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of the period-two solution of the difference equation X, where

1 Introduction and preliminaries

In this paper we study the global dynamics of the following rational difference equation:

2
BxnXna + Yx,_ + 6%y,

Xpel = n=0,1,2,..., 1)

2 ’
Bxuxn1 + Cx;,_; + Dxy,

where the parameters 8, y, 8, B, C, D are nonnegative numbers which satisfy B + C +
D > 0 and the initial conditions x_; and x, are arbitrary nonnegative numbers such that
Bx,x,_1 + Cx%_, + Dx,, >0 forall n> 0.

Equation (1), which has been studied in [1-3], is a special case of a general second-order

quadratic fractional equation of the form

Ax. + Bxx, 1 + Cxy_ + Dx,y + Ex, + F n=0,1,... 2)

Xn+l = ’
ax2 + bx,x,1 + cxf,_l +dx, +ex,1+f

with nonnegative parameters and initial conditions such that A+ B+ C>0,a+b+c+
d+e+f>0and axfl + bx,x,_1 + cx%_1 +dx, +ex,.1+f>0,n=0,1,.... Several global
asymptotic results for some special cases of (2) were obtained in [4-7].

The change of variable x,, = 1/u, transforms (1) into the difference equation

Du? | + Cu, + Buy, 4

Upyl = n=0,1,..., (3)

2 7
S, 1+ YUy + Py
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where we assume that § + 8 + ¥ > 0 and that the nonnegative initial conditions #_;, u, are
such that § uf,_l +yu, + Buy,_1 >0 forall n > 0. Thus the results of this paper extend to (3).

The first systematic study of global dynamics of a special quadratic fractional case of (2)
where A =C =D =a=c=d =0 was performed in [1, 2]. The dynamics of some related
quadratic fractional difference equations was considered in the papers [4—7]. In this paper
we will perform the local stability analysis of the unique equilibrium and the period-two
solution and we will give the necessary and sufficient conditions for the equilibrium to be
locally asymptotically stable, a saddle point, a repeller or a non-hyperbolic equilibrium.
The local stability analysis indicates that some possible dynamics scenarios for (1) include
period-doubling bifurcations and Naimark-Sacker bifurcation and global attractivity of
the equilibrium, see [8, 9]. This means that the techniques we used in [3, 4, 9-14] are
applicable. We will also obtain the global asymptotic stability results for (1). As we have
seen in [11] an efficient way of studying the dynamics of (1) is considering the dynamics of
49 special cases of (1) which are obtained when one or more coefficients are set to zero.
Based on our results in [11], it is difficult to prove global asymptotic stability results of
the unique equilibrium even for linear fractional difference equations; there are still two
remaining cases one needs to study to prove the general conjecture that the local stability
of the unique equilibrium implies the global stability.

Some interesting special cases of (1), which were thoroughly studied in [11], are the fol-
lowing equations.

(1) The Beverton-Holt difference equation wheny =8 = C =0:

ﬂxn—l

, n=0,1,...,
Bx,.1+D

Xp+l =

which represents the basic discrete model in population dynamics, see [15].
(2) The Riccati difference equation when y = C = 0:

Bxy-1+ 6

——, n=0,1,....
Bx,_1+D

Xn+l =

(3) The difference equation studied in [11, 16, 17], when § = D = 0:

K + Y X
PLLTE S = SR (4)
Bx, + Cx,1
which represents the discretization of the differential equation model in biochemical
networks, see [18].
The global attractivity results obtained specifically for the complicated cases of (2) are

the following theorems [19].

Theorem 1 Assume that (2) has the unique equilibrium x. If the following condition holds:

(JA - ax| + |B - bx| + |C — cx|)(U + %) + |D — di| + |E — e¥|
<

1,
(@+b+c)l2+(d+e)l+f

where L and U are lower and upper bounds of all solutions of (2) and L + f > 0, then x is
globally asymptotically stable.
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Theorem 2 Assume that (2) has the unique equilibrium X in the interval [m, M), where
m = min{X,x_1,x0} and M = max{x,x_1,x0} are lower and upper bounds of a specific solu-
tion of (2) and m + f > 0. If the following condition holds:

(A -ax| +|B-bx| +|C—cx|)(M+X) + |D—dx| + |E-ex| < (a+b+c)m* + (d +e)m +f,
then x is globally asymptotically stable on the interval [m, M].

In the case of (1) Theorems 1 and 2 give the following special results.

Corollary 1 Ifthe following condition holds:

(I8 —Bx| + |y — Cx|)(U + x) + |8 — Dx]| Py

(B+ C)L2 + DL L ©)

where L > 0 and U are lower and upper bounds of all solutions of (1), then x is globally
asymptotically stable.

Corollary 2 Ifthe following condition holds:
(1B = BX| + |y — CX|)(M + %) + 16 - D%| < (B + C)m> + Dm, (6)

where m = min{x,x_1,x0} > 0 and M = max{x,x_1,x0} are lower and upper bounds of a
specific solution of (1), then the unique equilibrium x is globally asymptotically stable on
the interval [m, M].

In this paper we present the local stability analysis for the unique equilibrium and the
period-two solutions of (1) and then we apply Corollaries 1 and 2 to some special cases of
(1) to obtain global asymptotic stability results for those equations. The obtained results
will give the regions of the parametric space where the unique positive equilibrium of (1)
is globally asymptotically stable. In an upcoming manuscript we will give more precisely
the dynamics in some special cases of (1) such as the case where the right-hand side of
(1) is decreasing in x, and increasing in x,,_;; here the theory of monotone maps can be
applied to give the global dynamics. The application of the monotone map theory requires
precise information on the local stability of the equilibrium solutions and the period-two
solutions which will be given in this paper. See [20, 21] for an application of the monotone
maps techniques to some competitive systems of linear fractional difference equations.
These results will give the parameter regions where a global period-doubling bifurcation
takes place, see [9]. The special cases of (1) where the unique equilibrium changes its sta-
bility character from the local stability to repeller are cases where the Naimark-Sacker
bifurcation occurs, see [8, 22], and these cases will be treated in an upcoming manuscript.
Following the approach from [11], we divide (1) into 49 special cases of types (k, m) where
k (resp. m) denotes the number of positive parameters in the numerator (resp. denomina-
tor). We summarize information as regards the stability of both the equilibrium solution
and the period-two solution as well as the monotonic character of the right-hand side of
the special cases of types (1,2), (2,1), (1,3), (3,1) and (2,2) of (1) in Tables 1-5. We did
not include the cases of the type (1,1), which are well known from [11] as well as 7 cases
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Table 1 Equations of type (1,2)

Equation Equilibrium point Stability of Period-two Partial
equilibrium point solution and derivatives
stability
- - . 3
Xn+1 fxxz”*g”n X= 1 for B> 1 LAS for B > 1 no period-two fl = %
n-! no eq point for B <1 solution f_ uBLCA)
2 VT (G24u)?
VX = 71 V2
Xne1 = = ”an x=X—fory >1 LASfory >3 {0, /C}-LAS fl = —(Cngw)z
-1 eq point for a saddle point { YH1-/(y-3)y+1) fro _2yw
2C ' VT (242
<
y_1 fort<y <3 R rvac ey
a non-hyp. eq. — 1
fory =3 a saddle point for
y >3
a non-hyp. eq. for
y=3
—7A x="Ylfory >1 ddle point f iod-t fl=—t
Xnil = et X=tgfory > a saddle point for no period-two V=T 2em
no eq. point for y>1 solution fr = yYB+2)
y =1 VT uBv)2
Xn1 = ﬁ X= B‘% arepeller for § > 0, no period-two L= (Buiv)z
-l B>0 solution fr = _ uB(Bu+2y)
v (Bu5+v2)2
Xpp1 = 220 X = Y411 LAS for c8 < 2 no period-two fl= 8
Gty +xn 2C K U (@vl+u)
n- arepeller for c§ > 2 solution 1 ___2Cuvs
v (@2 +u)2

a non-hyp. eq. for
c§=2

of types (3,2), (2,3), and (3, 3) for which global stability will be given in Section 6. Using
the techniques established in [23-25] one can determine the rate of convergence for all

regions of parameters for which we established convergence.

.an 1%n
Cx 1%
in Table 1 where, in the case 8 <1, every solution converges to 0 although 0 is out of

Some special cases of (1) have very interesting dynamics such as x,,,; = given

from

range of this equation. Another interesting example is the equation x,,; = Cy2
Table 1, where, in the case y <1, every solution converges to 0 or to the unlque period-
two solution. It is interesting to notice that 0 is out of the range of this equation. Another
Brnn_1+yxs

2= from Table 2, which has the prop-

erty that if B > 1 every solution approaches oo. None of these dynamics scenarios were

interesting example is the equation x,,,1 =

possible in the case of the linear fractional difference equation, which is also a special case
of (2) and which was studied in great detail in [11].

2 Local stability of the positive equilibrium
In this section we investigate the equilibrium points of Eq. (1) where 8,y,5,4,B,C €
[0,00), B +y +38,A+ B+ C € (0,00) and where the initial conditions x_; and x are ar-
bitrary nonnegative real numbers such Bx,x,_; + fol_l +Dx, >0 forall n > 0.

In view of the above restriction on the initial conditions of (1), the equilibrium points of

(1) are positive solutions of the equation

o B +yx?+ 6%
X = [ — (7)
Bx2 + Cx2 + Dx

or equivalently

PB+C)+x(D-B-y)-8=0. (8)

Page 4 of 32
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Table 2 Equations of type (2, 1)

Page 5 of 32

Equation Equilibrium point Stability of Period-two Partial
equilibrium point solution and derivatives
stability
.BXﬂerW*VX,%,] - A 4 vy
Xpp1 = = X=t 0> 0 for a non-hyp. for no minimal fl, = -
B+y=1 B+y=1 period-two solution f=27,8
no eq. point for oo
B+y#1
Xpg1 = Bxo-pn+dn X= %(\/m-#ﬁ) a repeller for no minimal fl= V’S;‘S
X1 B.6>0 period-two solution Fe_ V(vﬁ;Z&)
v
Xpa1 = wﬁ:&im X=1(/y?+48+y) LASfor4s >3y? {% fi=-"%
a saddle point for y6-/32a0370) o y-us
48 <3y? s ) T
a non-hyp. for exists for
48 =3y? 3y? <48 <4y’
a saddle point
for3y? <48 < 4y?
Xni1 = —W’%’z‘ o X=1(/y?+48+y) LASford<2y? possible =2
-1 arepeller for 8 >2y?  Naimark-Sacker f= Zzga
a non-hyp. for bifurcation v
8§=2y?
_ VX%—W*‘”” -_ 48 / Vy
Xpe1 = =50 Xfﬁfory<1 LASfor3y <1 {p, ¥} for3y <1 f ==
a saddle point for 6= f«/WWSM = ZVTV
3y >1 A
anon-hyp.for3y =1 ¢ = —(W);yfyyf%zwm
a saddle point for 3y <1
When
§=0, B+C>0 and B+y>D

the unique positive equilibrium of (1) is given by

_ B+yv-D
X=—.
B+C
When
§>0, B+C=0 and D>B+y

the unique positive equilibrium of (1) is given by
_ )
X=——.
D-p-vy
Finally when

§>0 and B+C>0

the only equilibrium point of (1) is the positive solution

V4SB+C)+(D-B-y)>-D+p+y
2(B+C)

X =

of the quadratic equation (8).


http://www.advancesindifferenceequations.com/content/2014/1/68

Kulenovic et al. Advances in Difference Equations 2014, 2014:68
http://www.advancesindifferenceequations.com/content/2014/1/68

Table 3 Equations of type (2,2)

Page 6 of 32

Equation

Equilibrium point

Stability of
equilibrium point

Period-two
solution and
stability

Bxnsna+¥x2y - By
Xns1 = e oy L= for
CXW1 +Xn ﬁ y s> 1
no eq. point for
B+y <1
Bxnxp- T*Vxn 1 B+y-1
Xn+1 = BXn—1Xn+Xn ﬁ7 B for
+y>1
ot = _ Bxp1xn+dxn 5= J4BS+ B2 +48+
n+ anxn_1+><%4 2(B+1)
Xoq = Bxp1xnt8xn o _ A/4C8+(B-1)2+B-1
N1 = =02 X= 2
an4+xn
Xps1 = J/X,%,WSXN %= «/438+y2+46+y
BXp_1xn +X%71 2B+1)
_ VX%,ﬁfSXn = AJ4BS+(1-y)2+y-1
Xn+1 = BxnXp_1+xn X= 2B
_ VX%,ﬁlSXn = A4C8+(1-y) 24y -1
Xnt1 = —  X= yla
an4+xn

LASfor 3B +y >
3AYy <3)vy>3
a saddle point for
B<IAB+y>
TA3B+y <3

a non-hyp. eq. for
y<3A3B+y=3

LASfor B>y +1
a saddle for
T-y<B<y+1
a non-hyp. for
B=y+1
LAS for BB? > 8
arepellerforBB% < 8
a non-hyp. for
BB’ =6
a LAS for
8 <201+ B)
a repeller for
8>20(1 + B)
a non-hyp. eq. for
8 =20(1+B)

2
LASfor§%:%%—<:48
or§ <202B+1)y?

saddle point for

3(B- ])y
B>1Ad< 162)?

non-hyp. eq. for
@b+2)y?=8or
4(B+2)28 =3(B-1)y?
repeller for

8> 2028+ 1)y?

(y+)By-1)
LAS for § > *—zr—

a saddle point for
y+1By-1
§ < Fop—

anon- hyperbolic eq.
+)By-1
for § = L7t—

LAS § < r2r+D

and % <8

a repeller for
(y+2)Q2y+1)

8> ==

a saddle for
(37)/1);)3(}/7” S8
W
A= =48or
§= (y+2)(c2y+1)

{p1, Y1} ={0,y/C}-LASfor f, =

B <1

saddle for B > 1;

non-hyp. for B =1

{¢2, Yo} exists for B <1,

3+y >3

a saddle point for B < 1,

3+y >3

Y =

(Y +1-B)1+4/(y +1-B)BB+y-3)
2c

2=

(y+1-B)-/y+1-p)BB+y-3)
2c

{p.¥}ford, >0
forB=y +1

no minimal
period-two solution

no minimal
period-two solution

possible
Naimark-Sacker
bifurcation

{0, 1// } exists for

+1
y+DBy-1 )( -1 <8< J/()é)
¢=
8(—4/4B8-y By +2)+1+y+1)
S8(3/4BS-y By +2)+1+y+1)

a saddle point for
y+1HBy-1) yy+1)
T <0<

possible
Naimark-Sacker
bifurcation

Partial

derivatives
V(CvB-y)
(Cv2+u)2

= u(vy-CvB)+up)

(Cv2+u)?

) __ Py

UT u2(Br+)

7 _ vy (Bv+2)+uB

v u(Bv+1)2

1 _ vB+S

U (Butv)2

= —u(Bu5+v2,3+2v5)

v V2 (Bu+v)2

’ Cv Gro(vB+o)
(Cv2+u)2

= u(up-Cv(vB+28))

v (Cv2+u)?

/ S§-Bvy

U (Bun)?

= u(szy—2v5—Bu5)

v v2 (Butv)2

/T — _ Vz)’

UT u2Bv+)

fr — vy(Bued)-Bus

v u(Bv+1)2

/ _ v2(Co-y)

U (G2 u)?

’_ 2uv(y-C8)

VT (22
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Table 4 Equations of type (3, 1)

Page 7 of 32

Equation Equilibrium point  Stability of Period-two Partial
equilibrium point solution and derivatives
stability
2 48 / 2
Xps1 = ﬂx”“’;::i’;*ﬁ g = M) ;46“3“’ LAS for B >y or no minimal f :_%
B<yAB*+2By+ period-two sol. f_ Py
48 > 3y? v uv?
a saddle point for
B<yAB?+2By +
48 < 3y?
anon-hyp. eq. for
B<yAB2+2By +
48 =3y?
2 45 / 2
Xnsq = ﬂXanJ;;}/XnJJr Xn 5= (B+y) 2+45+13+}/ LAS for § < ]/(ﬂ + 2]/) possible f VA:_;(S
- a repeller for Naimark-Sacker - ZuvB-2ub
§>y(B+2y) bifurcation ! 3
a non-hyp. eq. for
d=y(B+2y)
2 s 2
o1 = Bxnxn t(};xn—ﬁ g ngy LAS for B>y or (¢, ¥} exists for = 7\/[1_2;/
B+3y <1 B+3y <1 £ = up+vy
a saddle for ¢ = Y
B+3y>1 3y -B+1+/(B-y-1)(B+3y-1)
a non-hyperbolic eq. B
forp+3y =1 S(y—B-1- /BB 37—T)
2y B+y+1)
a saddle point for
B+3y <1
Table 5 Equations of type (1,3)
Equation Equilibrium point Stability of Period-two Partial
equilibrium point  solution and derivatives
stability
— Xn-1%n v— 1D Ay . / a3
Xp+1 B 102 1D X= g existsfor  LASforD<1 no mmma\ 0= TEocoio?
D<1 period-two sol. fr _Dul-cu?
) V' (Buv+Cv2+Du)?
_ Xp-1 o 1D i CB _ ) / _ _ V2 (BrD)
Xnel = anxn,]Jer,%J +Dxn X= grc exists for  LASforD< B+3C s (191} {_O’ 1/CI-LAS f“ (V(Bu+Cv)+Du)?
D<1 asaddlefor D> =2 {2, ¥} exists for i — B +2Du
a non-hyp. for D< g Y BuvkCv2+Du
D= == D+1+ﬂ
B+3C =
* ¢Z = ZCB L
A
D+1-¥=
¢ = QCB’C
A=D+1)B-C)(BD+
B+3CD-C)
a saddle point for
_ Xn o _ A/4B+4C+D2-D 2-2cp? - ’_ a2
Xp41 = By 1+ 7D X= ple) LAS for B> =~ ho mmma\ U= CBCoTD?
a repeller for peI’IOd*tWO sol. 1 _ __—u(Bu+2Cv)
B< 2_ocp? V' (Buv+Cv2+Du)2
D2
a non-hyp. eq. for
g— C2-2p?

D2
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In summary, it is interesting to observe that when (1) has a positive equilibrium %, then
x is unique and it satisfies (7) and (8). This observation simplifies the investigation of the
local stability of the positive equilibrium of (1).

Next, we investigate the stability of the positive equilibrium of (1). Set

uvpB + us + v’y
Buv+ Cv? + Du

flu,v)=

and observe that

fulu,v) = V(C(vB +8) — y(Bv + D))
T (W(Bu + Cv) + Du)?
and
Flu) = u(—Bud + Bv?y — Cv(vB + 28) + D(up + 2vy))

(v(Bu + Cv) + Du)?

If x denotes an equilibrium point of (1), then the linearized equation associated with (1)
about the equilibrium point x is

Zn+l = P2n + 42p-1,
where

p=fulx,x) and gq=f(x%).
Theorem 3 Assume that

§=0, B+C>0 and B+y>D.

Then the unique equilibrium point

B+y-D
B+C

X =

of (1) is
(i) locally asymptotically stable if C(-3D+ 3B +y)>B(D - +y);
(i) a saddle point if C(-3D+3B+y)<B(D-B+y);
(iii) a non-hyperbolic equilibrium if C(-3D+3B+y)=B(D - +y) or
B=y=D=0AB8>0AC>0).

Proof 1t is easy to see that

CB-D)-By . _f@iy;MD+y)+C@D—ﬁ)
B+C)(B+7) T =B OB +y)

p =fu(9-6,9_6) =

Then the proof follows from Theorem 1.1.1 in [11] and the fact that

C(-3D+3B+y)-B(D-B+Yy)
B+CO)B+v)

_B+vy-D

>0, p—-q+l=
B+y

1-p-¢q
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and

BMD+B+2y)+C@2D+y) -
B+C)B+y) -

qg+1=
Theorem 4 Assume that
§>0, B+C=0 and D>B+vy.

Then the unique equilibrium point
_ 3
X= ——
D-p-vy

of (1) is
(i) locally asymptotically stable if D > B + 3y;
(i) a saddle pointif B+y <D< B +3y;
(ili) a non-hyperbolic if D = + 3y.

Proof It is easy to see that

R =L G BT
p=ful¥)=-5 and g=f(%%)="—F7

Then the proof follows from Theorem 1.1.1 in [11] and the fact that

_D-B-y _D-p-3y _D+B+2y
1—p—q-W, p_q+1_T, q+1—T.

As we previously mentioned if

§>0 and B+C>0

the only equilibrium point of (1) is the positive solution

VASB+C)+(D-B-y)>2-D+B+y
2(B+C)

X =

of the quadratic equation (8).
By using the identity

¥B+C)=x(B+y-D)+4

one can see that

x(CB-By)+Cs-Dy
(B + C) + D)2
x(C8-By)+Cs-Dy
T 2DX(B+C)+x2(B+ C) + D2
x(CB -By)+Cs-Dy
T XB+C)D+B+y)+6(B+C)+ D

p :fu(ﬁ_C,ﬁ_C) =

Page 9 of 32
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_ .. xBy-CB)-8B+2C)+D(B +2y)
q=/3%) = ®B+C) + D)
x(By —CB) -8B +2C)+D(B +2y)
2Dx(B+ C) +x2(B+ C)? + D?
X(By —CB)—8(B+2C)+D(B +2y)

T XB+C)D+B+y)+8(B+C)+ D2’ 10)
and
1_9'6(B(D+ﬁ—7/)+C(D+3,3+y))+28(B+2C)+D2—D(ﬂ+3y)
p=qri= %B+C)D+B+y)+8(B+C)+D? ’
) _XB+C)D+B+y)+28(B+C)+D*-D(B+y)
—p-4= XB+C)D+B+y)+8B+C)+D> ’ a1
¥B(D+p+2y)+C(D+y))—-C8+DMD+p +2y)
qg+1l= - ,
X(B+C)D+B+y)+8B+C)+D?
1_a'c(By—C'/S)—(S(B+2C)+D(/S+2y)
1= = 3B+CO)D+B+7)+0B+C)+D*
Let
_ D(-D+ f +3y) —28(B +2C)
= BD+p—y)+CD+3+7)
py = D(-D+B+y)-28B+C) (12)

B+CO)D+B+y)
_ C5-D(D+B+2y)
p3_B(D+ﬁ+2y)+C(D+y)'

Now if we set
Fu)=u*B+C)+uD-B-y)-6

it is clear that F(x¥) = 0 and that X > p if and only if F(p) < 0 while ¥ < ¢ if and only if
F(o) > 0 for some p,o € [0,00).
A straightforward computation gives

F(p1) = (8(B+C)-D(B +y))
(D-B-3y)(B+3C)(D-B)+y([B-C))+45(B+2C)?)
(BD+BB —By + CD +3CB + Cy)? ’
(B(B+C)-D(B+y))(43(B+C)+(-D+ B +y)%)
B+C)D+B+y)? ’

(D(B+y) -8B +C))BD+p+2y)*+C((2D +y)(D + B +2y) - C5))
(BD + BB + 2By + CD + Cy)? ’

X

F(pa) =

F(p3) =

Lemma 1 Let p and q be partial derivatives given by (9) and (10). Assume that

§>0, B+C>0.
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(@) Thenl-p—q >0 is true for all values of parameters.
(b) Thenp—q+1>0 ifand only if

(D-p-3y)(B+3C)D-p) +y(B-C))

5
- 4(B+2C)°

() Then q+1>0 ifand only if

C=0

or

C>0 and 6<

(D+B+2y)BMD+pB+2y)+C2D+vy))

C2

Proof (a) The inequality 1 — g — p > 0 is equivalent to

D(-D+B+y)-28(B+C)<0 or (D(-D+pB+y)-28B+C)>0andF(p)<0),

which is equivalent to

D(-D+ B +y)-2BS
28

( (-D+B+y)-2BS
28

C>

-B D D
ndc<M),

Since

-B§+DB+Dy D(-D+f+y)-2BS D*+Df+Dy
) 28 - 28

>0

we find that 1 — g — p > 0 is always true.
(b) There are three cases to consider.

(i) Assume BD+ B8 —y)+C(D+38+y)>0.Then p— g +1>0 is equivalent to x > p;.

One can see that

F(p1)<0

if and only if

86<_(D—,3—37/)((B+3C)(D—/3)+V(B—C)) D(ﬁ+y))
4(B +2C)? " B+C )’

since

DB +y) . (D-B-3y)(B+3C)(D-B)+y(B-C))
B+C 4(B +2C)?

(B(D+ B-y)+C(D+3B8+y))BMD+B+3y)+CBD++ 3)/))

4B+ C)(B+2C)?

Page 11 of 32


http://www.advancesindifferenceequations.com/content/2014/1/68

Kulenovic et al. Advances in Difference Equations 2014, 2014:68
http://www.advancesindifferenceequations.com/content/2014/1/68

From (12), we have p — g + 1 > 0 if and only if

_DD-p-3y) (5<_D(D—ﬂ—3y)

=TT 2B+20) 2Brac)  dEl)< 0)’

which is equivalent to

DD - B -3y)

§>——————— or
2(B +2C) 13)
5 e (_ (D-B-3y)(B+3C)D-B)+y(B-C)) DD-p- By))
4(B +2C)? o 2B+2C) )’
since
DID-B-3y) (D-B-3y)(B+3C)D-p)+y(B-C))
2(B +2C) 4(B +2C)?
_(D-B-3y)BD+B-y)+C(D+3B+7))
B 4(B+2C)° <0 (14)

and

D(D - -3y) +D(ﬂ+y) _DBD+B-y)+C(D+3B+y))
2(B +2C) B+C 2(B+ C)(B+2C)

Statement (13) is equivalent to

_(D-B-3y)(B+3C)(D-p) +y(B-C))

5
g 4(B+2C)?

from which the proof follows.
(ii) Assume BD+ B —y)+C(D+3B8+y)<0.Thenp—-qg+1>0ifandonlyifx < p;. It
is easy to see that

F(p1) >0
if and only if
5 D(B +y) (D-pB-3y)(B+3C)(D~-B)+y(B-C)
<——— or §>-— ,
B+C 4(B +2C)2

which implies that p — g + 1 > 0 if and only if

D(D-f-3y)

5
7T T (B+20)

and F(p)>0

which is equivalent to

DD--3y) . (D-B-3y)(B+30)D-p)+y(B-C))

5
7T 2(B+20) 4(B+2C)?

, (15

since

DD-p-3y) DB+y) DBD+B-y)+C(D+3B+y))

- 0.
2B+2C) | B+C 2(B+ C)(B+2C) <
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In view of the left-hand side of (14) we see that (15) is equivalent to

(D-B-3y)(B+3C)(D-B)+y(B-C))
4(B +2C)?

§>—

’

from which the proof follows.
(iii) f BD + B —y) + C(D + 3B + y) = 0, then the proof follows from (11).
(c) The inequality g > -1 is equivalent to

Cs-DD+B+2y)<0 or (C8—D(D+,3+2y)>0andF(p3)<0), (16)

which is true for C = 0. If C > 0, then (16) is equivalent to

<D(D+/3+2)/)
- C

) (17)

or

DD+ B +2y)
g c

5e (D(ﬂ +y) D+B+2y)BMD+p+2y)+C2D+ y)))
B+C '’ C? ’

8 and

(18)

since

(D+B+2y)BD+p+2y)+C2D+y)) DB +y)
C? B+C
_(BD+B+2y)+CD+y))BD+B+2y)+C(2D+ B +2y)) S
C2(B+C)

0.

It is easy to see that

DD+B+2y) (D+B+2y)BD+B+2y)+C2D+y))
C - c?
_(D+ﬂ+2y)(B(D+ﬂ+2y)+C(D+y)) -0
Cc2 -

and

Df+y) DWD+p+2y)  DBMD+p+2y)+CD+y)) -
B+C C - C(B+C) -

’

from which it follows that (18) is equivalent to

(19)

5e (D(D+,8 +2y) (D+B+2y)BD+pB+2y)+CR2D+ y)))
C ’ C? '

Since C > 0, in view of (19) we find that (17) and (18) are equivalent to

. (D+B+2y)BMD+p+2y)+C(2D+vy))

8 I
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Theorem 5 Assume

§>0, B+C>0.

Then the unique equilibrium point

VASB+C)+(D-B-y)>-D+B+y
2(B+C)

X =

of (1)is
(i) locally asymptotically stable if and only if any of the following holds:
(@)

C>0

and

(D-B-3y)(B+3C)D-p) +y(B-C))
4(B +2C)?
. (D+B+2y)BMD+B+2y)+C(2D+vy))
C?

<6

(b)

C-0 and s> PP=3VD-p+y)
4B

(ii) a repeller if and only if the following holds:

Cs0 and 8> (D+/8+2y)(B(D+C/€52+2y)+C(2D+y));

(ili) a saddle point if and only if the following holds:

_(D-B-37)(B+3C)D-p)+y(B-C))

5
< 4(B+2C)?

(iv) a non-hyperbolic equilibrium if and only if any of the following holds:

(a)
5__(P=B=3y)(B+3C)D-p)+y(B-C))
) 4(B+20)
(b)
o0 and §o LHB+IIBD+F+2y)+ CRD+y))

CZ

Proof The proof follows from Theorem 1.1.1 in [11] and Lemma 1.
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3 Existence of period-two solutions
Assume that {¢, ¥} is a minimal period-two solution of (1). Then

¢=f(V,¢) and ¢ =f(¢,¥) withy,¢€[0,00)and¢ 7Y,

which is equivalent to

¢_ﬁ¢>w+y¢2+61/f w_ﬂ¢>w+yw2+8¢
" By + Cop? + DY " By + Cy2 + Do’
from which it immediately follows that
¢ (Bopy + Cp*> + DY) = Boyr + y¢* + 8y (20)
and
Y (Bpyr + CY> + D) = By + yir® + 8¢ (21)

Lemma 2 Equation (1) has a minimal period-two solution {¢, '} with ¢ = 0 if and only
if the following holds:
(i) =0,y >0and C>0, then {¢, ¥} ={0,y/C} is the minimal period-two solution.
(i) =0,y =0and C=0, then {¢p, ¥} ={0,v}, with  #0 is a minimal period-two
solution.

Proof If ¢ =0, then (20) and (21) are equivalent to
¥8=0 and ¥*(Cy-y)=0,
from which the proof follows. O
Assume that ¢y # 0. Subtracting equations (20) and (21) we get
(@ =V (@Y (B+C)+C(¢* +v*) —y(@ +¥) +8) =0. (22)
Dividing (20) by ¢ and (20) by ¥ and subtracting them we get

(@ —¥) (@Y (Clp+¥)-D+p-y)+3(¢+))
oV

=0.

If we set
$+¥=x and ¢y =y,

where x,y > 0, then ¢ and ¢ are positive and different solutions of the quadratic equation
t—xt+y=0. (23)

In addition to the conditions x,y > 0 it is necessary that x2 — 4y > 0.
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From (22) and (23) we get the system

y(Cx-D+B-y)+x8=0, (24)
y(B-C)+Cx*—xy +5=0.
Theorem 6 For (1) the following holds:
(i) If y = O then (1) has no a minimal period-two solution.
(i) IfC=0,y >0 and § > 0 then (1) has the minimal period-two solution {¢, '} where

_8(D-p+y+/4B5+(D-B-3y)D-B+7)

¢ 2y(D—-B +y)—2Bs ’ (25)
w_8(D—/5+y—\/4B5+(D—ﬂ—3y)(D—ﬂ+y)) (26)
- 2y(D-B +y)-2BS
if and only if

4B+ (D-B-3y)D-B+y)>0 and yD-B+y)-Bs>0.

(iii) If 6 = 0, y > 0 and C > 0 then (1) has two minimal period-two solutions {0,y /C} and

{p,V} where
o BOWD-B+y) +vD=B+yy/(B-C)((B+3C)(D-B)+y([B-C))
- 2C(B-C) ’
v = (B-C)D-B+y)-/D-B+y/(B-C)(B+3C)D-p)+y(B-C))
- 2C(B-C) ’
if and only if

(B+3C)D-B)+y(B-C)(B-C)>0 and D-B+y>0A(B-C)(D-p)<0.
(iv) If6 =C =0,y >0 then (1) has no minimal period-two solution.

Proof (i) The proof follows from (22), since ¢, ¥ > 0 and ¢ # V.
(ii) Assume that C = 0 and é > 0. By using (24) we see that x and y satisfy the following

equations:
y(=D+ B —y)+x8=0ABy=(xy —9§). (27)
Assume that y (D — B + y) — B§ # 0. The solution of system (24) is given by

oo S(D-B+vy) ~ 82
“yD-B+y)-B5 T yD-B+y)-B

and x,y > 0 A x> — 4y > 0 if and only if

4BS+(D-B-3y)D-B+y)>0Ay(D-B+y)-B3>0,
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since

82(D-B +7y)? 482
(y(D-B+y)-B52 y(D-P+y)-BS
_52(4Bs + (D-B-3y)(D-B+Y))

- (y(D-B +y)-Bs)?

x2—4y:

In this case the equation

) SD-B+y) 82 o
T y(D-B+y)-Bs  y(D-P+y)-Bs

has positive distinct solutions which are given by

) S(D—ﬂ+y:|:\/4BS+(D—/3—3y)(D—ﬂ+y)).

t
* 2y(D—p +y)—2Bs

If y(D- B +y)—BS=0,itis easy to see that system (27) has no solutions from which
follows that (1) has no minimal period-two solution.

(iii) Assume that § =0, ¥ > 0 and C > 0. By using (24) we find that x and y satisfy the
following equations:

y(Cx—D"'ﬂ_V):Oy (28)
y(B-C)+Cx*—xy =0.

Assume that y # 0 and B # C. The solution of system (28) is given by

_D-B+y _ (D=-B)D-B+Yy)
x=——— and y=- ,

C C(B-0)

and x,y > 0 A x2 — 4y > 0 if and only if
((B+3C)(D—f5)+y(B—C))(B—C)>0/\D—ﬂ+y>0A(B—C)(D—ﬁ)<0,

since

(D-B+y) . 4D-B)D-p+y)

C? C(B-C)
~(D=B+y)(B+3C)D-p)+y(B-C)
- C2(B-C)

x2—4y:

In this case the equation

_D-p+y, (D=pD-B+y)

C C(B-C) =0

t2

has positive distinct solutions which are given by

(B-OWD-B+y)EVD-B+y/B-O(B+3C)D-p)+y(B-0)
2C(B-C) '
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If y = 0, then from (28) we have x = %, which implies that {£, 0} is the minimal period-
two solution.

If y # 0 and B = C, then the rest of the proof follows from Lemma 2.

(iv) The proof follows from the proof of Lemma 2. d

Theorem 7 Assume that C=B>0,8>0and y > 0. Let

_yEyr-4Cs S((y £/ y2-4C8)(D-B +y)-2CH)
- 2c B ’

b 2C(C8+(D-B)D-P+7))

X+

Then for (1) the following holds:
() 1f

y*>4cs and D> ;(\/y2—4C8+y)+ﬂ

then (1) has two minimal period-two solutions {¢,, W} and {¢_,V_}, where ¢, and
Y, are solutions of equation t* —x,t +y, = 0 and ¢_ and _ are solutions of
equation t> —x_t +y_ = 0.

(ii) If
y%>4cs and ;(y—\/y2—4C8)+ﬂ<D§;(y+\/y2—4C6)+,3

then (1) has one minimal period-two solution {¢p,, ¥, } where ¢, and , are
solutions of equation t> —x,t +y, = 0.
(iii) In all other cases (1) has no minimal period-two solution.

Proof 1t is clear that (x4,y4) are solutions of system (24). Then minimal period-two so-
lutions are solutions of the equation £ — x,t + y, = 0 if x,,y, >0 A xi —4y, > 0 and the

equation 2 —x_t+y_=0ifx_,y_ >0 Ax% —4y_>0. Let

A =D*(y*-2C8) + D(4CBS — 6Cy s —28y* +v°)

+B*(y?*-2C8) - B(y® - 6Cys) +3C8(2C8 - y?)
and
I =D(-4C8 - 2By +y?) +4CBs -3Cy S + D’y + By - By>.
One can show that the following identities hold:

A£T/y?-4cs
Co+(D-B)D-B+y)
A?—T?(y* - 4c8) =4C*8*(C5 + (D - B)(D - B +¥))(9CS + (D - B)(D - B - 3y)),

X4 —4y:|: =

from which the proof follows. d
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Assume now that B # C and C > 0. Solving the second equation of system (24) for y we
get

B —Cx* +xy =8

Y=—"%_¢ (29)

Substituting (29) in the first equation of system (24) we see that x satisfies the following

equation:
—C%3 + Cx*(D- B +2y) +x(B5 -2C8 - Dy + By - yz) +38(D-B+y)=0. (30)
In a similar way one can show that y satisfies the following equation:

C*y*(C-B) + Cy*(-2B5 + C5 - D> + 2DB — Dy — B* + By)

+y8(-B8 — C8 + Dy — By +y?) =8> =0.
Let

a=-C2% b=C(D-B+2y),

Il
|
(o)
")

c=(B8-2C8 - Dy + By - v?), d
The solutions of (30) are given by

S+T b i3

—S+T— 2, - 2 N2,
EeT LTy M 2 Tt 8D
S+T b i3
2Pt 2 Wi,
% 2 T3 2 8D
where

S=JR+V@+R and T=yR-JQPB+R

and

0- 3ac - b* _ 9abc - 27a%d - 2b°
To9g? - 5443

’

Then the solutions of the system (24) are given by

~Cx? +x;y — 8

, 1=1,2,3.
B-C

(xi:yi) =

If x;, 7, >0 and xlz —4y; >0, then (1) has minimal period-two solutions given by

X —/a? —4y; X+ /7 — 4y
{¢i: B )wi: 2 } fori:1,2,3.
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Let g be a function given by

g(x) = C*x%(C - B) - Cx*(C - B)(D - B +2y) +x*(8(B* - BC + C?)
+y(C-B)(D-B+y)+C(D-B)D-B+y))
+x*(8(B2D-2B+y)-2C(D-B+y)) +y(B-D)YD-B +))

+x28(—235 +C8+(D-B+ y)z) —x822D =28 +y) +8°.

Eliminating ¢ and v from (20) and (21) implies that if {¢, ¢} is a minimal period-two
solution; then

2@)=0 and g(y)=0 withg#y,
from which it follows that
g(t) = CZ(C —B)(fz —x1t +y1)(t2 — Xt +y2) (t2 — X3t +y3)
for B # C, since {¢;, ¥;} are distinct roots of equation ¢? — x;t + y; = 0.
4 Local stability of period-two solutions
Let {¢, ¥} be a minimal period-two solution of (1).
Set
U,=%,1 and v,=x, forn=0,1,...

and write (1) in the equivalent form

Un+l = Vs

BVnthy + yu> +8v,

Vil =
Bu,vy, + Cu? + Dv,

forn=0,1,....Let T be the function defined by

2
TWW:(V@ELELZE)

" Buv + Cu? + Dv

Then {¢, ¥} is a fixed point of T?, the second iterate of T, and
T*(u,v) = (G(u, v), H(u, v)),

where H(u,v) = G(v, G(4,v)) and
G(u,v) = %

) = uv(v(Bvy + B2) + BS) + uly (W(Cv + B) + 8) + v(Dv*y +8(vB +§))
hy)= Cv3(Bu + D) + (Bv + D) (u?y + uvf + vd) + C*u?v? ’
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By definition

3G G
Jro(, ) = (a (@) 5, (w)).

g, ) U, v)

Theorem 8 IfC =0,y >0 and § > 0, then (1) has the minimal period-two solution {¢, ¥}
where ¢ and  are given by (25) and (26) if and only if

4B+ (D-B-3y)D-B+y)>0Ay(D-B+y)-Bs§>0.
In this case the minimal period-two solution {¢, ¥} is a saddle point.

Proof The existence of the minimal period-two solution follows from Theorem 6. Now,

we prove that the minimal period-two solution is a saddle point. Since G(¢, V) = ¢ we

have
Bp+D-p8) -
5 $W(Bs+D-p)-y9) -
4
Using (31) and the fact C = 0 we see that the Jacobian matrix of T2 at the point {¢, ¥/} is
given by
Jr2(é, )
2y9-BYo+pY __vd®
- (D+Bo)Yr (D+Bo)y? (32)
YU(=2y¢+BY¢—BY) ¥ (D+BY)y>+(D+Bo)(2DY2+B(@3+yr3))y-¢(D+Bp)*(Bg-p)vr | *
$%(D+B¢)(D+BY) $(D+Bg)y (D+By)?

The determinant of the Jacobian matrix (32) is given by

det]T2(¢r W)
_ (BoY — By —2y$)(¢y(Bo + D)(Bp - ) - y(B@® +¢°) + 2D1ﬁ2))'

33
¢¥2(Bo + D)(BYr + D)> 33
The trace of the Jacobian matrix (32) is given by
tr]T2 (¢» 1;[/)
—m//(B¢+D>2<B¢—ﬂ)+y2¢w¢<$/;/+3;)+2y (Bo+D)(B(@>+y3)+2Dy?) _ By + B + 2y ¢
= . (34)
V(B¢ + D)

Substituting (25) and (26) into (33) and (34) we find that the determinant of the Jacobian
matrix (32) is given by

det] 2 (&)

_ B28>—B5(D(B +2y) + y(6y —5B)) + y(D - B +y)2DB - p*> -2y +4y?)
= B282 + BDS(y — B) + D*y(D— B +7) '
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and the trace of the Jacobian matrix (32) is given by

trj72(¢, %)

_ —2B?8>-BS§(D* -5Dy + B> +y(B—y)) +y(2D* - 2Dy +y*)(D- B +y)
- B2§2+BDS(y —B) + D2y (D-B +y)

The period-two solution {¢, ¥} is a saddle point if and only if

|trJ72(¢, )| > |1+ det]z2(¢, ¥)].

One can see that

(y(D-B+y)—-B3)4BS+(D-pB-3y) DB +y))
B252 + BDS(y — B) + D2y (D - B +v)

1+det]p2(p, ¥) —tr)2(p, ¥) = —

and

y(D-B+y)3D*-2y(D+B)+2DB - B + 5y?)
B%5%2 + BDS(y — B) + D2y (D - B + y)
B3(—4y (D + B) + (D + B)* + 5y?)
" B252+BDS(y —B)+D*y(D-B+y)

1+ det]TZ((p) W) +tr]T2(¢’ '(//) =

Since
y(D-B+y)-B5>0 (35)
we have
—BS + Dy + y?
[ Pt SR
Y
Since

B2§* + BDy§ + D’y + D’y®>  -B§+Dy +y> B*3*(D+y) -
D(BS + Dy) % " Dy(Bs +Dy) —

we have

B28% + BDy$ + D3y + D?y?
D(BS + Dy)

> f,
which implies
B*82 + BDS(y — B) + D*y(D—-B +y)>0.

Hence, we prove that 1 + detJ;2(¢, V) — trJ2(¢p, ¥) < 0. From (35) we have

y(D-B+y)
—

B<
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Let h(x) = x> —4yx +5y2. Since the discriminant of / is negative we have (x) > 0 forx € R,
which implies

(D+p)?—4y(D+B)+5y2>0.

Since

y(D-B+y)BD*-2y(D+p)+2DB - B> +5y%) y(D-B+y)
8(—4y(D+ B) + (D + B)* + 5y2) 3
_ 2y(D+B)(D-B+y)
~ 3(-4y(D+B)+(D+ B> +5y?) ~

we have

y(D-B+y)3BD*-2y(D+B)+2DB - 2 +5y?)
8(-4y(D+B)+ (D + B)? +5y?%)

> B. (36)
Inequality (36) is equivalent to

y(D-B+y)(3D* -2y (D + p) +2DB - B> +5y?)

—B§(~4y (D + B) + (D + B)* +5y%) >0,
from which it follows that

1+detJp2(p, ¥) + trJp2(p, ¥) > 0. O

Theorem 9 Assumed =0,y >0 and C > 0. Then (1) has the minimal period-two solution

{o, ¥} where
_(B-OD-p+y)+/D=B+y/(B-O(B+3C)(D-p)+y(B-0)
- 2C(B-C) ’
v - (B-C)D-B+y)-D=B+y/(B-C)(B+3C)D-p)+y(B-C))
- 2C(B-C)

if and only if
(B+3C)(D-B)+y(B-C)(B-C)>0AD-B+y>0A(B-C)D-p)<O0.

The minimal period-two solution {¢p, ¥} is

(i) locally asymptotically stable if
D-B+y>0AD<BAB+3C)(D-B8)+y(B-C)>0,
(ii) a saddle point if

y+38-3D>0AD>BA(B+3C)D-B)+y(B-C)<0.
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Proof The existence of the minimal period-two solution follows from Theorem 6. Now,

we investigate the stability of {¢, ¥}. The Jacobian matrix of T2 at the point {¢, ¥} is given
by

Jr2(¢ ) = (; i) : (37)

where

o ¥ (-CB¢? + y (2D + Bp)$ + DBY) - $*(CBo — v (D + B))
- (C¢% + (D + Bp)yr)> ’ ~ (C¢? + (D +Bp)Y)?*

_V3(=CB¢* + y(2D + B$)¢ + DEY)(CPY —y (D + BY))
(C(D +Bo)y3 + C292y2 + p(D + BY ) (v ¢ + BY))?

h=(¢(B*v*(DBp — Cy*(Bo + D)) + y*¢(Chp* ¥ (Byr +2D)
+¥*(B¢ + D)(2BY +3D) + DB$?)))

I((CY> (B + D) + p(BY + D)(BY + y$) + C2¢*y2)?)

N By oy (¥ (2y(Bp + D)(D — C¢) + BY*(Bp + D) + Cp*(D — C¢)) + 2DB¢p?)
(CY3(Bg + D) + ¢p(BY + D)(BY + yd) + C2p22)? '

The determinant of the Jacobian matrix (37) is given by

det/p2(¢, ) = eh — gf
oY (BY +y9)(~yd(Bo +2D) + CP$* - DBY)
- (¥ (B¢ + D) + C¢p2)?
y BY(CY (¢ (Bg + D) + C¢*) — DB¢)
(CY3(Bg + D) + p(Byr + D)(BY + yp) + C2hp*yr)?
v (BY +2D)(¥ (B + D) + C¢?) + DBg?)
(CY3(B + D) + ¢p(Byr + D)(BYr + yp) + C2p*yr2)2

By using

¢:

B-C)D-B+y)+/D-B+y/(B-C)(B+3C)D-p)+yB-C))
2C(B-C) ’

. (B-C)D-B+y)-/D=B+y/(B-C)(B+3C)D-p)+y(B-C))
- 2C(B-C)

we find that

det]r2 (&)

_(D-B)B>D(D - B +y) + BC2D - B)(D - y) - C*(B - 2D)?)
(B-C)(y*(BB - CD) + By (B+ C)(D - B) + CB*(B - D))
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trj2(p, ) =e+h
_ (D-B)(B*B(B - D) + BCB(B —3D) + C*(D* + 2D - p%))
~ (B-O)(y%(BB-CD)+By(B+C)D-B)+CBB - D))
. y(D - B)(B*(D - ) + BC(2D - B) + C*(B — 2D))
(B-C)(y*(BB ~CD) + By (B+ C)(D - B) + CB*(B — D))
. y%(B-C)(BD + C(B —2D))
(B-C)(y*(BB - CD) + By(B+C)(D-B) + CBX(B-D))’

(39)

From (38) and (39) it follows that

(D-B)D-B+y)(B+3C)D-p)+y(B-C))

1+det]T2(¢,1/f)—tr]T2(¢,1/f)= yz(CD—B,B)'F,B)/(B"'C)(,B—D)"’CﬂZ(D—ﬁ),

1+ det]p2 (¢, ) + trJp2(¢, )
_ (B—-D)(D*(B* +2BC - 5C?) - B*(B* + C?) + 2CDB(B + C))
~ (B-C)(y*(BB-CD) + By(B+C)(D-B) + CB>(B - D))
y*(B-C)(B(D + B) + C(B - 3D)) —2Cy (D - B)(B(B — 2D) + CD)
(B- C)(y*(BB - CD) + By (B+ C)(D - B) + CB*(B - D))
1-det]Jp2(p,¥)
) y(D - B)(B*(D + B) + BC(B — 2D) — C*B)
(B- C)(y2(BB - CD) + By (B+ C)(D - B) + CB*(B - D))
(D - B)*(B*D + BC(2D + B) - 4C*D) + y*(B - C)(BB - CD)
(B-C)(y*(BB - CD)+ By(B+C)(D-B)+CB*(B-D)

’

The rest of the proof follows from Lemma 4. d

Lemma 3 Assume thatD - +y > 0.
(1) If D < B then 4D?> —5DB + B2 + 58y + y2> > 0.
(2) 2D* -D(B +2y) -3B* 58y —y* <O.

Proof
(1) It is sufficient to prove that the inequality 4D? — 5D8 + % + 58y > 0 holds for
D-B8+y>0and D < 8. Since

—4D? +5DB - B2 2(2D-3B)(D - B) .

5 ~(B-D)=- = 0
we find that
-4D* +5Dp - 2
% <B-D<y
which implies
-4D? + 5DB - B2 —-4D% + 5DB — B2 - 58y
55 -y = 55 <0,

from which the inequality follows.
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(2) Inview of the assumption of the lemma we have

2D* - D(B +2y) - 3p* 58y —y*
=2D(D~-y)~-DB -3p*-5By —y*
<DB-3p*-5By —y*<(B+y)B-3B>-58y —y>

=-28%-4By - y* <0,
from which the proof follows. U

Lemma4 [fC>0,y >0 and
(B+3C)D-B)+yB-C)B-C)>0AD-B+y>0A(B-C)D-p)<0,

then
(i) B-C)(y*BB-CD)+ByB+C)(D-B)+Cp*B-D) >0;
(ii) y(D-B)B*D +B) + BC(B -2D) - C*B) + (D - B)*(B*D + BC(2D + B) — 4C?D) +
v*(B- C)(BB - CD) > 0;
(iii) (B — D)(D*(B* + 2BC —5C?) — %(B> + C?) + 2CDB(B + C)) + y*(B- C)(B(D + B) +
C(B —3D))—2Cy(D - B)(B(B —2D) + CD) > 0.

Proof (i) Assume that D > 8 and 8 > 0 holds. Observe that

—CDp* + CDBy - CDy* + Cp* - CB’y . CD-B)(B-y)* _ 0

C

By(-D+B~-y) - By(D-B+y)
Since B < C, we obtain
—~CDB? + CDBy — CDy* + CB°> - CB?y 3
By(-D+p-y)
_ y2(BB - CD) + By (B + C)(D - B) + CB*(B — D) -0
By(-D+B-y) -

Since D — B + ¥ > 0, we obtain
y*(BB - CD) + By (B+ C)(D - B) + CB*(B-D) <0,
which implies
(B-C)(y*(BB - CD) + By (B+ C)(D - B) + CB*(B - D)) > 0.

Similarly, one can prove the statement of the lemma if (D < 8 and 8 > 0) or 8 = 0.

(i) Assume D > 8. The lemma’s assumptions imply

C(-3D+3B +7)
D-B+y

B<C and B« and -3D+3B8+y >0. (40)
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Assume for the sake of contradiction that D — 8 —y > 0. Then -3D + 38 + y > 0 and
D - B -y > 0imply D < B, which is a contradiction. Hence, D —  — y < 0. Let

A1 = (D~ B)*(20D* + D*(8y —36B) + D* (138 + 12By — 4y?)
+2DB(B* - 9By +5¢2) + (B>~ By +v?)’)
and

Hy(B) := y(D - B)(B*(D + B) + BC(B - 2D) - C*B)
+(D - B)*(B*D + BC(2D + B) - 4C°D) + y*(B~ C)(BB - CD).

The solutions of the equation H;(B) = 0 for B are given by

C(—2D? + 3D?B + 2D*y — 3DBy + Dy? - B3 + B2y + By? £ J/A))

Bee = 2D—f +7)D*—DB + B7)

Since the coefficient of B? in the quadratic equation H;(B) = 0 is positive we have H;(B) >
0< Be[0,B_)U(B,,00).
Note that the following three identities hold:
4D* —5DB + B2 +5By +y*=(B+y —-D)(B+y +D)+5D(D - B) +3By; (41)

Ay — (D - B (4D -5DB + B> + 58y +?)’

=4(D-B)*(D-B-y)(D*-DB +By)(D+3(B+¥)); (42)
g, C(BD+3B+y) C(D-B)AD*-5Dp + B + 5By +v*) £ VA (43)
=T D-B+y 2D- B +y)(D*-DB +By) '

If A1 <0 then H;(B) > 0 for all B> 0. Assume A; > 0 holds. Since

C(-3D+3B+y)
D-B+y

B«< and D>pB and D-8-y<0

from (41), (42) and (43) we have B_ > W > B, which implies that H; (B) > 0.

Similarly, if D < 8 the assumption of the lemma implies

C(-3D+3
B>C and B>w and D-8+y>0,
D-B+y

from which it follows that
D>-DB+By>D*-DB+Dy=D(D-8+y)>0. (44)

In view of Lemma 3, (43), and (44) we get

C(-3D+3B8 +v) .

B;
D-B+y

+

which implies H;(B) > 0 for % < B, from which the proof follows.
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(iii) Assume that D > 8. As in case (ii) we have

C(-3D+3B+y)
D-B+y

B«< and D-8-y<0.

Let

Ay = (D - B)*(6D* + y*(6D* - 2DB + B*)

-3D*B% +2DB* - 2Dy (3D - 2B)(D + B) — 6Dy > - B* + y*)
and

H;(B) := (B — D)(D*(B* + 2BC - 5C*) - p*(B* + C*) + 2CDB(B + C))

+y*(B-C)(B(D + B) + C(B - 3D)) — 2Cy (D - B)(B(B - 2D) + CD).

The solutions of the equation H»(B) = 0 for B are given by

C(-D° +2D’y + D(B* - 3By - 2y%) + B>y £ V/A)

Bee = D+BD-F-7)D-PB+7)

Note that the following two identities hold:

Ay~ (D~ BP*(2D* - D(B +2y) - 36> 5By - v?)

=2(D - B)XD + B)(D - B - y)(D* + 2DB + 2Dy +56* +10By +5¢7),
C(-3D+3B8+y)

- D-B+y

_C(D-B)2D* -D(B +2y) - 38 - 5By —y*) £ V/A9)
D+p)D-B-y)D-B+y) '

By

(46)

(47)

In view of (45), (46), (47), D > B, D — 8 — y <0, which by Lemma 3 implies that B_ >

B, > B. This and the fact that the coefficient of B2 is positive imply H,(B) > 0.

Assume that D < 8 and for the sake of contradiction that D — 8 — y > 0. Then, adding
the inequalities D— 8+ y >0and D— -y > 0, we obtain D > 8, which is a contradiction.

Hence, D — 8 — y < 0. Similarly, by using (45), (46), (47), and Lemma 3, one can prove

statement (iii) if D < B8, and the proof will be omitted.

5 Boundedness of solutions of (1)

O

In view of Theorems 1 and 2 and Corollaries 1 and 2, any result on the existence of lower

and upper bounds of the solutions of (1) yields some global asymptotic stability result for

the unique equilibrium of (1). See Section 6 for such results. As we show in Remark 1

global asymptotic results obtained by application of Theorems 1 and 2 and Corollaries 1

and 2 are not sharp, in the sense that they do not cover the whole parametric region of

global asymptotic stability, but they are robust as they can be applied as soon as we have

the lower and upper bounds of the solutions. The problem of boundedness of all solutions

of (1) is more difficult than the corresponding problem for the linear fractional equation

and in view of its importance requires a separate paper. An additional difficulty in studying

boundedness is the presence of quadratic terms.

Page 28 of 32


http://www.advancesindifferenceequations.com/content/2014/1/68

Kulenovic et al. Advances in Difference Equations 2014, 2014:68 Page 29 of 32
http://www.advancesindifferenceequations.com/content/2014/1/68

Here we will give some equations for which the boundedness of all solutions is clear and
leave the problem of determining the boundedness of all solutions for a future study. The
boundedness or existence of unbounded solutions for all nine special cases of (1) of the
type (1,1) follows immediately from the corresponding properties of the linear equation
obtained by the substitution x, = ¢*” and it can range from boundedness of all solutions,
periodicity of all solutions with the same period, to the unboundedness of all solutions. All
three special cases of (1) of the type (1, 3), and all three special cases of (1) of the type (2,3)
as well as the special case of the type (3,3) have all solutions uniformly bounded that is,
there are constants L, U, L < U such that every solution satisfies L <x, <U,n=1,2,....
All six special cases of (1) of the type (1,2), where the term in the nominator is also present
in the denominator are also uniformly bounded as well as three special cases of (1) of the
type (2,2), with corresponding terms in the nominator and the denominator. Two spe-
cial cases of (1), where B=C =0 and B = C = y = 0 allow the existence of unbounded
solutions. The remaining 22 special cases of (1) require detailed study and probably new
methods in determining boundedness of solutions and complete classification of all spe-

cial cases of (1).

6 Global asymptotic stability results
In this section we give the following global asymptotic stability result for some special

cases of (1).

Theorem 10
(i) Consider (1), where D =0, and all other coefficients are positive, subject to the
condition

(IB-Bx|+|y - Cx|)(U +%) +§
<1
(B+C)L?

H

min{f,y,8} 7y _ max{By}
max{B,C} ’ min{B,C}

(i) Consider (1), where all coefficients are positive, subject to condition (5), where

_ min{B,y,8} _ max{B,y,d}
L= max{B,C,D}’ u-= min{B,C,D} *

where L = + %. Then x is globally asymptotically stable.

Then x is globally asymptotically stable.

Proof In view of Corollary 1 we need to find the lower and upper bounds for all solutions
of (1) for n > 1.

(i) In this case the lower and upper bounds for all solutions of (1) for # > 1 are derived

as
2 : 2 :
P BXuXya + VX, + 6%y - min{B,y,0} x,_; + XpnXu_1 + Xy - min{B,y,d8} 150
n+l — - - = )
Bx,x, 1+ Cx2_, max{B,C} &2 | +x,%,1 max{B, C}
and
2 2
; BXnXna + VX, + 0%, BXpXu1 + VX, 5xy
n+l = =
Bxyx, 1+ Cx2_, Bxyxy 1+ Cx2 | Bxyxn,1+Cx>
2
max X2 1+ KKy 1) max )
< {IB’V} n—-1 ntn-1 < {/3’7/} + u

= min{B,C} 2, + XpXp1 Bxyy ~ min{B,C} BL
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(ii) In this case the lower and upper bounds for all solutions of (1) for #n > 1 are derived

as
o = BXpXn_1 + yX2_| + 8%y - min{B,y,8} % | +x,%, 1 + %y
" Bxyx, 1 + Cx2_ + Dx,, — max{B,C,D} x>_| + X,%,_1 + X,
min{f, v,
_ By,8} _ L0,
max{B, C,D}
and
N BxyXn_1 +yx2:_, +8x, _ max{B,y,8} X2 | + x,%,1 + %y
" B, + Cx? |+ Dx, ~ min{B,C,D} x2_| + x,%,1 + Xy,
~ max{B,y,8}
" min{B,C,D}

d

By using a similar method as in the proof of Theorem 10 one can prove the following

result.
Theorem 11 Counusider (1), where B = 8 = 0, and all other coefficients are positive, subject
to the condition

ly — Cx|(U + x) + |8 — Dx]| 1
<
CL? + DL

)

where L = :1“;:{{22} ,U = x}x{%’g]} Then x is globally asymptotically stable.

Proof Now, we have

yx: |+ 8xy, _ min{y, ) %, +%, min{y,8}

= =L>0,
Cxi_y +Dx, — max{C,D} 2, +x, max{C,D}

Xn+l =

and

VX + 8%, < max{y,8} x2_, +x, _ max{y,d8}
Cx2_, +Dx, ~ min{C,D}x>_ +x, min{C,D}

Xn+l = u. O
Remark 1 Equation (1), where D = § = 0 and all other coefficients are positive, reduces to
the well-known equation (4) which was studied in great detail in [11, 17] and for which we
have shown that the unique equilibrium is globally asymptotically stable if and only if is
locally asymptotically stable, that is, if and only if condition (i) of Theorem 3 holds. This
result is certainly better than the global asymptotic result we derive from Corollaries 1
and 2.

Remark 2 Equation (1), where either B = 0 or C = 0, and all other coefficients are pos-
itive, can be treated with Corollary 2 and the global asymptotic stability of the equi-
librium (whenever it exists) follows from condition (6) in the interval [min{X,x_1,x0},
max{x,x_1,%0}] when min{x,x_1,x0} > 0, that is, when x_jxo > 0. Similarly, (1), where ex-
actly one of the coefficients 8, y or § is zero, and all other coefficients are positive, can
be treated with Corollary 2 and the global asymptotic stability of the equilibrium follows
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from condition (6) in the interval [min{x, x_,xo}, max{x,x_1,x0}] when min{x,x_;,x0} > 0,

max{B,y,8}

that is, when x_;x( > 0. In this case max{x,x_;,%¢} can be replaced by U = nBCD]
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