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1 Introduction
Let N, Z, and R denote the sets of all natural numbers, integers and real numbers, re-
spectively. For a,b € Z, define Z(a) = {a,a +1,...}, Z(a,b) = {a,a +1,...,b} whena < b. -*
denotes the transpose of a vector.

Consider the following 2nth-order difference equation containing both advance and re-
tardation with ¢-Laplacian of the type:

A" (rk_n¢(Aan_1)) = (_l)nf(kr Ules1, Uk, Z'lk—l)! keZ, (11)

where n € Z, A is forward difference operator defined by Auy = up1 — up, Ay =
A(A" ), ¢ € C(R,R) satisfied ¢(0) = 0, f € C(Z x R3,R), rx > 0 for each k € Z, {ry} and
{f (k,v1,v5,v3)} are T-periodic in k and T is a given positive integer.
In this paper, given positive integer 1, we will study the existence of mT -periodic solu-
tions for (1.1). As usual, such a mT -periodic solution will be called a subharmonic solution.
We may think of (1.1) as a discrete analog of the following 2nth-order functional differ-

ential equation:

ar
dr”

[r(t)q’) (d’ZV(f) )} = (-1)"f (&, u(t + 1), u(t),u(t -1)), teR (1.2)

Equations similar in structure to (1.2) have been studied by many authors. For example,
for the case where ¢(x) = x, n = 1, Smets and Willem [1] have considered solitary waves
with prescribed speed on infinite lattices of particles with nearest neighbor interaction for
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the following forward and backward differential difference equation:
Au'(t) = V' (u(t +1) - u()) - V' (u(t) —u(t - 1)), teR.

For the case where ¢(x) = [x[P~2x, p > 1, n = 1, Wang [2] has studied the existence of positive

solutions of the equation
(|u’ |p72u/)/ +at)f(u)=0, teR.

For the case where ¢(x) = |x|?~2x, p > 1, n = 2, Agarwal, Lu, and O’Regan [3] have studied
the existence of positive solutions of the equation

(|u// |P—2u//)// _ }\‘q(t)fv(u), teR.
For the case where ¢(x) = ﬁ, n = 1, Bonheure and Habets [4] have studied classical and
non-classical solutions of a prescribed curvature equation

—(\/%) —)f(t,u), teR.

In recent years, many authors have studied the existence of periodic solutions of differ-
ence equations. To mention a few, see [5-8] for second-order difference equations and [9,
10] for higher-order equations. Since 2003, critical point theory has been employed to es-
tablish sufficient conditions on the existence of periodic solutions of difference equations.
By using the critical point theory, Guo and Yu [11-13] and Zhou et al. [14] established
sufficient conditions on the existence of periodic solutions of second-order nonlinear dif-
ference equations. In 2007, by using the Linking Theorem, Cai and Yu [15] obtained some
criteria for the existence of periodic solutions of the following equation:

N (1N upn) +f (ko ur) =0, ke Z, (1.3)

for the case where f grows superlinearly at both 0 and co, where n € Z(3). In 2010, by
using the Linking Theorem and the Saddle Point Theorem, Zhou [16] extended f in (1.3)
into sublinear or asymptotically linear and improved the results of [15] when f is super-
linear. In particular, a necessary and sufficient condition for the existence of the unique
periodic solution of (1.3) is also established in [16]. In 2013, by using the Linking Theo-
rem, Deng [17] provided some sufficient conditions of the existence and multiplicity of

periodic solutions and subharmonic solutions of the following equation:
A" (ricnpp (A" wir)) = (“1)"f (K, thiear, iy ur1),  k € Z, (1.4)
where 1 € N, ¢, is the p-Laplacian operator given by ¢, (#) = |u|P~>u (1 < p < 00) and where

f satisfies some growth conditions near both 0 and oco. In 2012, Mawhin [18] considered

T -periodic solutions of systems of difference equations of the form

Ap[Autk —1)] = v F[kuk)] + h(k), keZ, (1.5)
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under various conditions upon F: Z x R" — Rand h:Z — R", wheren € Z, ¢ = y®, in
which @ : R” — [0, 00) is continuously differentiable and strictly convex, satisfies ¢(0) = 0
and is a homeomorphism of R” onto the ball B, C R" or of B, onto R". By using direct vari-
ational method, he gave sufficient conditions for the existence of a minimizing sequence
for the case of coercive potential, or some averaged coercivity conditions of the Ahmad-
Lazer-Paul type adding the nonlinearity satisfies some growth conditions, or the convex
potential. Using the Saddle Point Theorem, previously obtained results are extended to
the case of an averaged anticoercivity condition in [18]. However, the results on periodic
solutions of higher-order nonlinear difference equations involving ¢-Laplacian are very
scarce in the literature. Furthermore, since (1.1) contains both advance and retardation,
there are very few works dealing with this subject; see [10, 19]. The main purpose of this
paper is to give some sufficient conditions for the existence and multiplicity of periodic
and subharmonic solutions of (1.1). Particularly, our results generalize the results in the
literature [17, 20]; see Remark 3.4 and Remark 3.5 for details.

2 Preliminaries

Throughout this paper, we assume that,

(F1) there exists a functional F(k,v1,v,) € C1(Z x R?,R) with F(k,vi,v,) > 0 and satisfies

F(k + T,vi,v2) = F(k,v1, 1),

oF(k—1,vo,v3) OF(k,v1,v2)
+
81/2 81/2

Zf(k, Vi, V2, V3)'

In this section, we first establish the variational setting associated with (1.1).

Let S be the set of all two-sided sequences, that is,
S= {u ={ur}|lur € R,k € Z}.

Then S is a vector space with au + bv = {auy + bvi} for u,v € S, a,b € R. For any fixed

positive integer m and T, we define the subspace E,, of S as
E,= {M = {uk} € S|uk+mT = Mk,k € Z}

Obviously, E,, is isomorphic to R”T and hence E,, can be equipped with the inner prod-

uct (+,+) and norm || - || as
mT
(u,v) = Z uvj, u,vekE,,
j=1
and

mT 2
||u||:<zuf> . u€kp,.
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On the other hand, we define the norm | - ||, on E,, as follows:

mT %
laell = { Y lgl?)
j=1

for all u € E,, and g > 1. By Holder’ inequality and Jensen’ inequality, we have

2
lulls < llully < (mT) % ful, 1=q<2,

2
(mT) 2 Nullz < llullq < llul2, 2=gq.

Let
2-q
1, 1<g<2, (mT)2, 1<qg<2,
dl,q = ﬂ dzvq =
(MT) 2, 25(], 1, 2§q
Therefore,
dl,q”u”Z = ”u”q = dz,q”MHZr ue Em' (2'1)
Clearly, ||u|| = ||u||2. For all 4 € E,,, define the functional / on E,, as follows:
mT mT
J@) =) rea (A w) = Y Flk ugan, ), (2.2)
k=1 k=1
where

@(u):/o P(s)ds

is the primitive function of ¢ ().
Clearly, ] € C}(E,, R) and for any u = {uy}xez € E, by using uj = Uyt for j € Z(0,mT —

1), we can compute the partial derivative as

a
B_I/{k = (=1)" A" (rn (A" k1)) = f (K thiert, s 1)

Thus, u is a critical point of / on E,,, if and only if
A" (rion (A upr)) = (<1)"f (&, tiear, uro tgmr), k€ Z(L, mT).

Due to the periodicity of u = {ux}rez € E,y and f(k,v1,vo,v3) in the first variable k, we
reduce the existence of periodic solutions of (1.1) to the existence of critical points of J

onkE,,.
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Let M be the mT x mT matrix defined by

2 -1 0 0o -1

-1 2 -1 0 0

o -1 2 0 0
M =

0 0 0 2 -1

-1 0 0 -1 2

By matrix theory, we see that the eigenvalues of M are
% .
Aj=2(1-cos— ), j=0,1,2,....mT -1
mT
Thus, Ao =0, A1 >0,A3>0,..., A,;7—1 > 0. Therefore,

2
Amin = Min{Ay, Ag, .., A1) = 2<1 —Cos —),
mT

4, when mT is even,

2(1 +cos -1.), when mT is odd.

)Lmax = max{)q, )\2, ey )\mT—l} = {
mT

For convenience, we identify u € E,, with u = (u1, uy, ..., th7)". Let
Ep={u= (w1, 12, ..., t07)" € E| A" ;= 0,j € Z(1, mT)}.
Then
En={u€Ey|lu={a},acR}

Let E,, be the direct orthogonal complement of E,, to E,,ie,E,=E,® E,,,

For u = (i1, U, ..., ur)™ € E,p and x = (A" Yy, A" Vuy, ..., A" u,), we have
mT ) % mT ) % (1-1)q
g = | D (A" Puen = 2 w)” | < | hax D (A P4)” | < hmat Nulld. (2.3)
k=1 k=1

For u = (1, U, ..., yr)* € E,p and x = (A Vg, A" Vuy, .., A" V)™, we have

mT ) % mT 5 % (1-1)q
llll3 = [Z(A”‘zuk+1—A”‘2uk):| > [AminZ(A"‘zuk)} > lullf  (2.4)

k=1 k=1

Let H be a Hilbert space and C'(H,R) denote the set of functionals that are Fréchet
differentiable and their Fréchet derivatives are continuous on H. Let J € C'(H,R). A se-
quence {x;} C H is called a Palais-Smale sequence (P. S. sequence for short) for J if {J(x;)}
is bounded and J'(x;) — 0 as j — oco. We say J satisfies the Palais-Smale condition (P. S.

condition for short) if any P. S. sequence for / possesses a convergent subsequence.

Page 5 of 14
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Let B, be the open ball in H with radius r and center 0, and let 3B, denote its boundary.
Lemma 2.1 is taken from [21].

Lemma 2.1 (Linking Theorem) Let H be a real Hilbert space and H = H, & H,, where H;
is a finite-dimensional subspace of H. Assume that ] € C'(H, R) satisfies the P. S. condition
and the following conditions.

(J1) There exist constants a >0 and p > 0 such that]|agan2 > a;
(J2) There exist an e € 9B; N Hy and a constant Ry > p such that J|3q < 0 where Q = (ERO N
H;) & {re|0 <r < Rp}.

Then ] possesses a critical value c > a. Moreover, ¢ can be characterized as

c=inf sup](h(x)),

hel x€Q
where I' = {h € C(Q,H) : hlyq = id|aq} and id|yq is the identity operator on 3Q.

3 Main results
Let

r= min {r 7= max {ry}.
- keZ(l,T){ Kb keZ(l,T){ K

Here we give some conditions.

(®;) There exist constants €; > 0, a; > 0 and x > 1 such that
O(u) = arlul"  for |ul < €.

(®5) There exist constants ; >0, b; >0, ¢; > 0 and v > 1 such that
®(u) < bi|u|’ +c1 for |u| > 6;.

(F2) There exist constants €5 > 0, a, > 0 and 6 > 1 such that

0
L) [2 . .2
F(k,vi,vo) < uz( vy + v2> for \/vi +v; <e,.

(F3) There exist constants 8, > 0, b, >0, ¢c; > 0 and ¥ > 1 such that

9
F(k,vi,v2) > bz(dV% + v%) —cy for /v + 12 >5,.

ns

H =0 = d @ (s SO 1
(His) p=0=sand Z(z2) Zan > 1,
np
d: = 2
(Hyp) v=19=pand Z—i(df—;’)l’r);%ax <1
(HZ,s) M<0.
(Hz,p) V<.
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Remark 3.1 By (5) it is easy to see that there exists a constant ¢; > 0 such that
O(u) <by|ul’ +¢;, uek. (3.1)
Remark 3.2 By (F;) it is easy to see that there exists a constant ¢} > 0 such that
? 2
F(k,vi,vy) > bg( v+ v%) -y, (kvi,v)€eZ xR (3.2)

Remark 3.3 The p-Laplacian operator given by ¢, (1) = |u[P~2u (1 < p < 00), the curvature-
|l 2u

type operator given by ¢,(u) = T (2 < g < 00) and the identity operator given by
¢1(u) = u satisfy (®;1) and (D3).

Our main results are as follows.

Theorem 3.1 Assume that (®1), ($3), (F1), (F2), (F3) are satisfied. If one of the following
four cases is satisfied:

(1) Assume that (Hy) and (Hyp) are satisfied.

(2) Assume that (Hy) and (Hy,) are satisfied.

(3) Assume that (Hy) and (Hy ) are satisfied.

(4) Assume that (Hy) and (Hy,) are satisfied.

Then for any given positive integer m, (1.1) has at least three mT -periodic solutions.

Remark 3.4 If ¢(u) = |ulP~2u (1 < p < 00), ry =1 and # = 1, Theorem 3.1 reduces to Theo-
rem 3.1 in [20].

Remark 3.5 If ¢(u) = |u|P~2u (1 < p < 00), Theorem 3.1 reduces to Theorem 1.1 in [17].

Corollary 3.1 Assume that (F1) and the following conditions are satisfied.

(@) There exists constant > 1 such that lim,_,o % =d>0.

(®5) There exist constants 8, > 0 and v > 1 such that
0<p(u)u <vd(u), |ul=>46.

(Fy) There exists constant 6 > w such that

F(k; V1, VZ) _

lim =0, (kyvi,v2)eZ xR~

2, 2\
(v1,v2)—(0,0) (Vi +v3)2

(F3) There exist constants 85 > 0 and ¥ > v such that

dF (k,vy, v OF (k, v, v /
( 1 Z)Vl + ( 1 2)‘/2’ V% +V% > 82.

81/1 31/2

0 < OF(k,vi,vp) <

Then for any given positive integer m, (1.1) has at least three mT -periodic solutions.
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4 Proof of the main results
Lemma 4.1 Assume that (®,), (F1), (F3), and (Hy,) are satisfied. Then the functional ] is
bounded from above in E,,.

Proof By (2.1), (2.3), (3.1), and (3.2), for any u € E,,, we have

mT mT
J@) =) ra® (A w ) = Y Flk e, )
k=1 k=1
mT mT 5
< Z re1br| A" |U +mTe; — Z b, (, Jug,, + ui) +mTc),
k=1 k=1
mT % mT 5 % I
<bydy, <Z|An”k—1 |2) by [ (Z (, [l + uﬁ) ) i| +mT (c; +c))
k=1 k-1

v A
< birdy, (x"Mx)? - bad , (2|lul*) * + mT(c| +c})
_ L s
< birdy Aaxx])” = 22bad] o |l + mT (] + c))

— U 0
< birdy i |lull” =22 bod) g lull” + mT (c; + cy)

_ n 2
< max {b17dy Aax ull” =22 bod) o |’ } + mT (] + c3), (4.1)
ull<po ’ ’
1122
bi7vd} At 1
where x = (A" Yy, A" iy, ..., A )T and po = (o2 5y

22 bydy,

The proof of Lemma 4.1 is complete. O

Remark 4.1 The case mT =1 is trivial. For the case mT = 2, M has a different form,
namely,

2 =2
M= .
-2 2
However, in this special case, the argument need not be changed and we omit it.

Lemma 4.2 Assume that (®,), (F1), (F3), and (Hy,) are satisfied. Then the functional ]
satisfies the P. S. condition in E,,,.

Proof Let {u"} be a P. S. sequence, then there exists a positive constant M, such that
-M; <J(u?), jeN.
By (4.1), it is easy to see that
My < () < by7dS i |19 = 28 byd?, |4 |” + mT (c, + ), jeN.
Therefore,

23 bod?, |u|” = byrdy Ak | u? | < My + mT () +¢}), jeEN.
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Since ¥ > v, it is not difficult to see that {x%)} is a bounded sequence in E,,. As a con-
sequence, {u"} possesses a convergence subsequence in E,,. Thus the P. S. condition is
verified. O

Lemma 4.3 Assume that (®,), (F1), (Fs), and (Hy,,) are satisfied. Then the functional ] is
bounded from above in E,,,.

Proof Similar to the proof of Lemma 4.1, we have

_ L/ )3
J () < brrd} e lall? = 25 byl l? + mT (€] + ), 42)

17
_ _ _ Ao\ p Fhns
where x = (A" uy, A" Vuy, ..., A" Lu,,r)E. Since 2 (7 P)pr max o 1, we have

J(w) < mT(c) + ¢j).

The proof of Lemma 4.3 is complete. O

Lemma 4.4 Assume that (®,), (Fy), (F3), and (Hy,) are satisfied. Then the functional |
satisfies the P. S. condition in E,,.

Proof Let {u"} be a P. S. sequence, then there exists a positive constant M, such that
-M, <J(u"), jeN.
By (4.2), it is easy to see that
p P ;
M, <J(u?) < blrdzpkmaxnu I —22b2dpp||u I¥ + mT(c; +c), jeN.
Therefore,

25 bydy | u| - bl?dé’,pk:?ix |4 < My + mT (¢} +c;), jeN.

le
d
Since & o L(E 2” )p rk‘“‘“ <1, weknow that {#%)} is a bounded sequence in E,,. As a consequence,

{u) possesses a convergence subsequence in E,,. Thus the P. S. condition is verified. [

Proof of Theorem 3.1 Assumptions (F;) and (F,) imply that F(k,0) = 0 and f(k,0) = O for
k € Z. Adding ¢(0) = 0, then u = 0 is a trivial mT-periodic solution of (1.1).

By Lemma 4.1 or Lemma 4.3, J is bounded from above on E,. We define o =
sup,,cg,, /(). Equation (4.1) implies lim, .o J(#) = —00. This means that —J is coercive.
By the continuity of J, there exists u € E,, such that J (i) = . Clearly, % is a critical point
of J.

Case 1. Assume that (Hy) and (H, ) are satisfied. We claim that a > 0.

Let

u

1
) _n 1/ ard" (=
p:mln{él)"mézlx’GZ)_(ﬂ) }
2 22612612,9
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By (@), (F2), and (Hyy), for any u € Em ll#]l < p, we have

mT mT
J@) =Y ra®(Aw) = Y Flk, e, )
k=1 k=1
mT 0
>Zrk 1a1|A U 1| Z (,/ui+1+u,2()
k=1
14 l 9
mT m 0 3
Zalzdﬂ <Z|A””k 1| ) |:<Z<\/ ”k+1 + ”k) ) :|
k=1 k=
© ] 0
> ayrdl', (M) * -, (21ul?)® > ardl 22 Il — 28 andd )
> airdy A 2 ul - 28 adl g llull’, (4.3)
where x = (A" 'y AZ Iy ...,A”‘ umT)tr

np
I n > 1 "oy 2
Take o = ayrdy A5, P ~25 ﬂzdz o0’ Theno > > saardy Ay p" > 0 and

J(u) >0, uckE,NaiB,. (4.4)

Therefore, ag = sup,,g, /(1) > o > 0. From (4.4), we have also proved that J satisfies the
condition (J;) of the Linking Theorem.
For all u € E,,,, we have

mT

J(u) == " F(k, g, i) <.

k=1

Thus, the critical point % of / corresponding to the critical value «( is a nontrivial mT-
periodic solution of (1.1). In the following, we will verify the condition (J5).
Take e € B, N E,,, for anyz € E,, and r >0, let u = re + z. Then

mT mT
J(u) = Zrk-1¢(A"uk-1) - ZF(k, Uks1, Uk)
k=1 k=1
mT mT
= Z rea @ (rie ) - ZF (K, te1, )
k=1 k=1
< Zrk lbl‘rA e 1’ +mTc) - Zb2<‘/uk+1 + uk)ﬁ +mlc)
k=1
v 1_»
mT 2 mT o\ ? v
< birr'dy, (Z‘A"ek—l‘z) — b, |:<Z (1 [l + u?{) ) :| +mT(c} +ch)
k=1 k=1

v 0 ,
<birr'dy, (Y*My)? - byd} , (2|lul*)? + mT(c] +c})
< birr'dy Ayl - Z%bgdﬂ, (r” +1lzll”) + mT (¢} +c})
< biFdy i’ = 27 bod! 1" =25 byd? 21" + mT (¢, + ¢}), (4.5)

where y = (A" ey, A" ey, ..., A" e, )T,
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Let gi(t) = biFdy A’ — 28 byd? 7, go(t) = ~25byd? £ + mT(c, + c;). We have
lim;, 400 g1(2) = —00 and lim,_, ;o0 g2(¢) = —00, and g(£), g(t) are bounded from above,
and J(z) < 0 for z € E,,. Thus there exists a constant Ry > p such that J lso < O where
Q = (Bg, NE,)® {rel0 <r<Ry}.

Case 2. Assume that (Hy,) and (H;,,) are satisfied. We claim that oo > 0.

Let p = min{elkéx,ez}. By (Hy), (®1), and (F;), for any u € E,., ll#]| < p, we have

mT mT
J@) =) i ®(Aw ) = Y Flk g, )
k=1 k=1
mT mT s
S
> Z P | A w | - Z a, (, Jud |+ ui)
k=1 k=1
s 1
mT 2 mT AN S
> ard: |A”u ‘2 - 2 2
Z arra, k-1 a Upp + U
k=1 k=1
- 4 trM % & (2 2 % > s )\,% s 2% s s
> arrd; ((x"Mx)? — ardy (21ull*)? = arrd] AL %I — 22 asd, Jlu|
L s
> arrdy i ull® — 22 ards |lull’, (4.6)
where x = (A" Tuy, A" uy, .., A )Y
ns

Take o = ayrd; .2, p° —22a>d5 p°. Then o > 0 and
J(u) >0, uckE,NaiB,. (4.7)

Therefore, ag = sup,g, /(1) > o > 0. From (4.7), we have also proved that J satisfies the
condition (J;) of the Linking Theorem.

For all u € E,,,, we have

mT

](I/l) = _ZF(kruk+l7uk) < 0.

k=1

Thus, the critical point u of J corresponding to the critical value « is a nontrivial mT-
periodic solution of (1.1). In the following, we will verify the condition (J,).
Takee € 0B N Em, forany z € E, andr>0,let u = re + z. Then

mT mT
J(u) = Z e ® (A" y) - Z F(k, 1, ux)

k=1 k=1
mT mT

=Y na®(rAecy) = Y Flk ura, )
k=1 k=1
mT mT »

< Z ricby|rA ey ’p +mTc) - Z by (, Ju |+ ui) + mTc),
k=1 k=1

5 mT

mT 2
< bﬁr"d’ip <Z|A"ek_1 |2> 2 ) |:(Z (\/ Uiy + ”i)p>

5P
:| +mT(c} +ch)
k=1 k=1
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P P
< birrtd, ,(y"My)? — by, (2llul?)? +mT (c; +c)
- 4 I /
< blrrpdg,pkélaxnynp - 22b2dfp(rp +|zlIP) + mT (¢} + c3)
_ o2 p p
< (blrdip)»rﬁax —22 bgd{p)r" —21 bgdf,szH” + mT(ci + c/2), (4.8)

where y = (A" e, A”’leg, o, A e, ),
Since 2 o L(E 2” )1’ Mm“" <1,and J(z) < 0 for z € E,,, thus there exists a constant Ry > p such

that J|yq < 0 where Q= (BR0 NE,) ® {rel0 <r < Ry}.

Case 3. Assume that (H;,) and (H,,) are satisfied. Similar to Case 1, by (4.6), we see
that «p > 0. Similar to Case 2, by (4.5), we see that there exists a constant Ry > p such that
Jlag < 0 where Q = (ERO NE,) ® {re|0 < r < Ry}. We have also proved that J satisfies the
condition (J;) and (J2) of the Linking Theorem.

Case 4. Assume that (H,,) and (H;,) are satisfied. Similar to Case 1, by (4.3), we see
that g > 0. Similar to Case 2, by (4.8), we see that there exists a constant R, > p such that
Jlag < 0 where Q = (ERO NE,) ® {re|0 < r < Ry}. We have also proved that J satisfies the
condition (J;) and (J2) of the Linking Theorem.

By one of the above four cases and the Linking Theorem, J possesses critical value o >
o > 0. Moreover, o can be characterized as

= mf supJ (h(x)),

hel’ xeQ

where ' = {h € C(Q,E) : hlsg = id|sq} and id|q is the identity operator on 9Q. Let
U € E,, be a critical point associated to the critical value o of ], i.e., J (%) = a. If % # u, then
The proof is complete. Otherwise, % = u. Then g = J(u) = J(4) = a, i.e., sup,g, J(u) =
infyer sup,cq/(h(x)). Choosing & = id, we have sup,,. /(1) = . Take —e € 3B, NE,,. Simi-
larly, there exists a positive number R, > p, /|3q, <0, where Q; = (Bg, NE,,) ® {—rel0 <1 <

R,}. Again, by the Linking Theorem, J possesses a critical value &’ > ¢ > 0. Moreover, «
can be characterized as

o = inf sup]( (x)),

hel'y 2€Q)

where I'y = {h € C(Qy,Ex) : hlag, = idlsq,} and id|yq, is the identity operator on 9Q;. If
o' # ap, then the proof is finished. If o’ = «g, then sup,.q, /(1) = . Due to the fact that
Jlag < 0and /g, <0,/ attains its maximum at some points in the interior of sets Q and
Q;. However, QN Q, C E,, and JIz,, < 0. Therefore, there must be a point u' € E,,,, u' #u
and J(¢) = o’ = a.

The proof of Theorem 3.1 is complete. d

Proof of Corollary 3.1 By (®}), there exists constant €; > 0 such that ®(u) > ‘—i|u|“ for
|u| < €1. Hence (®}) implies (®;). By (P5), there exist constants 8; > 0, b; > 0 and ¢; > 0
such that ®(u) < by|ul|’ + c1, for |u| > &;. So (®5) implies (P5).

By (F,), there exist constants €; > 0 and a, > 0 such that

o
F(k,vl,vz)fozz( V%+V%), VRV <e.

So (F) implies (Fy).
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By (F}), there exist constants &, > 0, b, > 0 and ¢, > 0 such that

9
F(k,vi,v2) > b2<,/v% + V%) — ¢y, ,/v% + v% > 8.

So (F3) implies (F3). Since ¢ > v, (F3) implies (Hy).
If 6 > p, then (F,) implies (Hy,). If 6 = u = s, then by (F,), there exist constants €} > 0

$+2

272

S
/ 2 2 2 2 !
F(k,vl,V2)§a2<,/V1+v2> , VitV < e

ns

a2

we have Z%(%)S% =2>1.S0,if 0 = u =s, then (F,) implies (Hy ;).
9 8

So, by Theorem23.1, Corollary 3.1 holds. O

d 2
and a), = al(#)“ min gch that
S

5 Example
As an application of Theorem 3.1, we give an example to illustrate our result.

Example 5.1 For a given positive integer 7, consider the following 2nth-order difference

equation:
" A”uk_l "
A T = (_1) f(k’ Uk+1> Uk uk—l)r ne Z(l):k €z, (5'1)
V14| A"y |?

where

2 2 -1
flk,vi,v9,v3) = vy ((2 +cos %k> (Vi +v3) + (2 +cos #) (v3 + vﬁ))

Let

2 + cos 22X

2
F(k,v1,v2) = — L (v +v3)".

It is easy to verify that all the assumptions of Theorem 3.1 are satisfied. So, for any given

positive integer m, (5.1) has at least three mT-periodic solutions.
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