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Abstract

This paper deals with the asymptotic stability and boundedness of the solution of a
time-varying impulsive Volterra integro-dynamic system on time scales in which the
coefficient matrix is not necessarily stable. We generalize to a time scale some known
properties concerning the asymptotic behavior and boundedness from the
continuous case.
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1 Introduction

Impulsive differential systems represent a natural framework for mathematical modelling
of several processes in the applied sciences [1-4]. Basic qualitative and quantitative results
about impulsive Volterra integro differential equations were studied in the literature (see
[5-8]). Volterra-type equations (integral and integro-dynamic) on time scales were stud-
ied in [9-15]. In [16] the authors presented a theory for linear impulsive dynamic systems
on time scales and recently in [17] various results concerning the asymptotic stability and
boundedness of Volterra integro-dynamic equations on time scales were developed. Mo-
tivated by these papers, we generalize these results to impulsive integro-dynamic systems

on time scales.

2 Preliminaries
In this paper we assume that the reader is familiar with the basic calculus of time scales. Let
R” be the space of n-dimensional column vectors x = col(x;, %3, .. .,%,) with a norm || - ||
Also, with the same symbol || - || we denote the corresponding matrix norm in the space
M, (R) of n x n matrices. If A € M,,(R), then we denote by AT its conjugate transpose. We
recall that ||A] := sup{||Ax|}; x| <1} and the following inequality ||Ax| < ||A]l[lx|| holds
for all A € M, (R) and x € R”. A time scale T is a nonempty closed subset of R. The set of
all rd-continuous functions f : T — R” will be denoted by C.4(T,R").

The notations [a, b], [a,b), and so on, denote time scale intervals such as [a4,b] := {t €
T;a <t <b},wherea,b eT. Also, forany t € T, let T, := [t,00) N T and Ty := [0,00) N T.

We denote by R (respectively R*) the set of all regressive (respectively positively re-
gressive) functions from T to R. The space of all rd-continuous and regressive functions
from T to R is denoted by C,qR(T, R). Also,

CHR(T,R):= {p € CaR(T,R); 1+ u(t)p(t) >0 forall t € ’]I‘}.
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We denote by CL,(T,R") the set of all functions f : T — R” that are differentiable on
T with its delta-derivative f2(¢) € C,q(T,R"). The set of rd-continuous (respectively rd-
continuous and regressive) functions A : T — M,(R) is denoted by C.4(T,M,(R)) (re-
spectively by CqR(T, M,(R))). We recall that a matrix-valued function A is said to be
regressive if I + u(t)A(¢) is invertible for all £ € T, where [ is the n x n identity matrix. For
a comprehensive review on time scales, we refer the reader to [18] and [19].

Lemma 2.1 ([18, Theorem 2.38]) Let p,q € C,qR(T,R). Then eﬁeq(-, t)=(p-q)

Ep(‘:to)
eg(4to) ©

Lemma 2.2 ([18, Theorem 6.2]) Let o € R with o € C;yR(T,R). Then
eu(t,s)>1+a(t—-s) forallt>s.

Theorem 2.3 ([13, Theorem 7]) Leta,b € T with b > a and assume thatf: T x T — R is
integrable on {(t,s) € T x T:b >t >s>a}. Then

/ﬂb/;f(n,smsm=/ab/0;f(n,gmmg,

It is easy to verify that the above result holds for f € C.4(T x T,R").

Lemma 2.4 ([16, Lemma 2.1]) Let ty € Ty, y € C;aR(To,R), p € C}yR(To,R) and ¢, by €
R,, k=1,2,.... Then

y(t) <c +/ ps)y(s)As + Z biy(tr), teTy

to<tr<t

implies

y)<c [] A+betr), > to.

to<ti<t

Consider the Volterra time-varying impulsive integro-dynamic system

28 () = A@O)x(8) + [, Kt 5)x(s)As + F(8), £ € To\{t},
x(t) =+ Cx(ty), t=t,k=12,..., (1)

x(to) = X0,

where A (not necessarily stable) is an # x » matrix function and F is an n-vector function,
which is piecewise continuous on Ty, K is an n x n matrix function, which is piecewise
continuous on Q:={(£,s) € To x To:tp <s<t<o0}, Ck e M,(R,),0<ty<ti<trp<---<
tx < -+, with limy_, o & = 00 and the impulsive points ; are right dense. Note that x(¢;)
represents the left limit of x(¢) at ¢ = #x and x(¢}) represents the right limit of x(¢) at ¢ = &.

The rest of the paper is organized as follows. In Section 3, we investigate the asymptotic
behavior of solutions of system (1), which generalizes the continuous version (T = R) of 8,
Theorem 2.5]. In Section 4 we discuss the uniform boundedness of solutions of (1) by con-
structing a Lyapunov functional. Further results for boundedness, uniform boundedness
and stability of solutions will also be developed.
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3 Asymptotic stability
Our first result in this section is to present a system equivalent to (1) which involves an

arbitrary function.

Theorem 3.1 Let L(t,s) be an n X n continuously differentiable matrix function with re-
specttoson ty_y <s <t <t with L(t, ;) = (I + Ci) L(t, &) for each k =1,2,.... Then (1) is

equivalent to the system

72 (0) = B@)y() + [, G(t.s)y(9)As + H(e), ¢ € To\{ue),
Y& =T+ Cyt), t=tik=12,..., @)
y(t()) =Jo,

where

B(t) = A(t) - L(t,2),

¢ 3)
H(t) = F(t) + L(¢, t9)xo + / L(t,o(s))F(s)As,
and
G(t,s) = K(t,s) + AGL(t,s) + L(t, o(s))A(s)
+/t L(t,a(r))K(r,s)At, s, t# ty. (4)
a(s)

Proof Let x(t) be any solution of (1) on Ty. If we take p(s) = L(t, s)x(s), then for £_; <s <
t; < t, we have

pR(s) = AL(L,8)x(s) + L(2, 0 (5))x™ (s)
and by (1) it follows that

p(s) = AgL(t, s)x(s) + L(t,0(s))A(s)x(s)

+L(t,0(s)) /SI<(s,r)x(r)Ar + L(t,0(s))E(s).

to

Integration from ¢, to ¢ yields

p(t)=plto) = Y Ap(ty)

to<ty<t

= /[ASL(t, s)x(s)As + /tL(t,a(s))A(s)x(s)As

to to

+/tL(t,o(s)) /SK(s,r)x(r)ArAs

to to

+ /t L(t, o (s))F(s)As.

0
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Using Theorem 2.3, we obtain

p(t) —p(to) - Z Ap(tk):/ ASL(t,s)x(s)As+/ L(t,0(s))A(s)x(s) As

to<ti<t b b

' /to (./a<r)L(t’a(S))K(s’ T)As)x(r)Ar

+ /t L(t, o (s))F(s)As.

to
By a change of variables in the double integral term, we have

Z Ap( tk)—/ |:ASL(t,s)+L(t,a(s))A(s)

to<tp<t

+ft L(t,a(u))[((u,s)Aui|x(s)As

()

+ /t L(t, o (s))F(s)As.

Lo

Using (3) and (4), we obtain

(A(t) - B(0))x(t) = / t(G(t,s)—K(t,s)) ($)As+H(E)-F@t)+ Y Ap(t).

0 to<tp<t

From (1), we have

t
x2(¢) = Bt)x(t) + f G(t,s)x(s)As + H(¢t Z Ap(t).
to fo<tr<t
For tg < s <ty < t, we obtain
Ap(te) = L(6, 60 )x(87) = L(& tr)x(te)

= [L(t, ) + C) = L, 1) |x(tx) = 0.

Hence, x(t) is a solution of (2).

Conversely, let y(¢) be any solution of (2) on Ty. We shall show that it satisfies (1). Con-

sider
20050 - FO - A0 - [ Keoyoas

Then by (2) and (3) we have

Z(t) = =L(t, t)y(t) + L(¢, to)xo + /t G(t,5)y(s)As

to

+ /IL(t,o(s))F(s)As— /tK(t,s)y(s)As.

to

Page 4 of 17
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Using (4), we obtain

Z(t) = =L(t, t)y(t) + L(¢, to)xo + /tL(t,o(s))F(s)As

to

_ / K 9y(s)As+ / t|:1((t,s)+ASL(t,s)+L(t,a(s))A(s)

to to

+/t L(t,a(r))K(r,s)Ar]y(s)As.
o(s)

Again by Theorem 2.3, we have

Z(t) = —L(¢t, t)y(¢) + /t[ASL(t, s) + L(t,(r(s))A(s)]y(s)As

to

+ /tL(t,a(s)) [/SI((s,t)y(r)At:IAs

to to

+ L(t, to)xo + /tL(t,a(s))F(s)As. (5)

to

Now, by setting g(s) = L(z,5)y(s), then for #;_; < s < fx < t, we get
g™ (s) = AL(6,8)y(s) + L(£,0(5))y™ (9). (6)

Integrating (6) from £, to ¢ yields

t

a0-at0)- Y Aqte0 = [ [8.L66) + L(6o0)y  6)]as

to<tr<t to

and therefore, we have

L(t, )y(0) - Lt to)xo — ) Aqlte) = / [AsL(,8)y(s) + L(t,0(5))y> (5)] As. (7)

to<tr<t to

Since Ag() = 0, substituting (7) in (5), we obtain

t

Z(t) = —/tL(t,o(s))yA(s)As +/ L(t,a(s))A(s)y(s)As

to Lo

+ /tL(t,a(s)) [/SI((S,T)_)/(‘E)AT}AS+ /tL(t,a(s))F(s)As

Lo to to

- / L(60()Z(5)As

to

which implies Z(t) = 0, by the unique solution of Volterra integral equations [12] and the
fact that AZ(tx) = 0. Hence y(¢) is a solution of (1). O

For our next result we assume that matrix B commutes with its integral, so B commutes
with its matrix exponential, that is, B(f)ep(t, s) = eg(t,5)B(¢), [20].

Page 5 of 17
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Theorem 3.2 Let B € C(T,M,(R)) and M, o > 0. Assume that matrix B commutes with
its integral. If

les(t,9)|| < Meu(s,t), tseg, (8)

then every solution x(t) of (1) satisfies

761 §M||x0||ea(t0,t)+M/ ea(0(s), £)|H(s)| As

+Mf |:/ ea o(r) t)||Gr s)||Ar:|||x HAS

+ Mey (to,

)

to<ti<t
where P = [ep(to, ) + Ci) — en(to, ti)].

Proof Let x(£) be the solution of (2) and define g(t) = e(to, t)x(£). Then

g (t) = —B(t)e(to, o (£))x(t) + ep (to,a(t))xA(t).

Substituting for x*(¢) from (2) and integrating from ; to ¢, we obtain

q(t) —q(to) - Z Aq(te) = /eB(to,o(s))H(s)As

to<tr<t

+ /teg(to,a(s)) |:/s G(s,r)x(r)Ar] As.

0

Using Theorem 2.3 and applying the semigroup property of exponential functions [18,
Theorem 2.36], we obtain

t

x(2) = ep(t, to)xo + / ep(t,0(s))H(s)As + ep(t, to) Z Aq(ty)

to to<ty<t

+ /to |:/ eB(t,o(r))G(r,s)Ar]x(s)As. (10)

a(s)

For tg < s < t; < t, we have

Aq(tr) = ep(to, £ )x(£f) — en(to, tx)x(tx)
= [es(to, ) (I + Ck) — en(to, 1) Jos(tx)

= Brx(te).

Hence, using (8) and applying the norm on (10), we obtain (9), which completes the
proof. O

In the next theorem we present sufficient conditions for asymptotic stability.
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Theorem 3.3 Let L(¢,s) be an n x n continuously differentiable matrix function with re-
spect to s on Q2 such that
(a) the assumptions of Theorem 3.2 hold,

Loey (s,t)
®) L& = T@a)memon”

(©) SUPyy<s=teoo Sy €a(0 (D), DI G(T, ) AT < g,
(d) F(t)=0and
() [Tiyereerll + M?(di +1)] < e, (t,0), where di = |(I + Ci)||: dix — 0 as k — oo,
where Lo,y > a, ag, A are positive real constants.
Ifa © Moy © A > 0, then every solution x(t) of (1) tends to zero exponentially as t — +00.

Proof Inview of Theorem 3.1 and the fact that L(¢, s) satisfies (a), it is enough to show that

every solution of (2) tends to zero as ¢ — +00. From (a) and using (9), we obtain
t
eq(t,0) Hx(t) || < M||xg||ex(to,0) + M/ ey (a(s), O) ||H(s) || As
to

+M/ [/ ea(o(t),O)”G(t,s)”At]||x(s)||As

(s)
+ Mey (£9,0) Y I Bell]|x(2) | (11)

to<tp<t

Since

: C ey(0(5),0)e, (0,5)
/to eu(0(90) [HO |45 = Lolioler (t0,0) | GooT R RS

then by Lemma 2.1 and the fact that y > «, we obtain

[ el@0)Ho]ss< alleto0)
to )/ ps
Using (11), (b), (c) and (d), we have

€a(t0,0)
ea(t,0)[=(0)] < Mllsollea(to, ) + MLolwol ==

o +M/t.0 aoea(s,O)”x(S)”As

+ Me, (t,0) Z 1Bl |22

to<ty<t

From Theorem 3.2, we have
1Bl < ||ea(to, ) ||| (I + C)|| + |[eslto, )| < Mea (tir t0)(A + di), (12)

which implies

eq(t, O)Hx(t)H < M||xol| <1+ >ea(t0,0)+M/ Qpeqy (s, O)Hx(s) || As

Yy —«

+ Y M1+ di)eq(ti, 0) (k) | (13)

to<tr<t

Page 7 of 17
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Lemma 2.4 yields that

ea(t» 0) ||x(t) H = M||xo ” (1 + )ea(to» 0) l—[ [1 + M2(1 + dk)]eMDlo (t: tO)'

to<ti<t

Using [18, Theorem 2.36], (e) and the fact that £, < # < t, we obtain

||x(t) H =< M”x() ” (1 + )ea@Moto (t()) O)eaeMaoeA(Or t)r

—Morg ML+ ()M .
where o & Moy © A = % [18, Exercise 2.28]. By Lemma 2.2, we have

1 .
eaeMaoe)L(O, t) < m, so we obtain

Milxoll(1+ 52)eaenmas (£0,0)
<

”x(t)” - 1+ (@ ©&Mag© M)t

Hence, in view of (e) and the fact « © Moy © A > 0, we obtain the required result. (|

Example 3.4 Let us consider the Volterra integro-dynamic equation

x2(t) = ©2x(0) + [ ecn(t, 8)x(s)As,
x(tf) = 2o x(te), (14)
x(0) =1,

where A(t) = 62, K(¢t,s) = ega(t,s), 1+ Cy = ﬁ( and the impulsive points £ = 2k. Now con-
sider L(t,s) = 0 so then B(f) = ©62. The matrix function G(¢,s) given in (4) becomes

G(t,s) = ecn(t,s). (15)

In the following, we check the assumptions of Theorem 3.3 when T = R.
Let T = R. Then we have

les(t,9)] = |e=a(t,s)| = ) < M), M=2,
and

0=|L(t9)| < Loe®* ™D, Ly=1.
Here the constants are o = 2 and y = 3. From (15) it follows that

G(t,s) = e 29, (16)
Then from (16) we obtain that G(t, s) is a positive function, and

t t
f PRy | G(r,s)| dr = / X029 gr
s S

= 26D )
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__ (=9
T 1+2(t-5)

’

N =

<

from which it follows that

t
sup /e%(“t)|G(r,s)|dr§
s

0<s<t<oo

1
2
and
H 5+1 <e%

7)< .
to<tr<t

19
%;
sumptions of Theorem 3.3 hold for system (14), it follows that the solution of (14) tends

Since ag = % and A = then we have that « — Mag — A > 0. Therefore, since all the as-
to zero exponentially as ¢ — +oo.
If T = N, then all points are right scattered and there is no impulse condition. So, from

[17, Example 3.7] it follows that the solution of (14) tends to zero exponentially as t — +00.

Theorem 3.5 Let L € C(2, M,(R)) such that A;L(t,s) € C(2, M,(R)) for (t,s) € Q and
(i) assumptions (a), (b), (d) and (e) of Theorem 3.3 hold,
(ii) 1AL(t8)|| < Noes(s, t) and || K(t,s)|| < Koes(s, ),
(iii) IA@)] < Ao forto <t <00,
(iv) SUP; <s<teoo f;(s)[(Ko +No)A + (1)) + W]At < af for some oy > 0,
where Ay, Ny, Ko, § and 0 are positive real numbers such that y >8 >a, 0 > .
If o © Mo © X > 0, then every solution x(t) of (1) tends to zero exponentially as t — +0co.

Proof From (4), we obtain
669 = [K69] + | AL )] + |2 0) | |46)]

o [ 20wl A
a(s)

which implies

Loe, (s, t) 4
1+ p@a)d+pn)y)°

G5 9)|| < Koeo (s, £) + Noes(s, ) +

¢
/as) (filj(zcib)tilt)felis(,t;?/ ) )
Since y > 6§ > &, 0 > «, then from (i), (ii) and (iii), (17) becomes
H G(t,s) ” < Koey (s, t) + Noey (s, t)
Loea(s, £) . (t — o (s)LoKoea (s, 1) (18)

* 1+ p(Oa)1 + u(®)y) I+ p@a)1 + pu(t)y)
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and

AoLo + (lf - O’(S))Lo](()
u(t)o

ey (o(t), 0) ||G(t,s) || < |:(K0 + No)(l + u(t)a) + ]ea(s, 0).

Integrating the above inequality and using (iv), we obtain

/t ey (o(r),O) || G(t,s)“Ar < agjeq(s,0). (19)
a(s)

Substituting (19) in (11), we obtain

eq(,0) ||x(t) H < M||xo]|| (1 + )ea(to,O) +M/ ageq(s,0) ||x(s)|| As

+ Y M1+ di)ea(ti, 0) |x(t0) .

to<tr<t
Lemma 2.4 yields that
ea(tro) ”x(t)H SM”xO”(l + )ea(tmo)
y—a
X 1_[ [1 + M1+ dk)]eMaa(t, to).

to<tr<t

Using [18, Theorem 2.36], (e) and the fact that £, < # < t, we obtain

Ly
|x(®) || < Mllxoll (1 + m)eaeMaa(tO:O)eaeMaaek(O’t)~
Then by Lemma 2.2, we have

Mllxoll(1+ 2 eqenag (20, 0)

1+ (@ Majo i)

[=@] =<

Hence, in view of (i) and « © Maj © A > 0, we obtain the required result. O

Corollary 3.6 Let L(¢,s) be an n x n continuously differentiable matrix function with re-
spect to s on ty_y <8 <ty <t with L(¢,£]) = (I + Cx)\L(t, &) for each k =1,2,.... Then (1) is
equivalent to the impulsive dynamic system

y2(t) = B(t)y(t) + H(t), £ € To\{tx},
¥yt =U+Clylt), t=ti,k=12,..., (20)

¥(to) = yo,
where
B(t) = A(t) — L(t, 1),

¢ (21)
H(t) = F(t) + L(¢, tg)xo + / L(t,o(s))F(s)As,
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and
K(t,s) + AL(t,s) + L(t,a(s))A(s)

+ f t L(t,o(w)K(u,$)Au=0, s,t+#4. (22)
a(s)

Proof The proof follows an argument similar to that in Theorem 3.1 with G(¢,s) =0. O

4 Boundedness

In the first result of this section, we give sufficient conditions to insure that (1) has bounded
solutions. Our results apply to (1) whether A(¢) is stable, identically zero, or completely
unstable, and do not require A(¢) to be constant nor K(t, s) to be a convolution kernel. Let
C(t) and D(t,s) be continuous # x n matrices, ty < s <t < 00. Let s € [£y, 00) and assume
that C(¢) is an n x n regressive matrix. The unique matrix solution of the initial valued

problem
YA=C@)Y, Y(§)=U+CoY(&), Y(s)=1, (23)

is called the impulsive transition matrix (at s) and it is denoted by Sc(t, s) (see [16, Corol-
lary 3.1]). Also, if H(¢,s) is an n x n regressive matrix satisfying

A:H(t,s) = C(t)H(t,s) + D(t, s),
H(tf,s) = + Cx)H(t,s), (24)
H(s,s) = A(s) — C(s),

then
H(t,s) = Sc(t,s) [A(s) - C(s)] + /tSc(t,O‘(‘L'))D(T,S)AT. (25)

Theorem 4.1 Let ec(t,s) be the solution of (23), and suppose that there are positive con-
stants N, ] and M such that
(i) IISc(tto)ll =N,
(i) [ 1ISc(t,)[As) - Co)] + [ Sclt,o (DK (x,5) ATl As <] <1,
(ifi) 1| [y Sc(t, 0 W)[F(u) - G)x(B)] Aull < M.
Then all the solutions of (1) are uniformly bounded, and the zero solution of the corre-
sponding homogenous equation of (1) is uniformly stable with the initial condition x(t,) = 0.

Proof Consider the following functional
t
V(t,x(~)) =x(t) - / H(t,s)x(s)As. (26)
to
The derivative of V(t,x(-)) along a solution x(£) = x(¢, £y, xo) of (1) satisfies

VA(Lx() =22 (t) - A / tH(t, $)x(s) As.
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From [18, Theorem 1.117], we obtain
VA(tx() = x*(6) — H(o (2), £)x(¢) - /t t AH (2, 8)x(s) As
= A@)x(t) — H(o (2), £)x(e) + /t tK (t,8)x(s)As
- / t AH(t, 5)x(s)As + E(¢)

to

or

VA(t,x(-) = [At) - H(o (2), ) ]x(2) + F(2)

+ t K(t,s) — AH(t,s) [x(s) As. (27)
1 ]

By using (25), [18, Theorems 1.75] and [16, Theorem 3.4], we have the following expression:

o)
H(o(2),t) = Sc(o(2),£)[A() - C(9)] +/ Sc(o(8),0(1))D(z,t)AT

(I +n@®)C@®))Sc(t, [At) - C(O)] + n(t)Sc (o (£), 0 () D(t, )
(I +1(6)CO)[A®) - C®)] + n@)D(t, 1)

- [A®) - C)] + wO[COAW® - C*() + D(&, )],

which implies that
H(o(t),t) = [A) - C()] + G(®), (28)
where G(£) = u(t)[C(HA(t) — C2(t) + D(t, t)]. Substituting (28) in (27) yields
VA(t,x() = C()x(t) - G(e)x(t) + /t t[K (t,5) = AH(t,8)|x(s) As + F(¢).
From (24) and (26), we have
VA(6x() = COV (6x()) + ft t[K (t,5) - D(t,5)]x(s) As + F(t) — G(£)x(2),
and it is easy to see that

V(t6x() = T+ COV (6 x()).

Thus

V(t,x(-)) = Sc(t, to)xo +/ Sc(t,o(w)g(u,x() Au, (29)

Page 12 of 17


http://www.advancesindifferenceequations.com/content/2014/1/6

Agarwal et al. Advances in Difference Equations 2014, 2014:6
http://www.advancesindifferenceequations.com/content/2014/1/6

where

g(tx()) = / t[K (t,8) = D(t,5)|x(s) As + F(t) — G(£)x(2).

to

Let D(t,s) = K(t,s). Then by (25), (ii) is precisely ftg |H(¢ s)|| As < J < 1. By (29) and (i)-(iii),

Sc(t, to)xo + / Sc(t,cr(u)) [F(u) - G(t)x(t)]Au

to

[V (&x0)] =

< ||Sc(& to) | llxoll +

/ Sc(t, o(u)) [F(u) - G(t)x(t)] Au

< Nllxo|l + M.

If ||xo|| < By for some constant, and if Q = NB; + M, then by (26) we obtain
L
o] - [ Tl as = [V(ea0)] = @ 50)
to

Now, either there exists B, > 0 such that || x(¢)|| < B, for all £ > £, and thus x(¢) is uniformly
bounded, or there exists a monotone sequence {t,} tending to infinity such that ||x(z,)| =

maxy, <<, ||#(t)|| and ||x(t,)|| — oo as ¢, — oo, and by (ii) and (30) we have

|x@)[[@-7) < %) _/n”H(th)“ |xs)]|as < Q,

to

a contradiction. This completes the proof. d

In the second part of this section, we consider system (1) with F(¢) bounded and suppose
that

C(t,s) = —/ K(u,s)Au (31)
t
is defined and continuous on 2. The matrix E(¢) on [£, 00) is defined by
E(t) = A(t) - C(o(2),2). (32)
Then (1) is equivalent to the system

x2(t) = E(O)x(t) + A, ftg C(t,s)x(s)As + F(t), teTo\{te),
x(t) = [+ Coxty), t=tik=12,..., (33)

x(to) =X0.

Theorem 4.2 Let E € C(T,M,(R)) and M,a > 0. Assume that E(t) commutes with its in-
tegral. If

lec(t,s)| < Meu(s,t), tseg, (34)
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then every solution x(t) of (1) with x(t,) = xo satisfies
t
J+(0)] < Misollest0,0)+ 1 [ eu(o(6)t) [FG)] As
to

oM / |E@)|ea (o (),2) [ / |Cw9)] |x6)] AS]AM

/ [C5)[[46)] As + Mealto,t) S 1Bl 420 (35)

to<tp<t
where Bi = [ec(to, 1) + Ci) — eg(to, ti)].

Proof Let x(£) be the solution of (1) and define g(t) = ex(to, t)x(¢). Then

q*(t) = —E(t)e(to, o (£))x(t) + ex(to, o' ()™ (8).

Substituting for x*(¢) from (33) and integrating from ¢, to ¢, yields

q(t) — q(to) — Z Aq( tk)—/ eg(to,a(s))F(s)As

to<ti<t

+ /teg(to,a(u)) [Aufu C(u,s)x(s)As] Au.

0 0

Applying the integration by parts on the second term of the right-hand side [18, Theo-
rem 1.77] and the semigroup property of exponential functions [18, Theorem 2.36], we

obtain

x(t) = ep(t, to)xo + /t eg(t,cr(s))F(s)As + /t C(t,s)x(s)As

to Lo

+ /tE(u)eE(t,a(s)) [/u C(u,s)x(s)As]Au + eg(t, ty) Z Aq(ty). (36)

to to<tr<t

For ty < s < tx < t, we have
Aq(ty) = es(to, t,j)x(t,ﬁ) — ec(to, tr)x(tr)

= [ex(to, ) I + Ci) — ex(to, tr) |x(t)

= Brx(te).

Hence, using (34) and applying the norm on (36), we obtain (35), which completes the
proof. O

Assume that the hypotheses of Theorem 4.2 hold for next results.

Theorem 4.3 Let x(t) be a solution of (1). If ||E(t)|| < d on [ty, 00) for some d > 0, F(¢) is
bounded and sup, ., ftf) [IC(¢,s)|| As+ % Zto<tk<t | Bxll < B, with B sufficiently small, then
x(t) is bounded.
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Proof For the given 7 and bounded F(t), there is C; > 0 with

M||xolleq (to, ) + M sup /ea(a(s),t)||F(s)HAs<C1. 37)

to<t<oo Jty

Substituting (37) in (35), we obtain

Js(0] < G+ v [ ea(a(u),t)[ [cws] ||x(s)“As]Au

’

v [callse)]as s Meutr) 3 gl

to<ti<t

Md
<Ci+—p sup |x(s)| +B sup |lx(s)|
o ) <s<oo £y <s<00

Md
=C +,3|:1+ 7] sup ||x(s)||.

tp<s<00

Let B be chosen so that S[1 + MTd] =m< 1. Then
||x(t)H <Cj+m sup ||x(s) ||
to<s<t

Let C; > ||xo|| and C; + mC; < Cy. If ||x(2)] is not bounded, then there exists a first #; > £
with ||x(#1)]| = Cy, and then

G = Hx(tl)“ <C+mC <Gy,
a contradiction. This completes the proof. O
Theorem 4.4 IfF(t) =0 in (1), |[EQ@)| < d on [ty, 00) for some d > 0, and fti) (5 5)]| As +
%Ztgqu |Bkll < B for B sufficiently small, then the zero solution of (1) with the initial

condition x(ty) = 0 is uniformly stable.

Proof Lete > 0 be given. We wish to find § > 0 such that y > 0, ||xo|| < 8, and t > £, implies
[lx(¢,%0) || < €. Let § < € with § yet to be determined. If ||x|| < 8, then M||xo|| < M§. From
(35) with F(¢) = 0,

Md
|x@)| < M8+ —8 sup ||x(s)|| + B sup ||x(s)|
o to<s<t to<s<t

Md
=M+ ,3|:1 + 7] sup ”x(s)”.

to<s<t

First take 8 so that B[1 + A%d] < % and § so that M§ + %6 < €. If |xo]l < & and if there exists
t; > tp with |x(f1)]| = €, we have

€= ||x(t1)|| <MS$ + ze <€,

a contradiction. Thus the zero solution is uniformly stable. The proof is complete. d
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Example 4.5 Let us consider the following system:

Agpy _ 1 £ 1 1
¥ = ~Gup (g * e A
#(t}) = (1 + Cox(te), (38)
x(0) =0,
where A(t) = _W and K(t,s) = (m + m). It is easy to check that

1\% B 1 1 39)
(E> T wo(w)  ulow)? (
By using (31) and (39), we obtain
o0 1 1
Clhs) = / (’ o) u(o(u>)2)A”
o /1 A
| (;) b

1
t—z.

This implies that E(¢) = 0 and

1 1
—As=-. (40)
o B2 t

Finally, by taking the supremum over ¢ in (40), over [0,00) , we obtain

b1
sup/ t_zASZO'
0

Since i = Cx, so we can choose Cy such that % 2 to<ty<t |1Bell < B for B sufficiently small.
It follows that all the assumptions of Theorem 4.3 are satisfied, hence all the solutions of
(38) are bounded. Moreover, Theorem 4.4 yields that the zero solution of (38) is uniformly

stable on an arbitrary time scale.
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