn_l
1-et
[o¢] ti
k _
..,a,;kl,.,.,kr)<§ BPE %" ’>
i=0
k
ey hyy. s 2B,

N~ 1 i (M T 1= o
_Z(m+1)k 0( 1)]<]> l(ea/-t_}\j>(x /)
- 1 - (™" ~ (n (r) ) Y
_Z(m+1)k }ZO:( 1)]<]> l=0 (I)Hn_l(ﬂlyu.)ar;)\.l,..‘,)\.r)(x ])

A=),

Lisl—e) (a7 (n AW
kl—e" ’“ =Z(Zm<j)m!52(n—1,m)>x’,

j=0 \m=0

where S,(/, m) are the Stirling numbers of the second kind, defined by

" - ¢
(¢ -1) :m!ZSz(l,m)ﬁ.
l=m

Thus,

T,(f'k)(xml, ey A MLy Ay)

j=0 \m=0 j=

(ST e\ T
-2 (X G (s I
j=1

-2\
e“ft —)\.]>x]
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no [ nj _
(=1 g
= (Z G mSz(n —j,m) Hj()(x|a1,...,a,;kl,...,k,)
=\ (m +
L[ () ! J\ 4,00 !
= Z i IF mSz(n —j,m) Z lH,»_l(al,...,ar;/\l,...,)»r)x
j=0 \m=0 1=0

n

n n '
= 2 (ZZ( 1) I( )()ms (n —j,m)H].(r)l(al,...,ar;)q,...,Ar)>xl,

j=l m=0

which is identity (23).
By (11) with (16), we have

o (322

T 1-x \Lix(l-e®)]|
:(n)j<n(e“it—kj> 1-e? 7
7,k)

j=1

= (n)]<Z Tvl( ' (alﬁ"‘1ar;)\'l)"'))\'}’)._

il
i=0

= (}’l)}'Tf,r_’f)(dl, ey Ay )\1, ooy )\r)
Thus, we get (24).

3.2 Sheffer identity
Theorem 2

n
n
T,S"k)(x+y|a1,...,a,;kl,...,kr) = E < ,)Tj(r'k)(xlal,...,a,;)q,...,)\
- ]
Jj=0

Proof By (16) with

r ait —t
Y — A l1-¢
= 1 ;)\’ PR
Pu(®) 1‘[( — )le(l o T lay ik
j=1 /
:xnw(lxt)x
using (12), we have (25).

3.3 Recurrence
Theorem 3

n+1 (x|a1, A3 ALy ey Ap) = xT,(,r’k)(xml,...,ar;kl,..,,k,)

@
- Z 1—] TU0 (x + ajlay,. ..

-

1 n+1
_71+1Z( I )Bn+1—l

x"7 >

(25)

s k)
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K
x (T, ... @ day oA

T DV ay, .. hy b)) (26)
where B, is the nth ordinary Bernoulli number.

Proof By applying

Sn+1(x) = ( ¢ (t) )f/(t) n( )

[4, Corollary 3.7.2] with (16), we get

g;/",k(t) r
n+1 (x|u1, A My ey Ay) = (x— 240 T,(l K @1, - s Moy Ay).
Now,
g (0)
au = & 0)
= (Z In(e" - ;) - Z In(1-2;) +In(1-e™*) — InLix(1 - et))
=1 =
~ Zr: aje* et ) Lig,(1-e™)
B P iy e Lix(1—et)
i tljeﬂ/t t Li(1- e‘t) —Lig(1 - e‘t)
= + .
S et -2 et-1 tLig(1-e™?)
Since

r .
1-X; \Lix1-e)
(r,k) . _ i k "
Tn (xlal"”’ar’)\'l’”"}\'r)_l_[(eﬂjt_)"l.) l_e_; X

i=1

we have

n+l (x|6l1, 1ﬂr;)"1)u~,)"r)

:xT,(l”k)(x|a1,...,a,;)»1,...,A,)
aje ajt Liy(1-e
Do | (g e
1-2 e“/ edit — 1-et

ot 1_[ 1-2; \Lix(1-e*)—Liz_;1- e*t)xn
el —1 etit — ), tl—et) ’

i=1

Since

Li(1 - &) — Lig1 (1 —e™) (1 1)
= t+---

Zet T}
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is a delta series, we get

1 Lig(1- e‘t) —Lig(1 - e‘t)
1-e?

Lik(l - e‘t) - Lik,l(l - e‘t) "
K =
t(l-e?)

- xn+l'
n+1

Therefore, by

t Ll
o _ lx”” = Bn+1(x) = Z < ! )Brﬁ—llxl;

=0

we obtain

n+l (x|ﬂ1, ,ﬂr;)\‘l,...,)xr)

r

a;
;)\r) - Z—]TH”( (x+ﬂ/|('l1)

rﬂr;)\l’“- 1-x
N

X T(xlay, ..
j=1

r . _ . _
1 H( 1—A,»)le(l—et)—le_l(l—et) t ol
n+1 i etit — ), 1-et et -1

r

a
= xT,S"k)(xlal, v @A hy) — Z ﬁ T LR (x4 ajlay,...,ap, ajhy,. ..,
j=1
1 Ak n+l B
n+1 l -l
1=0
K (rk—
X (T[(r )(x|ﬂ1; ceer Ay )‘vl; LRRS] )‘-r) - T (rk=1) (x|d1, ’ar;)\b e 1)\;"))’
which is identity (26).
3.4 A more relation
Theorem 4
TUR x|y, ..., a M.y Ay)
K
= xT,gil)(x|a1,...,ar;kl,...,kr)
- Z r+1 k)(x + a]lal, »Ary a/';)\-l; Ars )‘-j)
1 " n k
-~ ( Z)Bnl T/ wlay, ..., an . h)
1=0

(r,k=1)
— Tl

(x|ai,...,ar M, . ..,k,)).

Proof For n>1, we have

700 (y|ay, ...

,ﬂr;)hl,...

..,a,;)»l,...,)»,)ﬁ x"

~( 1-2 \Lix(1-e "
= X
ia\eT =) 1-et

t)eyt

,a,,aj;)q, AN
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3 - Aj )le(l—e )ey

! i e - 1-et

(+11( -
)

< " ’ ))Lik(l—e‘) o
e’ j 1-et

j=1

d j Lit(1-e)\ | .

+<,H<eu, ()l

r

le(l —e t)
1-

+

L] e 1 (ateyt) xn—l

Iali Ay )\'1, 7)\'7')

le(l—e)
<( )
Lik(l—e‘t) "
(A )

xn—l >
K1 >

Observe that

r

1-% 1
atlf[(ea,t_kj) ]‘[(1 x)at<7n]_( M)

j=1

: (H, (€5 =)
l—[(l )L) ( ajt _)‘1))2

_ 2je1 @€ [Tiy(e"" = 1)
l_[(l )\) (1—[ l(ea/ )Lj))g

"oaet L 1=
__Zeﬂjt_k,l_[ et — ),

j=1 7 i=1

r : r
_ Z aje’’t 1- k,
= 1-2 %" - edit — )

(2 ) B
. et = 1-et
j=1

r . r . _ _t
_ _Z ﬂ} 1 )\1 1—[ le(l e )e()“r“i)t
— 1-1;\é edit — 1-e¢
j=1
r

1,k
:—ZI_A]T(” y+ajlar,....an @i, .5 A).
j=1

.
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Since

5 (Lik(l - et)> _e!(Liga(1-e™) - Lig(1—e™))

l-et (1-et)?
_ t Lip(1-e?)-Liy(1-e)
Cet-1 t1-e)

and the fact that

Lir1(1-e™) - Lig(1—e™) ( 1 1 )
= t+---

1-et
xn—l>

)»,‘ ) t Ligq(l-e?)-Liy(1-e™) ot

L 1A Lig(1-e*
1—[( ke )<8t i ( et ))eyt
- eY —kj 1-e
<!_1[< -x)et -1 t1—e)
H( 1- A )
j= e% —)\,]‘
1 H( it— A )Likla-e-f)-uku-e-f) o
n\ i\ e -1 1-e?
j=1
1A (n "/ 1-% \Lizgg(1-e?)—Liz(1-e™)
— Bn— ] eyt )
n (l) 1<H(e“/t—kj) l1-e? ¥
=0 j=1

1< (n _
- <Z>B,,_,(Tl("k YOlar, ..o h) = T Olan, ... ar ..o Ay).
=0

is a delta series, we have

xn—l>
%
n

e

1
Llit et

t Lig(1-e?)-Liy(1-e™ ot
4t et -1 l-et

Therefore, we obtain the desired result. O

Remark After # is replaced by # + 1, identity (27) becomes the recurrence formula (26).

3.5 Relations with poly-Bernoulli numbers and Barnes’ multiple Bernoulli
numbers
Theorem 5

n
n+1
ZH)"’”( o )T,E:'“(al,..‘,ar;xl,...,m

m=0

n !
I\ (n+1 .
=33 (m> ( . 1)355-“11;_),(41, A Ay A, (28)

=0 m=0
xn+1>

Proof We shall compute

<]‘[(61[—_A’%) Lig(1-e)

j1
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in two different ways. On the one hand,

<H<L>le(l e >

j<1 -

_ . 1_)‘-j Lik(l_e_t) —t\ ,a+1

_<!;[<eﬂjt—)\'j> 1—et (l_e )x >

=< ) (x 1)n+1>
1

) " n+l s r 1—)tj Lik(l—e_t)
_r;< m )(_1) <l,_[<eajt—)»j> 1_et

j=1

n
n+1
= ( )(—1)""@5,:’“(@,...,@; Myever )
m=0 m

r
H 1-2
eyt — )

j=

le(l
1-et

1

On the other hand,

HEEAR

j=1

xn+l>
- 1- )‘/‘ n+l
l_[ ea/t — A x

j=1 /

=<Lik(1—e_)| y,+1(x|6l1; ,ur;kl,...,k,))

t
</ (Lic(1- ds‘ ) xlal,...,ar;kh...,k,)>
0

= <Lik(1 -e’)

¢ L
:</ e k 1 ‘ n+1(x|ﬂ1, ,ar;)\.l,.--,)\'r)>

0 —e

¢/ 0o pk-1)

- B
f ( E ﬂ) ( E LN ) ds Hf,il(xml, ,a,;kl,...,k,)>
0 . ! m!
j=0 m=0

1l
—_— —

o0 )
Z (—l)l‘m( ! )ng‘l) l/ s'ds|H
1=0 \m=0 m o

n+1(x|ﬂ1; )ar;)\-bu';)\'r)>

(U (las s, 00)

n [ l B(k—l)
= (_l)l_m( > (l’l + 1)l+1H [(al) < Ars )\vlru';)"r)

P m/ ([+1)!
A [\ (n+1

- (_1)1-*"(m (l+I)Bg-”H,ﬁ’_)l(al,...,a,;,\l,...,xr).
=0 m=0

Here, H,(f_)l(al,...,a,;)q,. Ay) = H Z(Olal, ©»dr M. Ar). Thus, we get (28).
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3.6 Relations with the Stirling numbers of the second kind and the falling
factorials
Theorem 6

TUR (xlay, ..., ar A, by

n n n
= Z(Z (1)52% )Ty @,y b, ..,xr)) ®)m- (29)
m=0 \[/=m

Proof For (16) and (x),, ~ (1,€' — 1), assume that

n
T,(f'k)(xml, ey O My A) = Z Crm (%) -

By (13), we have

1 1 t mi| n
Cn,m = % at_, . - 1) X
. r (€ 1—e~
1_[] 1( 1-2j - Lig(1-e7t)
1[5/ 1-% \Likl-eD]|, , m,
=%<H(e“/t—)v) l-et (¢ 1)
j=1 /
1 [+~ ( 1-% \Liz(1-e™) ' - i
= %<!:1[(ea/t_)\l) 1—67t m.;SZ(ljm)Ex
i 1-% \Lix(l-e?)]|
- <l>52(l m)<]_[<ea,¢_kj> |
l=m
=Z<l>52(l I’Vl)T —l (alr :ﬂr;)"ln'w}“r)'
l=m
Thus, we get identity (29). O

3.7 Relations with the Stirling numbers of the second kind and the rising
factorials
Theorem 7

T,(f’k)(xml, s Ap3 Ay ey Ar)

:Z<Z(1>52(l T, .. ’ar;/\b--ukr))(x)(’”). (30)

m=0 \l[=m

Proof For (16) and (x) = x(x+1)--- (x + n—1) ~ (1,1 —e7*), assume that Ty(,r’k) (xlay,...,an
Moo Ar) = Dm0 Crm(®)™). By (13), we have
x">

(¢ -1) mx”>

1 1
Cn,mz_‘
m. ]—[ l(ef )L, l-et
J=

1-4; /Liz(1-e7?)

1 1_[ 1-2 Lik(l—e")e_mt
m! g €4t — 1 l1-et

(1-c)"
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_ <’;>52(z, m)<e-’"f

I=m

~( 1-2 \Lik(l-¢€?) ,
[T = o
. eVt — A 1-¢t

j=1

n n .
<Z)Sz(l, m)e™ | TV (xlar, ..., @y 7,0 hy)

~

3

- (7)52(1 m) T mla, ..., anh,. o h).

I=m

Thus, we get identity (30).

3.8 Relations with higher-order Frobenius-Euler polynomials

Theorem 8

T;erk)(x|al) e Ay; )\'b ee 1)\'}“)

- Z(% > <;>(—A)S‘1TL”2(Z|al, RN XY S .,A,))Hf,;)(xu).
m=0 =0

Proof For (16) and

HO (x[3) ~ ((elt__i”) ,t),

assume that 79 (x|ay, ..., @i hy .. A)) = Yo Cn,mH,(Z)(xI)L). By (13), we have

o o (1 T2
' 1-2 A) l-et

1 (s "/ 1-x \Lig(1-e™)
- _)\‘ s=1[ It ]
(1= 1) (1)( ) <e E(W_)\j) 1_et

t’”x">
1- )\ Lir(1 - e_t)xn—m
€4t — 1 1-¢

) S lTn (k) l|ﬂ17 7ﬂr;)\1,...,)»r).

I
[=}
/\
~

Thus, we get identity (31).

3.9 Relations with higher-order Bernoulli polynomials
Bernoulli polynomials %Ef)(x) of order r are defined by

t rxt o] %gﬂ)(x) .,
(ef—l)e :Z n! g

n=0

(see, e.g, [4, Section 2.2]).

(31
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Theorem 9

T,(f’k)(xlal, R ) SRRy W

Z( ) Z & S(l+s,s)Ty(,r’m (@i, ) | B (). (32)

m=0 1=0

Proof For (16) and

o (%))

assume that 7% (x|ay, ..., @i hay ..o Ay) = o nm%(s (x). By (13), we have

c e — 1-4 Lik(l—e‘t)tmx
] t —A, 1-et

n

n IL[ 1-2 Lit(1—e?) | /e —1\° o
- X
m)\+ eyt — A 1—et P
j=1
T/ 1-x; \Lix(1- nm
= (n)< ( ait : ) lk( e l+S,S)tl n-m
m » et — )"j —et
J=1 1=0
n-m 1 r 'y Liv(1— et
(") s 550 | [ (o ) L=
m (I +5)! LI\ et - )y 1_et
1=0 i1
" n-m ! »
= ( )Z Soll +5,8)(n—my TN (... arihay. i)
mj) = ([ +s)!
n-m (n—-m
) <n> (l+s)52(l+s’ ) n—m— l(ﬂl’ R Y STy W
m) s ()
Thus, we get identity (32). -
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