Wu Advances in Difference Equations 2014, 2014:86 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2014/1/86 a SpringerOpen Journal

RESEARCH Open Access

Hyperchaos synchronization of memristor
oscillator system via combination scheme

Ailong Wu"

“Correspondence:
hbnuwu@yeah.net

College of Mathematics and
Statistics, Hubei Normal University,
Huangshi, 435002, China

Institute for Information and System
Science, Xi'an Jiaotong University,
Xi'an, 710049, China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, a hyperchaotic memristor oscillator system is introduced. A new type of
synchronization design is proposed to achieve combination synchronization among
three different memristor oscillator systems. This all-new control technique can be
applied to the general nonlinear systems. The theoretical analysis is verified with
numerical simulations showing excellent agreement.
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1 Introduction

In recent years, lots of memristor oscillator systems have been used with the purpose of
generating signals which are found in radio, satellite communications, switching power
supply, etc. [1-10]. By using a passive two-terminal memristor, the memristor oscillator
can be fully implemented on-chip with some simple circuit elements. Memristor oscillator
systems are good to be used for developing memristive devices and memristive comput-
ing. The non-volatile memory of memristor oscillator system has tremendous potential
in the dynamic memory and neural synapses [4]. Furthermore, the property can provide
us with new methods for high performance computing. Along with the widening of mem-
ristor applications, it is necessary to do some deep and detailed research on the related
nonlinear dynamics [11-13]. Nonlinear dynamics of memristor oscillator systems is ex-
traordinarily complex [1-4, 6, 8, 10]. Chaotic behavior, sequence of period-doubling bi-
furcations, inverse sequence of chaotic band, and intermittent chaos are found in various
memristor oscillator systems [1-4, 6, 8]. It should be emphasized that hyperchaos with
more than one positive Lyapunov exponents has always been a research focus in the fields
of lasers, nonlinear oscillators, nonlinear control, secure communication, and so on. Can
we design a hyperchaotic memristor oscillator system and investigate its hyperchaotic dy-
namics? Apparently, this problem is not only of theoretical issue but also a problem of tech-
economy as regards electronic circuits. At present, there is little literature on this topic.
Based on this consideration, this paper will make a contribution in the context of hyper-
chaotic memristor oscillator system. In this paper, a fourth-order hyperchaotic memristor
oscillator system is systematically illustrated.

Chaotic behavior may be unpredictable, uncoordinated, and constantly shifting under
many circumstances. Because of this, chaotic dynamics, synchronization of coupled dy-
namic systems, and secure communications are always some hot research fields [11, 14—
47]. Thus, chaotic systems and the related chaos synchronization problems are important
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and challenging. By considering linear or nonlinear observers and designing suitable syn-
chronizing signals, a mass of synchronization schemes are developed, such as complete
synchronization [11, 14-18], anti-synchronization [19-24], phase synchronization [16,
25-27], lag synchronization [17, 28-36], projective synchronization [17, 37-45], com-
bination synchronization [46, 47]. In the conventional drive-response synchronization
schemes, there is just one drive system and one response system. This type of synchro-
nization scheme can be viewed as one-to-one system design and implementation. One-
to-one system design and implementation would seem singularly unsuited in many fields
of engineering application. In reality, the transmitted signals in secure communication via
one-to-one system design and implementation are less vulnerable to malicious attacks and
decoding. In many cases, we need to split the transmitted signals into several parts, and
then different drive systems load different parts. Therefore, a natural and interesting ques-
tion is whether we can design some novel synchronization schemes between multi-drive
systems and one response system, or between multi-drive systems and multi-response
systems? And no matter what the theories say, or what the actual engineering aspects are,
these questions are definitely worth exploring. For this reason, based on the combination
synchronization in [46, 47], our other objective in this paper is to study the hyperchaos
synchronization between two drive memristor oscillator systems and one response mem-
ristor oscillator system. The analysis framework and theoretical results in this paper may
play an important role in designing memristor oscillatory circuits, sensitive control sys-
tems, and signal generation, etc.

Motivated by the above discussions, in this paper, we first introduce and study a hyper-
chaotic memristor oscillator system. Then we propose a new type of hyperchaos combi-
nation synchronization scheme based on two drive systems and one response system. The
generalization of synchronization scheme will provide a wider scope for engineering de-
signs and applications. Finally, numerical simulations demonstrate the effectiveness and
feasibility of the proposed control scheme. The proposed method in this paper can be
applied to the general nonlinear systems.

2 Preliminaries
In this paper, consider a fourth-order memristor oscillator system with its dynamics de-
scribed by the following equations:

@(t) = (),

() = ﬁvz(f) - ﬁvl(t) + C%Vl(t) - C%W(fﬂ(t))Vl(t),
n(t) = ﬁw(t) - ﬁvz(f) + C%Z(t),

0t) = -Lwn(t) - (),

@

where v;(£) and v,(¢) denote voltages, C; and C, represent capacitors, W(g(t)) is mem-
ductance function, Ry and R, are resistors, ¢(t), £(¢), L and G are magnetic flux, current,
inductor and conductance, respectively.

Using the mathematical model of a cubic memristor [1, 2, 8], the memductance function
is given by

W(p(t) =a+ 3bo(t)%, (2)

where a and b are parameters.
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Figure 1 Dynamics of Lyapunov exponents from Dynamics of Lyapunov exponents
the fourth-order memristor oscillator system. |

Lyapunov exponents

time

Figure 2 3D Projection of the hyperchaotic
attractor from the fourth-order memristor
oscillator system, x11 vs. Xq2 VS. X13.

From (1) and (2), it follows that

@) =n(?),
vl(t)=ﬁw(t) ClRlvl(t)+ En) - &ne) - 2o ni(@),

3
V2(t) CoR1 Rl Vl(t) CzR VZ(t) + Zg(t)’ ( )
£(8) = —Fva(8) = B2€(0).
By merging similar items,
¢(t) = Vl(t))
() = C#le(t) ~lgx — &+ EMO - Zo@)*n(0), @

VZ(t) CoR1 Rl Vl(t) C21R1 VZ(t) + C%Z(t),
0t) = -Lva(t) - 2202

Let x11(2) = o(t), xlz(t) =n1(£), x13(t) = Vz(t) x1a(t) = £(t), o = ﬁ, a = ﬁ - Cgl + &
3b

1 1
a3 =&, 04 = Gps 05 = C Qe =1,07 = L , then (4) can be rewritten as
X11 = X125
. 2
X12 = 01X13 — 02X12 — O3X71X12,

(5)

X13 = 0gX1p — 0gX13 + O5X14,

X14 = —UeX13 — U7X14.

Choose parameters o) = 16.4, oy = =3.28, @3 =19.68, s = 1, a5 = 1, g = 15, 7 = 0.5,
the initial state x11(0) = 0.01, x15(0) = 0.01, x13(0) = 0.01, x14(0) = 0.01, by means of a com-
puter program with MATLAB, the corresponding Lyapunov exponents of system (5) are
0.350741, 0.013755, —0.008567, —7.812913. The numerical result is shown in Figure 1,
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Figure 3 3D Projection of the hyperchaotic memristor attractor: 3D projection
attractor from the fourth-order memristor
oscillator system, x11 Vs. X12 VS. X14.

Figure 4 3D Projection of the hyperchaotic ; memristor attractor: 3D projection
attractor from the fourth-order memristor
oscillator system, x11 Vs. Xq3 VS. X14.

Figure 5 3D Projection of the hyperchaotic memristor attractor: 3D projection
attractor from the fourth-order memristor
oscillator system, x13 Vs. X13 VS. X14.

where the first two Lyapunov exponents are positive. Clearly, it implies that memristor

oscillator system (5) is hyperchaotic. Figures 2-5 describe the hyperchaotic attractors.

Remark1 Although various chaotic memristor oscillator systems have been analyzed ex-
tensively in recent years, the hyperchaotic memristor oscillator system is rarely reported
and investigated directly. However, the memristor oscillator system (5) achieves hyper-
chaotic characteristics. Thus, hyperchaotic memristor oscillator system (5) is important

for our understanding of the hyperchaotic memristive system.

Now we introduce the scheme of combination synchronization that is needed later.

Consider the first drive system

X1 =h00). (6)

The second drive system is given by

X2 = fa(x2)s (7)
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and the response system is described by

X3 = f3(x3) + u(x1, X2, X3)» (8)

where state vectors x1 = (11, X12,-- > X1n)Lr X2 = (X21, X220+ > X2n) 15 X3 = (X531, X325+ -+
x3n)T, vector functions £i(-), (), f3(-) : MW" — R, ulx1, x20 x3) = (w1, b, ..., u,) T + R x
MR x -+ x R — R is the appropriate control input that will be designed in order to

obtain a certain control objective.

Definition 1 The drive systems (6), (7), and the response system (8) are said to be com-
bination synchronization if there exist #-dimensional constant diagonal matrices A;, Aj,
and A3z # 0 such that

lim |le|| = lim ||A1 X7 + Ay Xy —A3X3] =0, 9)
t—>+00 t—+00
where || - || is vector norm, e = (e, ey,...,e,) is the synchronization error vector, X; =

diag(x11, X125 -+ > X1n)» X2 = diag(xo1s X225+ +» X2n)» X3 = diag(xa1, X325+ -5 X3n)-

Remark 2 In Definition 1, matrices A;, Ay, and Aj are often called the scaling matrices.
The scheme of combination synchronization is an improvement and extension of the exist-
ing synchronization schemes in the literature. When the scaling matrices A; =0 or A; = 0,
the combination synchronization will degrade into complete synchronization. When the
scaling matrices A; = A, = 0, the combination synchronization will change into chaos con-

trol.

3 Synchronization criteria

In this paper, consider system (5) as the first drive system and the second drive system is

given by
X21 = X22,
. 2
X2 = Bz — Baxaa — Baxy %02,
. (10)
X23 = Baxas — BaXasz + PBsxoa,
K24 = —Bexa3 — Prxaa,
the response system is described by
X31 = X3 + Uy,
. 2
X32 = V1X33 — Y2X32 — V3X31X32 + Uy, (11)

X33 = YaX32 — YaX33 + V5X34 + U3,
X34 = —VeX33 — V7X34 + Ua,

where B1, B2, B3, Bar Bss Bes B75 V1» V25 V35 Ya» Vs, Ve, and y; are parameters, uy, Uz, Uz, Ua

are the appropriate control inputs that will be designed.
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In our combination synchronization scheme, let A; = diag(ay, d12,d13,a14), Az =

diag(agi, azs, as3, asa), Az = diag(asy, asy, ass, asa), thus

€1 = dnXi + dnX — A31x31,

€2 = d1X12 + d2X2) — dA32X32,

(12)
€3 = d13X13 + d23X23 — A33X33,
€4 = A14X14 + A24X24 — A34X34.
Obviously, we have
€1 = dnXxn +dnxn — as3xsi,
€3 = d12X12 t+ A2X22 — A32X32, (13)

€3 = d13X13 t d23X23 — A33X33,

€4 = A14X14 T A24X24 — A34X34.

Combining with (5), (10), and (11), then the synchronization error system (13) can be
transformed into the following form:

é1 = anXiy + anXy — az (¥ + uy),
ey = app(1xi3 — aaXip — Olsx%lxu) + ag(Bixaz — Paxon — 5396%1?622)
—ax(y1xs3 — yaxsy — stglxsz + ),

. (14)
3 = aiz(axiy — aaXis + asx14) + a3 (Baxog — BaXoz + Psxoa)
— a33(YaX3p — YaX3s + Y5¥34 + Us),
4 = a1a(—aeX13 — a7%14) + doa(—Pe%os — BrXoa) — A3a(—YeX33 — Y7¥3a + Ua).
Theorem 1 If the controller is chosen as
_ 1
uy = a3 [an (xn + X12) + a1 (%21 + X22) — d31(X31 + X32) + d12X12 — A1aX1a
+ AaXon — A2aXos — A30X3) + A34%34],
1
Uy = @[dlz lonx13 + (1 — @2)x12 — 33 1]
+ g [Bixaz + (1 — Ba)xaz — Bax31%2]
—az[yixss + (1 — y2)x3 — V3x§1x32] —anxn + aizxi3 — dziXx21
+ dy3Xo3 + A31X31 — A33X
23%X23 31431 33%33], (15)

é [a13[oaxy + (1 — otg)x13 + osx1a] + @z Baxar + (1= Ba)xaz + Bsxaal
—azlyaxsy + (1 - ya)xss + ysx34] — arx12 + @raxia
— A% + A2aXos + A3X3) — A34X34],

Uy = ﬁ [@14(—a6x13 — a7%14) + A2a(—PeX23 — P7%24)

— a3a(—YeX33 — Y7X34) + A1¥11 — A13X13

+ AuXia + A21X01 — A23%23 + AaXp4 — A31X31 + A33%33 — A34%34],

us

then the driven systems (5) and (10) will achieve combination synchronization with the
response system (11).

Proof Choose the following Lyapunov function:

1
V(e(t)) = V(e e e3,€4) = 3 (e +e5 +e3+€3). (16)

Page 6 of 11
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Calculating the upper right Dini-derivative D* V' of V along with the trajectory of system
(14), we have

D'V =ejé] + exéy + e3e3 + €484
=é [ﬂuxu +anXyn — az(x3 + M1)] t+é [6112 (0619613 — X102 — 05396%17512)
+ a (B1xas — Parar — Baxa 22) — azz (yixss — yaXsy — Vaxaysy + ) |
+ es[as(axiy — Xz + asx1a) + dz(Barns — Pakns + Psxoa)
— az3(yaXs — YaXs3 + VsK3a + Ms)]
+ eq[ara(—aex1s — a7x1a) + aza(—Boxas — Pra)

— aza(—Yex33 — Yr¥sa + Ua) |- (17)
Substituting (15) into (17), then

D'V =¢ [—(ﬂnxu +an1x1 — azxs1) — (@112 + Ao — A32X32)
+ (a1a%14 + Az4%04 — 61349634)]
t+é [—(ﬂlzxu + dgoXoy — A3¥37) — (A13%13 + A23X23 — A33%33)
+ (@anxn + agx — a31x31)]
tés [—(ﬂlsxls + d3X23 — A33X33) — (A14X14 + A2aX24 — A34%34)
+ (a1a%12 + axnxy — ﬂszxgz)]
+és [—(ﬂ14x14 + A4 — A3a%34) — (An1X11 + A21%01 — A31%31)
+ (@13%13 + Az3%03 — 51339633)]
=ei(—e1 —ex+es) +ex(—exy—e3+e1) +es(—e3—es +e) +ea(-es—er +e3)

_ T, (18)

where e = (31, €3, €3, €4, eS)T'

Let ¢ > 0 be arbitrarily given, integrating the above equation (18) from 0 to ¢, then

/0 e(s)]|* ds = /0 ~Vds = V(e(0)) - V(e()) < V(e(0)),

where || - || is the Euclidean vector norm.
According to Barbalat’s lemma, we have ||le(¢)||> — 0 as t — +00. Hence, (e, €3, €3, €4) —
(0,0,0,0) as t — +oo. It implies that the driven systems (5) and (10) can achieve combi-

nation synchronization with the response system (11). The proof is completed. (]

Next, some corollaries can be directly derived from Theorem 1.
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Corollary 1 Ifthe controller is chosen as

u = ul; [an (x1 + X12) — as1 (%31 + X32) + d1oX12 — A1aXia — A32X32 + A3a%34],

U = é[dlz [a1x13 + (1 — ag)x12 — Olsxflxlz] —ag[yixss + (L —ya)x3 — J/sx%lxsz]

—anXi + a13X13 + dzx31 — A33X33),

Us = %[ﬂls [axry + (1 — a)xis + asia] — ass[yvaxss + (1 — ya)Xss + ysx34]

— A12%12 + A1aXia + A32X3) — A34%34],
1
Ug =0 [a1a(—aeX13 — a7%14) — Aza(—VeX33 — V¥7%34) + A1X1L — A13%13 + A1aX14

— Az1%31 + A33%33 — A34%34],

then the driven system (5) will achieve complete synchronization with the response system
(11).

Corollary 2 Ifthe controller is chosen as

U = “1; (@1 (xa1 + %02) — @31 (X31 + X32) + A22%02 — AnaXng — A32X32 + A34X34],

Uy = é [a22[Brxas + (1= Bo)xaa — Bax3%02] — asa[y1%33 + (1 — y2)x32 — Y3%3,%32]
— anXy) + A3Xr3 + A31%31 — A33X33),

usz = é[ﬂzs[ﬁzﬂzz + (1= Ba)xas + Bsxoa] — azz[yaxsy + (1 - ya)xsz + ysx34]
— daXoy + AaXog + A32X3) — A34%34],

Uy = $ [@24(—Bex23 — Brx2a) — @za(—VeX33 — V7%34)
+aXo1 — A23%23 + AnaXa4 — A31X3] + A33X33 — A34%34],

then the driven system (10) will achieve complete synchronization with the response system
(11).

Corollary 3 Ifthe controller is chosen as

u = é [—as1 (31 + X32) — A30%32 + A34%34],

1
Uy =~ [—as[y133 + (1 — y)oz0 — )/396?,19632] + dgiX31 — d33¥33)],
Us = ﬁ[—ﬂss[mxsz + (1 — ya)x33 + Y5%34] + dzo%32 — A34%34],

1
Uy =7 (—asa(—Vex3s — y7%34) — A31%31 + A33%33 — A34X34],

then system (11) is asymptotically stabilizable.

Remark 3 The results obtained in Theorem 1 and Corollaries 1-3 either yield new, or
extend, to a large extent, most of the existing results. To the best of our knowledge, few
authors have considered synchronization control of the hyperchaotic memristor oscillator
system. In fact, the control design of hyperchaotic memristor oscillator system is necessary

and rewarding, in order to understand the memristive dynamics.

4 An illustrative example
In this section, a numerical example is given to verify the feasibility and effectiveness of
the proposed control technique via computer simulations.

Assuming that parameters oy = 1 = 1 = 16.4, a3 = B3 = y» = -3.28, 03 = 3 = y3 = 19.68,
as=Pa=ya=1a5=P5=v5=1, a6 = B6 = V6 = 15, a7 = B7 = y7 = 0.5, the scaling matrices
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Figure 6 Time response curve for synchronization error e
. . 15
synchronization error ej.
- 1r
5
|
x&
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0
0 1 2 F 5 6 7 8
time
Figure 7 Time response curve for synchronization error e,

synchronization error e;.

5 6 7 8
Figure 8 Time response curve for synchronization error e,
synchronization error es.
3 4 5 6 7 8

Ay = diag(ay1, a1z, 413, ana) = diag(1,1,1,1), Ay = diag(aa, a2», a3, a24) = diag(1,1,1,1), Az =
diag(as, asy, as3, ass) = diag(1,1,1,1), the controller is chosen as

Uy =11 + 2013 — X14 + X1 + 2000 — X4 — X31 — 233 + X34,

Uy = 17.4013 + 4.28x15 — 19.68x% k12 + 17.4093 + 4.28%32 — 19.68x3, %27
—17.4x33 — 4.28x37 + 19.68x3 32 — 11 — X21 + X31,

Uz = 2X14 + 2X04 — 2X34,

Ug = X11 — 16?613 + 0.59614 + Xo1 — 169623 + 0.53624 —X31 + 169633 - 0.5?634,

according to Theorem 1, then the driven systems (5) and (10) will achieve combination
synchronization with the response system (11). Figures 6-9 depict the time response of
the synchronization error e = (ey, ey, €3, es)T.

It is worth pointing out that the result in the above numerical example cannot be ob-
tained by using any existing results.
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Figure 9 Time response curve for synchronization error e,
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synchronization error e;.
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5 Concluding remarks

This paper has introduced a hyperchaotic memristor oscillator system and presented a
novel control method using combination scheme to drive two memristor oscillator sys-
tems to synchronize one response memristor oscillator system. The resulting hyperchaos
synchronization via combination scheme is also verified by computer simulations. It is
believed that the derived results and analytical techniques have great potential in control-
ling various hyperchaotic systems and hyperchaotic circuits, which open up a wide area
for further research of chaos and hyperchaos memristive dynamics.
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