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1 Introduction
In this paper, we consider the following second-order p-Laplacian neutral functional dif-
ferential equation:

(dp (%' () — e/ (2 - o)))/ +f(*(0) + B(O)g(x(t — T(1))) = e(t), (1.1)

where ¢,(x) = |x[P~2x for x # 0 and p > 1; o and c are given constants with |c| #1; $,(0) =0,
f(0) = 0. The conjugate exponent of p is denoted by g, i.e. % + clz =1.f,g, B,e and 7 arereal
continuous functions on R; 7, 8, and e are periodic with periodic 7, T > 0 is a constant;
[ e@wdt=0, [ B #0.

As we know, the p-Laplace Rayleigh equation with a deviating argument t(¢) is applied
in many fields such as physics, mechanics, engineering technique fields, and so on. The
existence of a periodic solution for the second-order p-Laplacian Rayleigh equations with

a deviating argument as follows:

(6p(¥@)) +f (x(0)x' (&) + g(x(t - (2))) = e(?) 12)

and

(6o (') +f (% @) + g(x(t - T(8))) = e(®) (1.3)

has been extensively studied in [1-4]. In recent years, Lu et al. [5-7] used Mawhin’s con-
tinuation theory to do research to the existence of a periodic solution for p-Laplacian
neutral Rayleigh equation. They obtained some existence results of periodic solutions to
p-Laplacian neutral Rayleigh equations.

In the research mentioned above, the corresponding nonlinear terms of the second-

order p-Laplacian Rayleigh equation did not include a variable coefficient. Only little lit-
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erature discussed this kind of p-Laplacian Rayleigh equation. For more details refer to
[8-11]. Here, we focus on [11] by Liang Feng et al. They discussed the existence of the

solution to the following equation:
(fp(x' (&) —cx'(t - r)))/ =f(x(t))x/(t) + ,B(t)g(x(t - t(t))) +e(t). (1.4)

They established sufficient conditions for the existence of a T-periodic solution of (1.4).
But their conclusions are founded on the prerequisite fOT (glx(t—1(2))) +e(t)) dt = 0, which
does not satisfy (1.1). Another significance of the paper is that the result is related to the
deviating argument 7 (¢), while the conclusions in those existing papers mentioned above

have no relation with 7(¢).

2 Preliminary results
For convenience, throughout this paper, we will adopt the following assumptions:

Hy) lxllp = (fOT |x(2) P dt)’%, [#lloo = maxeqo,7y [(£)], llx]| = max{[|x[lco, 15/ (£) 0 };
(Ha) mo = mingepo,y |B(£)], m1 = maxeepo,r7 |B(E)];

(H3) Cr={xlx e CR,R),x(t + T) = x(¢),Vt € R};

(Ha) CL={xlx € CYR,R),x(t+T)=x(t),x'(t + T) =x'(£),Vt € R}.

It is obvious that Cr with norm ||x||s and C} with norm ||x|| are two Banach spaces.
Now we define a linear operator A : C; —> Cr, (Ax)(t) = x(£) — cx(t — o).
According to [12, 13], we know that the operator A has the following properties.

Lemma 2.1 [12, 13] If|c| #1, then A has continuous bounded inverse on Cr and

-1 _ Ixlleo
(1) 1A %l = e Vx e Cr,

2) (A8 = {22 dx(t—jo),  ld<1,

’ij() c’/x(t +jo), lel>1,

(3) fy A @) dt < 2 [ 1x(0)|dt, Vx € Cr.

Lemma 2.2 If|c| #1 and p > 1, then

1
|40, <

Vx e Cr. 2.1
P12 X T 2.1

|0

P’

Proof We know that x(¢) is a periodic function. So foT lx(¢ — jo)| dt = fOT |x(2)| dt for j > 0.

When |c| < 1, from Lemma 2.1, we have
T T .
/ |A7x(8)]" dt = / |A7 ()" |A7 % (t) | dt
0 0

T
_ / A0 [P e - jo)
0

jz0

. T -1
<3¢ /0 A %(0) [Pl = jo) | di

j=0

T T »
§Z|cf|( /0 |A-1x(t)|("‘”th> ( /0 |x(t—j0)|pdt>

j=0

dt
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- 1 1
([ ([
Z|c|</0| x(0)|? dt /(;|x(t)| :

j=0

1 ‘ -1 12 i g p ’
- (/0 470 dt) (/0 1x(0)| dt)

C . T, 1 1 1 T , 1 .
which implies ([, |[A™'x(¢)|P dt)? < =] (fy |x(t —jo)IP dt)?. That is to say (2.1) holds. If

lc| > 1, we can also prove that (2.1) is true in the same way. Thus Lemma 2.2 is proved.

Now we consider the following equation in C}.:

/

(¢p(#' () = F(u). (2.2)

F: Cl. —> Cr is continuous and takes a bounded set into bounded set.
Let us define P: CL. — Cr, u| — u(0), Q: Cr —> Cr, h| — %foTh(s) ds and

H(h(t)) = /Oth(s) ds, heCr.
It is clear that if u € Cl. is the solution to (2.2), then u satisfies the abstract equation
u = Pu + QF(u) + K(F(u)),
where the operator K : C; —> Cl. is given by

K(h(t)) = H{¢y[a(U - Qh) + H(U - Q)]}(®), VteR,

« is a continuous function which sends bounded sets of C7 into bounded sets of R, and it
is a completely continuous mapping. For more details as regards the meaning of «, please
refer to [14]. O

Lemma 2.3 [14] Let Q2 be an open bounded set in C%.. Suppose that the following conditions
hold:
(i) Foreach A €(0,1), the equation (¢,(u')) = AF(«) has no solution on <.
(ii) The equation F (u) = % fOT F(u(t)) dt = 0 has no solution on 92 NR.
(iii) The Brouwer degree of I, deg{F,Q2NR,0} #O0.
Then (2.2) has at least one T-periodic solution in Q.

Lemma 2.4 [15] Q@ C R” is open bounded and symmetric with respect to 0 € Q. If f €
C(Q,R") and f(x) # uf (—x), Vx € 9, 11 € [0,1], then deg{f, 2,0} is an odd number.

3 Main results
Theorem 3.1 Suppose that the following conditions hold:

(A1) () € CHR,R), T/(£) > 1 or T'(t) < 1, my = minge[o,7) %,(t)
(Az) The sign of 1_ﬁr(2t) is unchanged in the interval [0, T].
(A3) There exist constants r1 > 0, ry > 0 and k > 0 such that

1) [fx)| <k+rlxPL, VxeR,

(2) limpy— oo lﬁ(% <nr.

(A4) There exists a constant d > 0 such that xg(x) > 0, V|x| > d.
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Then (1.1) has at least one solution with periodic T if there exists a constant € > 0 such
that the following condition holds:

|1+|c||(a+T%)[mlT(r2+e)+r1T%]<|1— (3.1)

where a is defined in (3.8).

Proof Consider the homotopic equation of (1.1) as follows:

(fp(¥' (&) —cx'(t - O’)))/ + A (&' (@) + AB(O)g(x(t — T(1))) = 1e(r), A €(0,1). (3.2)

Let x(¢) be a possible T-periodic solution to (3.2). By integrating both sides of (3.2) over
[0, T, we have

/0 CF(0) + BOg(x( 7(©)]de 0. (3.3)

Let u(t) = t — ©(¢£), by the condition (A;), we know that u() has a unique inverse denoted
by ¢ = y (u); noting that t(0) = 7(T), we get

DBy [T B @) )g(u)
/ B(2) t(1))) dt = / o 170w o) (3.4)

Based on the condition of (A;) and the integral mean value theorem, there exists & €
[0, T] such that

T (T

By the condition (A3)(2) for a given ¢ > 0, 3p > d > 0 when |x(¢)| > p such that

lg(x)] lg(x)]
1 >ry—£>0, w1 <ry+e. (3.6)

Now we can claim that there are two constants @ and b such that

|x(&)| <allxl, + b, (3.7)
where
1 2
[—2——F]712FT, p-1<1,
a=1 (r2-eymomyT4 . (3.8)
[———17T, p-1>1,
(rz—é‘)m()szq
k Y=
N (3.9)
k 1 :
[(Vz—S)Wlole ]p 1, p-1>1.

In the following, we prove the above claim in two cases.
Case 1. If |x(§)| < p, & € [0, T], then (3.7) holds.
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Case 2.1f |x(£)| > p, & € [0, T, by (3.5), (3.6), and the condition (A3)(1), we have

By (u)
V(M))

< /0 ()| de < KT + /0 WP de

172 — el |()]” moma T < |g(x(6) \/

p-1

T
< kT + rlTll’ (/ |x/(t)|p dt) r =kT + rszlﬂ ||x/ Hi—l,
0

O < e+ —— |l
(rn=eymomy (1) _ o\momy T

When 0 < p —1 <1, according to the Minkowski inequality, we have
1 1

]x(§)|§|:7k ]12%{—’1 l]’”zfa%‘f”x/||p.

(r2 = &ymom; (ry — &)momy T4

S

When p —1> 1, from (a+b)% < (u)% + (b)%, a,b € [0,+00), m > 1, we have

1

k7 &
[x(8)| < [(7] " [%] <1,
ry — €)momiy (ry — &)momy T4

Therefore, (3.7) is also satisfied for case 2.

For any ¢ € R, there exists ¢, € [0, T'], such that ¢ = kT + £y, where k is an integer. Then

0] = st = @]+ [ [¥olas £<l0.T)
By (3.7), we have

lalloe < alw'|, + b+ T1 x| = (@+ T7) x|, +b. (3.10)
At first, we prove that there is a constant R; such that

lxlloo < Ry. (3.11)

By (3.10), we only need to prove that |||, is bounded in order to prove (3.11).

If ||¥']|, = 0, then ||«'||,, is obviously bounded.

If —2— > h, then ||&/ l, < boah that is, ||’ [l is bounded as well.
a+T 9 |« ||p th
If —2— <h,we prove that |||, is bounded in the following.

a+T1 %/ 1lp
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By multiplying both sides of (3.2) by A(x(¢)) = x(¢) — cx(t — o) and integrating them over
[0, T, we have

[ ontas) a0

T
0p(Ax)A(x(2)) 13 - ./o 9p(Ax')AX' dt‘

T
- [ laxpae= av]y
0
T
:PA A@@DU@WD+ﬁU@@@—ﬂﬂ»—dﬂd4
T
<(1+ |c|)||x||oo/0 [F&' @)+ [B@g(x(t-T@))| + |e(®)]] dt. (3.12)
Let By ={t€ [0, T]:|x(t—t(t)| < p}, E2 ={t €[0,T]: |x(t—1(¢))| > p}, then
T
/ |B(Og(x(t—(2))|dt = / |B()g(x(t - T(2)))|de + / |B(O)g(x(t - T(2)))|dt
0 E Ey
<mymzT +my T(ry + &)||x]|%", (3.13)
where

ms3 = max’g(x)’. (3.14)

lx|<p

By (3.12) and (3.13), we get

[ ax |2 < (1 + 1) I#ll oo

T
X [m1n13T +m T(ry + )% |21 + kT + rlT!l’ ||9C/||§_1 + / |e(t)’ dt]
0

T
= (1 + |c|)(m1m3T + kT +f |e(t)’ dt> 1%l 0o + (1 + |c|)m1T(r2 +&)llxllZ,
0
+(1+ |c|)r1Tzl’ [l [ Hjl
<afb+(a+T9)]|x], +alb+ @+ T0)|x ], )"
vas[b+ (a+ T7) 2] |27 (3.15)
where a; = (1 + |¢|)(mym3 T + kT + fOT le(t)| dt), ar = A+ |c|)m T(ry + &), a3 = (1 + |c|)r1Tll’.

By elementary analysis, we know that there is a constant % > 0 which satisfies b —ak > 0
such that

Q+uf <1+Q+pu, Vue(0,h]. (3.16)
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By (3.16), one has

o (ar T =@ Y (e — )

<(a+ TOP ||+ b s p)(a+ Toy |27 (3.17)
By Lemma 2.2, together with (3.15) and (3.17), we can derive
L= tel” |+']},

= 1=l a7 Ax |, < Ax];

<afb+(a+ 70|, + af(a+ TV |2+ b1+ p)(a+ To)y " | |27]
raslboe (a+ T1) 2] ]| )0

= (@ +a)(a+ T9) || + [a2b(U + p)(a+ T + asb] ||
sar(a+ T9)[|&], + ab. (3.18)

From (3.1) and (3.18), we know that ||x’||, also is bounded in this case. Based on the above,
we can derive the result that ||+’||, has a bound; therefore, (3.11) holds.
Secondly, we prove that there is a constant R, such that

|#] < Ro. (3.19)

Based on (1.1), together with (3.13) and the condition (A;)(1), we get

T /

[RCCEONE

T
< [ [F e )]+ pogs(e- o) + et e
1 1 T
SKT+nTe |¥|57 + mumsT + mT(rs +e)llxlI5" + / |e(t)| dt := Rs.
0

Because A(x(0)) = A(x(T)), there exists ¢y € [0, T] such that (Ax(z)) = A« (t0)) = 0.
Noting that ¢,(0) = 0, we have

"pp (Ax’(t))] =

(¢,, dt‘ / |pp(A ]dt <Rs,
then
[Ax'| . = bq(Rs).

From Lemma 2.1, we derive

_AX o #4(Rs)
T =ledl T |1—| I

[l = |47 A% <

2y

therefore, (3.19) is satisfied.
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Let y(¢) = (Ax(2)), then (3.2) is equivalent to the following equation:

(6 (Y®)) + A (A7 () + g (A7 y (¢~ T(D))) = re(®). (3.20)

Then x = A~ly is a T-periodic solution of (3.2) if y is a T-periodic solution of (3.20). Let

F(y(®) = e®) -f((A7(0)) - g(A7 (¢ - T @))), (3.21)

since f, g are continuous and A has a continuous inverse, the mapping F : C} — Cr in
(3.21) is continuous and takes bounded sets into bounded sets.
In addition, (3.20) can be represented as

(6 (Y ®)) = AF(y(2)). (3.22)

Let R = Mmax({R;, Ry, p}; M > 1+ |c| is a constant, Q = {y(t) € CL, [[¥]lcc <R, [[¥/]loc < R},
then (3.22) has no solution on 92 for A € (0,1). In fact, if y = Ax is a solution to (3.22) on
9%, then [[ylloo = R or Iy lloc = R. If [[ylloo = R, then [[ylloo = [ A%lloo = 2(2) - cx(t — 0) o0 <
(1+ |e)) %]l oo- That is to say, ||x]|co > ”ﬁ”lcc’f > R;. This is a contradiction with (3.11). Similarly,
I'loo # R. Then (3.22) satisfies the condition (i) of Lemma 2.3.

Ifye dQNR, yisa constant and |y| = ||¥]|ec = R, then f((A1y)") = 0 and |y| < (1 + |c])|x],

x| > 2L > p > d. By (A4), we obtain g(A~1(y(¢ — 7(2)))) = g(Aly) = g(x) # 0. Therefore

1+]c|

T
FO)=7 [ FO)di=g(a" (e~ (0))) =g 70 (323)

T
on 02 N R. This indicates that (3.22) satisfies the condition (ii) of Lemma 2.3.

We know 9(2 NR) = {—R, R}, then for Vy € 3(2 NR), we have y=R>d ory = —-R < —d.
By (3.23) and the condition (A4), we conclude that F (y) # uF (), n € [0,1], y € (R NR).
Based on Lemma 2.4, we get deg{F, 2 NR,0} #O0.

Based on the above, (3.22) satisfies all the conditions of Lemma 2.3. So does (3.20). By
Lemma 2.3, (3.20) has at least one T-periodic solution, then (1.1) has also at least a periodic
solution. O

4 Example
Consider the following equation:

(¢4 <xf(t) - %x/ <t - %))) +f(x’(t)) + ﬁ(t)g(x(t - % sin t>) = ﬁ cost, (4.1)

_ 1

wherep =4, c= %, o= %, T(t) = % sint, e(t) cost, T = 2. Obviously we get t/(¢) < 1,

= 200
my = %
Lix, <L 3 -
If we take f(x) = { gxa’ o gw) = &+ 5, B(t) = 5 (1:«1}2 5 then the condition (A4) of
Theorem 3.1 is satisfied and
1 1 1 1 1
f)] < — + —|+*|, lim 6! <—  mp=-—, m=—. (42)
100 ' 100 W—oc |3 ~ 10 20 10

By (4.2), we obtain k = ﬁ, r = ﬁ, ry = %.
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If we choose ¢ = 0.01, p > 1, then when |x| > p, we have

gl _ lg(x)l

3 >ry—&, <rp+é
|x]

lx[3 —

We calculate easily that
1 1 4
a=0843, |L+|cl[(a+Ta)[mT(rs+e)+rT?]=0.4496 <|1-|c||" = 0.6561.

Based on the above, we know that (4.1) satisfies all conditions included in Theorem 3.1;
therefore, (4.1) has at least one T-periodic solution.
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