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1 Introduction

The g-difference calculus is an interesting and old subject. The g-difference calculus or
quantum calculus was first developed by Jackson [1, 2], while basic definitions and prop-
erties can be found in the papers [3, 4]. The origin of the fractional g-difference calculus
can be traced back to the work in [5, 6] by Al-Salam and by Agarwal. The g-difference
calculus describes many phenomena in various fields of science and engineering [1].

The g-difference calculus is an important part of discrete mathematics. More re-
cently, the fractional g-difference calculus has caused wide attention of scholars, many
researchers devoted themselves to studying it [7—14]. The relevant theory of fractional
g-difference calculus has been established [15], such as g-analogues of the fractional in-
tegral and the difference operators properties as Mitlagel Leffler function [16], g-Laplace
transform, g-Taylor’s formula [17, 18], just to mention some. It is not only the requirements
of the fractional g-difference calculus theory but also its the broad application.

Apart from this old history of g-difference equations, the subject received a consider-
able interest of many mathematicians and from many aspects, theoretical and practical. So
specifically, g-difference equations have been widely used in mathematical physical prob-
lems, for dynamical system and quantum models [19], for g-analogues of mathematical
physical problems including heat and wave equations [20], for sampling theory of signal
analysis [21, 22]. What is more, the fractional g-difference calculus plays an important role
in quantum calculus.

As generalizations of integer order g-difference, fractional g-difference can describe
physical phenomena much better and more accurately. Perhaps due to the development of
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fractional differential equations [23-25], an interest has been aroused in studying bound-
ary value problems of fractional g-difference equations, especially as regards the existence
of solutions for boundary value problems (3, 4, 26-33].

In 2010, Ferreira [3] considered the existence of nontrivial solutions to the fractional
q-difference equation

(D5y) @) = ~f (x,y(x), 0<x<1,

subject to the boundary conditions
»0)=0, y1)=0,

where 1 <o <2 andf:[0,1] x R — R is a nonnegative continuous function.
In 2011, El-Shahed and Al-Askar [27] studied the existence of a positive solution for the
boundary value problem of the nonlinear factional g-difference equation

ED;u+a(t)f(t)=O, 0<t<1l,2<a<3,
with the boundary conditions
u(0) = D;u(()) =0, yDgyu(1) + ﬂDflu(l) =0,

where y, 8 < 0 and (D is a fractional g-derivative of Caputo type.
In 2012, Liang and Zhang [26] studied the existence and uniqueness of positive solutions
for the three-point boundary problem of fractional g-differences

(Dgu)(t) +f(t,u(t)) =0, O<t<l,2<a<3,

u(0) = (D4u)(0) = 0, (Dqu)(1) = B(Dgu)(n),

where 0 < 8772 < 1. By using a fixed-point theorem in partially ordered sets, they got
some sufficient conditions for the existence and uniqueness of positive solutions to the
above boundary problem.

In 2013, Zhou and Liu [28] considered the existence of solutions for the boundary value
problems of the following nonlinear fractional g-difference equations:

ED;u+f(t,u)=O, teJ=1[0,1],2<a <3,

u(0) = (D2u)(0) =0, y(Dgu)(1) + BDu(1) = 0,

where y, 8 > 0 and D, is the fractional g-derivative of Caputo type. By virtue of Ménch’s
fixed-point theorem and the technique of measure of weak noncompactness and got some
conditions of positive solutions.

In 2013, Zhou et al. [32] studied the existence results for fractional g-difference equa-
tions with nonlocal g-integral boundary conditions,

(D2u)(®) +f(tu() =0, te(0,1),

N (5 — gs)B-D
w0)=0, (1) = plfu(n) = u / =g

o T4B) (5 das
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where > 0 is a parameter, Dy is the g-derivative of Rieman-Liouville type of order a.
By using the generalized Banach contraction principle, the monotone iterative method
and Krasnoselskii’s fixed-point theorem, some existence results of positive solutions to
the above boundary value problems have been enunciated.

In 2013, Li et al. [33] investigated the existence of solutions for the following two-point
boundary value problem of nonlinear fractional g-difference equations:

(Dfl‘u)(x) +Af(u(x)) =0, O<x<l,

u(0) = Dyu(0) = Dyu(1) = 0,

where 0 <g<1,2<a<3,f:C((0,1),(0,00)). They proved the existence of positive so-
lutions for boundary value problems by utilizing a fixed-point theorem in cones. Several
existence results for positive solutions in terms of different values of the parameter A were
obtained.

In 2009, Benchohra et al. [34] studied the boundary value problem for fractional differ-
ential equations with nonlocal conditions

‘Dy,y(2) :f(t,y(t)), teJ=[0,Tl,1<a<?2,

y(0)=g(y),  ¥T)=yr,

where °Df, is the Caputo fractional derivative, f : [1, T] x R — R is a continuous function,
g:C(J,R) — R is a continuous function, and yr € R.

To the best of our knowledge, there are a few papers that consider the boundary value
of nonlinear fractional g-difference equations with nonlocal conditions and in which the
nonlinear term contains a fractional g-derivative of Caputo type. Theory and applications
seem to be just being initiated. In this paper we investigate the existence of solutions for
the following boundary value problem of nonlinear fractional g-difference equations:

(“Dgx)(0) +f(t,°Dgx(r)) =0, 0<t<l, (11)
subject to the boundary conditions

x(0)=y(x),  y(Dg)(1) - BDIx(1) =0, 12)

where0<g<1,1<a<2,0<0 <1, By >0and 8:222:2 > [aiqﬂ,f :C((0,1) x R), and y is
a continuous functional. The condition of y(Dyx)(1) — ﬂDflx(l) = 0 is representative and
general; the conditions of Dyx(1) = 0 in [29] and D,x(1) = 8 in [4] can be viewed as two
special cases. We will prove the existence of solutions for the boundary value problem
(1.1)-(1.2) by utilizing Banach’s contraction mapping principle and Schaefer’s fixed-point
theorem. Several existence results for the solutions are obtained. This work is motivated
by papers [28, 34].

The paper is organized as follows. In Section 2, we introduce some definitions of
g-fractional integral and differential operator together with some basic properties and
lemmas to prove our main results. In Section 3, we investigate the existence of solutions
for the boundary value problem (1.1)-(1.2) by the Banach contraction mapping principle
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and Schaefer’s fixed-point theorem. Moreover, some examples are given to illustrate our

main results.

2 Preliminaries

In the following section, we collect some definitions and lemmas about the fractional g-

integral and fractional g-derivative for the full theory for which one is referred to [3, 33].
Let g € (0,1) and define

lalg = %, aclR,
and
(@)oo = [0[(1 -aq'),  (@q)e= ((Z;Z?‘;)OO (@, €R).

The g-analogue of the power function (a — b)” with n € Ny is

@-b°=1  (a-b)"= ﬁ(a—bqk), neN,abeR.
k=0
More generally, if « € R, then
(@a-b)® =a" ﬁ azba
a— bq(xwl :

n=0

It is easy to see that [a(t —5)]@ = a®(t — 5)@. And note that, if b = 0, then a® = 4%,
The g-gamma function is defined by

(1-g)"

P =" g

xeR\{0,-1,-2,...},

and it satisfies I';(x + 1) = [x], "4 (x).
The g-derivative of a function f is here defined by

_ f(x) - flgx) L
(Dyf) (%) = T (Dgf)(0) = im(Dyf)(x),  forx 70,

and g-derivatives of higher order are defined by

(DY)®) =f(x) and (D2f)(x) = Dy(Di7f)(x), meN.

The g-integral of a function f defined on the interval [0, b] is given by

1)) = [ FOdt=50-0) > fsa")", x€ 0L
n=0

If a € [0,b] and f is defined on the interval [0, b], its g-integral from a to b is defined by

/ﬂ 0 dyt - /0 0 dyt - /0 "y,
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Similarly as done for derivatives, an operator Ij can be defined,

(Igf)(x) =f(x) and (I;f)(x):lq(lg’_lf)(x), neN.

From the definition of g-integral and the properties of series, we can get the following

results concerning g-integral, which are helpful in the proofs of our main results.

Lemma 2.1
(1) Iff and g are g-integral on the interval [a,b], o € R, ¢ € [a, D], then
W) L (1O +g0)dgt = [ f@) dyt + [ gO)dyts

(i) [P af(@)dyt = [ f(0)dyt;
(i) [Pf@)dgt= [ f@)dgt+ ["f(t)dyt.

(2) If|f| is g-integral on the interval [0, x], then |f0xf(t) dgt| < fox [f ()] dgt.

(3) Iff and g are g-integral on the interval [0,x], f(t) < g(t) for all t € [0,x], then
Jof®dyt < [5 g6 dyt.

The fundamental theorem of calculus applies to the operators I, and Dy, i.e.,
(Dglof )x) = f (%),

and if f is continuous at x = 0, then

(I;Dqf )(x) = f (x) — £(0).

The basic properties of the g-integral operator and the g-differential operator can be
found in the book [15].

We now point out three formulas that will be used later (;D, denotes the derivative with
respect to variable i)

Dyt =) = [al (¢ =9,
(xDq / flx,t) dqt) (x) = / «Dof (%, 8) dyt + f (gx, x).
0 0
Remark 2.1 We note thatif @ >0 and a < b < ¢, then (¢t — a)® > (£ - b)@.

Definition 2.1 [6] Leto > 0and f be a function defined on [0, b]. The fractional g-integral
of the Riemann-Liouville type is (If;f )(x) =f(x) and

1 X
(L)) = T /0 (x—gt)*Vf(t)d,t, a>0,x€[0,b].

Definition 2.2 [16] The fractional g-derivative of the Caputo type of order & > 0 is defined
by

(‘Dgf) @) = (L7 *DF'f)(x), >0,

where [a] is the smallest integer greater than or equal to «.
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Next, we list some properties of the g-derivative and the g-integral that are already
known in the literature.

Lemma 2.2 [6] Let o, 8 > 0 and f be a function defined on [0, b]. Then the following for-
mulas hold:

() U7 = Uy f));

(i) (DGL5f)(x) =f ().

Lemma 2.3 [16] Let o € R*\N and a < x, then the following is valid:

[e]-1 Dk
(D80 1) - 3
=

k
ZE T K alx g
< T,(k+1) Dk

Lemma 2.4 [35] Let B be a Banach space with C C B closed and convex. Assume U is a
relatively open subset of C with 0 € U and F : U — C is a continuous, compact map. Then
either

(1) F has a fixed point in U; or

(2) there exist u € 0U and A € (0,1) with u = AFu.

The next result is important in the sequel.

Lemma 2.5 Let 1<« <2 and h is continuous functional, a function x is a solution of the

fractional integral equation

B Y(1-g9)?  B—gs)?
x(t)‘y(x“(/o ( Ca-D  yhya-2) )h(s)d"s>t

Ct-gs)V
- /0 r ) h(s)dys, (2.1)

if and only if x is a solution of the equation

(CD;‘x) @®)+h()=0, 0<t<l, (2.2)

2(0)=y(),  y(Dgx)(1) - BDGx(1) = 0. (2.3)

Proof By Definition 2.2 and Lemma 2.3, we can reduce (2.2) to an equivalent integral equa-

tion
x(t) = x(0) + At — I;‘h(t), (2.4)

where A =

t(s_ (a-1)
() = y(x) + At — / =99 sy dys.

0 Fq(a)
Thus, we obtain

f o —1]4(t — gs)?

(P@@©=A- | o)

h(s)dys,

Page 6 of 16
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* o = Uglor 2]t - g5)*
(Dgx) (@) = - /0 a Fq(g) h(s)d,s.

Next by the condition y (Dgx)(1) — ,BDgx(l) =0, we have

1 (1_ )(a—z) 1 (1_ )(a—3)
A:/O Lh(s)dqs— B —gs)*™

Fa-1 T2 h(s)dys. (2.5)

Therefore, the unique solution of the problem (2.2)-(2.3) is

~ YA-gs)“?  B-gs)? ‘(t—gs)
x(t) = y(x) + (/0 < T a-1) - YT —2) >h(5)dq5>t—/(; Wh(S)dqs,

which completes the proof. 0

3 Main results
We are now in a position to state and prove our main results in this paper.

Let B = {x | x € C[0,1] and Dyx € C[0,1]} be the Banach space endowed with the norm
lll = maxeeqo,i {1x(£)], |CD§1’x(t)|}. Define the closed subset K C B by K = {x(¢) € C[0,1] |
x(t) > 0}.

Define the operator F : K — K by

1 _ (-2) _ (a-3)
0 =300+ ([ (S - gy VDo) ds )
q q

t (¢ _ gg)l@-1)
-/ %f(s,cDgx(s))dqs, te[0,1]. 3.1)
q

Obviously, the fixed points of the operator F are solutions of the boundary value problem
(1.1)-(1.2).

For convenience, we define

(=g pa-g9?
G _/0 ( Lyla 1) B 2VICE) )dqs,
_ [t A-g9«
C2 = A Fq(a) qS-

Then we have the following results.

Theorem 3.1 Assume that
(H1) there exists a constant Iy > 0 such that |f(t,z2) — f (¢, 21)| < h(|z2 — z1]), for each
t€[0,1]) and all z1,z, € R;
(H2) there exists a constant I, > 0 such that |y(x3) — y(x1)| < Llx2 —x1||, for each
x1,% € K;
(H3) 0 =max{ly + L(C1 + Cy), 1(Cy + Hﬁ:—g;’@)ﬁ} <1, where C3 and Cy are defined
as (3.8) and (3.9).

Then the boundary value problem (1.1)-(1.2) has at least one positive solution.


http://www.advancesindifferenceequations.com/content/2014/1/57

Li et al. Advances in Difference Equations 2014, 2014:57
http://www.advancesindifferenceequations.com/content/2014/1/57

Proof Let x1,x; € K, then for all £ € [0, 1], the following inequality holds:

|(Fx2)(2) = (Fx1)(0)|

< / 1((1 g5 B1—gs)“?
o \ Tyla-1) yTa(a—2)

) (f (s, °Dgxa(5)) = f (5, DG x1(5)) ) dlys

+ + [yx2) = y(x)|

t (s (1)
[t o
q

< / ' ( (1-gs)“? pQA-gs9)?
—Jo Lyla 1) Yyl —2)
C(t-gs)“
o Tyla)

) [f(s, CD;xz (s)) —f(s, CDle (s)) ‘ dys
[f(s, CD‘q’xz(s)) —f(s CDgxl(s)) | dgs + |y(x2) — (1) | (3.2)
By (H1) and (H2), we may arrange (3.2) as follows:

|(Fx2)(£) - (Fx1)(0)]

1 -2 -3
(l_qs)( ) ﬂ(l_qs)( ) cno cno
<bhllxy —x| + /0 < Ta-1  yT-2) h| Dfxs(s) - qu1(8)| dys

t o—1
(t_qs)( : <o o
+/0 —Fq(a) 11| quz(s)— qul(s)|dqs

LA—gs)?  B-gs)*?
< Lllxy - - LD %y — D%y | d.
<b|x> x1||+/0 < -1 YT (e —2) )1” q %2 qx1|| qS

tA-gs)"
0 Fq(a)

< bllxy — 21|l + (C1 + Co)ly |*Dgxy = ‘D 1 |

ll || CD;?CZ - ”D;xl H dqs

< bl —x1 |l + (C1 + Co)ly ||l — 1|

= (L +h(Ci+ C))llxa — 21

As

C[f-g9*? Bl -gs)e?
Dy(Fx)() = /0 T@-1  yTa-2)

B /t [o — 14(t — g9
0 lﬂq(()‘)

-f (s, CD‘q’x(s)) dys

£ (s, CD;x(s)) dgs, (3.3)
by the Definition 2.2, here 0 <0 <1, [0] =1, and

(°Dg Ex)(2) = (1}7-7 DI7 1 Fx) (2)

~ t (t— qs)([a'\—a—l)

[o]
ol Ao s (DY 1Fx)(s) dys
t _ (-o)
[ b ) dys. (3.4)

~Jo T,0-0)

Page 8 of 16
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We can get the following deduction:

| Dy (Fx2)(£) — Dy(Fx1)(0)]

1 (1_ )(a—Z) (1_ )(ot—?)) o L
/0 < Fq(izs—l) B ﬂyrq(zs_ 2) )(f(s’ Dyxals)) =f (s, "Dy i(s))) ds

<

P _1 _ (@=2)
+ /0 . Lll‘(t(oz)qS) (5, “Dga(s)) = f (5, “Dg0s(s)) dys
q

1/(1-gs)e? (1 - gs)@3 o .
5/0 ( Fq(zs— D ﬂyrq(zs_ 2) )V (5 “Dfea(s) ~f 5, “Dg () | s

o —1 _ g¢)(@-2)
+/0 [ ]q(t qs) lf(S,CD;xz(S)) —f(S,CDle(S)quS' (3.5)

Fq(a)
By (H1) and (H2), we arrange (3.5) as follows:

| Dy(Fx2)(£) — Dy (Fx1)(2) |

1 =2 a-3
1-g9)@? B -gs)«?
— CD(T _cDa
5/ ( P a2 )l P = Dol des

t[a_l] (t_qs)(a_Z) o cNo
fo bl D =Dy ds

1 1-— (x=2) 1- (@-3)
< / ( qS) - ﬂ( qS) l] HCDUXZ — CD"xl ” qu
o \ Igla—-1) yTgla —2) q q

o =10,(1= ) oy
Llo=-1i0-9) oy S (1 ) Py Dy D | dys
Fq(a) n=0

Fq(d) n=0

[O[—l]q(l—q) - el (@=2) » o <o
<\ChH+ ———= Z(l -g"N gL )| Dyxy —“Dixy | dgs. (3.6)

By the theory of series, let

00 n+k+1

1-
an = (1 ”*1 o ” 1_[ 1- n+k+ot lq
k=0
_ q"ezlﬁo ln(l—q”*k“)—ln(l—q”*k“"’l)
%]
b, = Z(]n(l _ qn+k+l) _ ln(l _ qn+k+a—1)).
k=0

Note that 0 < g <1, 50 Y 500 "1 and Y 7o, ¢"*****! are convergent, which imply that
Y rooIn(l — g%y and Y2, In(1 — g"**+*~1) are convergent. Thus Y -, b, is convergent.

Hence Y 000 an = Y ooo(l—g"1) @2 g" is convergent.
Setting

[o¢]
C=Y (1-q")"g" (37)
n=0

Page9of 16
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and combining with (3.6), we get

[0 —1]4(1-q)

[Dy(Ex2)(6) - Dy(Fr)(®)] < (cl el

Cg)l] HCDng - CD;xl ” .
So,

| (CDngg)(t) - (CDZFxl)(t”

(t-g9)") ( [ —1],(1-¢q)
R oA (A U Al

“Jo T i-0) (@) C3>11“ Dy = Dyia | dye

-1]1.(1 - t1-— S t— n+1t(—a) n
:ll<C1 + [ ]q( q)c3) ”CDZJCQ _CDZ’CIH (1-q) ano( q)q

Iy(a) r,1-o)

~-11.(1 -
- 11<C1 + w@) DG, —Dg |

Fq(a)
y t(l—cr)(l _ q) Z;“;O(l _ qn+1)(—a)qn
r,(1-o) '

(3.8)

Choosing u, = (1 — ") 7)g", we see that Y ooty = Y oeo(1 — g"*1)")g" is convergent,

and we may as well set
o0
Cy= Z(l _ qn+1)(—0)qn

n=0

and combining with (3.8), we get

’(CD;FXZ)(t)_(CD;Fxl)(t)|SZI<C1+ [Ol—l]q(l—q)cs> (1—4)

Ly(or) r,1-o)

[a_l]q Cy
<Ll C C. —x1].
< 1( 1+ A Fq(l—a)”xz x|

It follows that

1 Exz — Fxy | = tgl{g?f]{ |F(x2)(£) = F(x1)(8)], |*Dg F(x2)(2) = “DF F(x1) (1) |}

< 0lxy — 1]l

Cylloeg — 1|

(3.9)

Consequently F is a contraction map as 6 < 1. As a consequence of Banach’s fixed-point

theorem, we deduce that F has a fixed point which is a solution of the problem (1.1)-(1.2).

The proof is completed.

Denote

My = maxly )], Mo = maxlf (D),

C4M2 [O[—l]qC3
A =M+ My(C; + Cy), B= C .
1+ My(Cr+Cy) Fq(l—a)( 1t Fq(a)

O

Page 10 of 16
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Theorem 3.2 Assume Dyx(t) andf :[0,1] x R — R are continuous, and y > 0 is a contin-
uous functional. Suppose the following conditions are satisfied:
(H4) there exists a continuous function ¢ : (0, +00) — R with |f(t,z)| < ¢(z) on
[0,1] x (0, +00);
(H5) there exists r > 0, with | ¢|| < él_f/lclz
Then the boundary value problem (1.1)-(1.2) has a solution.

Proof We will prove the result by using Schaefer’s fixed-point theorem and divide the
proof into four steps.

First, set U = {x | x € K, ||x|| <}, then U = {x | x € K, ||x|| < r}, we show F: U — K is
continuous.

—gs)—9) . . .
Since Dx(t) is continuous, then CDZx(t) = Ot (;q’ﬁla) Dyx(s) dgs is continuous. Choosing

{x,) to be a sequence such that x, — x in U/, then

|(Fx,)(2) - (Fx)(2))|

1 (1_ )(a—2) (1_ )(a—B) . .
5/0 ( Fq(zs— D - ﬁyrqg_ %) )V(S’ Dfn(s)) = (s “Dgals) | dys

(t-gs)“
0 Fq(a)

H(1-gs)*  pA-gs9)? ryo cpo
= [ (R~ e )l om0) 70 s

‘(t—gq9" " . .
o Tge) m{g)f][f (5, D (s)) =f (s, “Dx(s)) | dlgs + [y(een) = y(0)].
q selo,

V(s, cDZx,,(s)) —f(s CD‘;x(s)) } dgs + |y(xn) —y(x)|

From f and y are continuous, we have
”F(x,,) —F(x)” —0 asn— 0.

Now, we prove that F : U— Kisa compact map. Forany0 <n <r,setE={x e K| x| <
n}, it suffices to show that F(E) is relatively compact set in K. In fact, for each ¢ € [0,1],

1 _ (x=2) _ (2-3)
(e = ‘y W (fo <(1r (ZS)— y ﬂy(lr (ZS)— 5y D) dqs>t
q q

(a)

Y=g BA-gs) DN,
<bol+ [ (o~ e o2y )V P s

t(t— )(a—l) o
_ /0 %f(s, DS x(s)) dys

t _ (a-1)
+/0 %V(s,cDgx(s)ﬂdqs

)

1 1— (x=2) 1— (x-3) 1 1-— (a-1)
(1-gs) pa-gs)*™ M, / (1-gs) dys
0

SM”MZ/O Cla-1  yha-2) T, (@)

<M +M2(C1 + Cz) =A.
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We consider

R Ol (S O LA Y
|Dy(Ex)(2)] = ‘/(; ( Fa-D  yTy@-2) )f(s, D x(s)) dys

t -1 _ (-2)
- /0 o ]?(:(a)q 9 f(s,°Dg x(s)) dgs

1 (1—qs)(°t72> ﬂ(l—qs)("‘*) .
5/0 ( T -1  yT,a-2) )lf(s» Dyx(s))| dys

o —1],(t - gs)@?
Fq(a)

_ /1(<1—qs)<“> _ﬂ(l—qs)<“>> g
| Jo \ Tyle-1) yla-2) )1

VU0 Sy ﬂv&vzﬂﬂﬂ
n=0

V (s, CDZx(s)) | dys

q(a)

[O[ 1] = n+1)(@=2) 5
uufers S )
<M2 <C1 + [05 1]qC3).
q(a)
We get
co t(t_qs)(ig)
|( DqFx)(t)| = ; meF(x) qu
[0 —1],C3 [ (t—gqs)
§M2<C” I,@ )/0 r-0)
) [ -1],Cs Z (-t
‘MQ(C” Ty(@) )“1—'”; r,i-o) 1
C4M2 [Ol—l]qC3 _
SO )

For each t € [0,1], we have
|Ex|l < My + Mo (Cy + Cy) = A,

o CyM [a -1],C
M%MNSD&EKQ+IW5ﬂ:B

Hence, we conclude that

| Fxl| = max{|(Fx)(t)|,

CD; (Fx)(t)|} <[ =max{A, B},

which shows F(E) is uniform bounded.
On the other hand, for any given ¢ > 0, setting

1
6 = min ;
{ 2 Mg(Cl + ZCZ) }

(3.10)

(3.11)
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foreachx € E,0 <t; <t, <1land |t — ] < §, one has |(Fx)(£;) — (Fx)(t1)| < &, that is to say,
F(E) is equicontinuous. In fact,

|(Fx)(82) - (Fx) (1) |

1 a- )(ot—2) (1- )(a—3) .
- /0 ( F‘I(le_ ) ﬂ)’rq(zs— 2) )[f(s, qu(s))|dq5(t2 —-t)

t _ ae)a-1) 4 —gs)@V
o[ D) = [ D) s

H(A-g5)“?  pQ-gs)«?
5M2/0 ( e ) )dqs(”_“)

5]
(L‘z—qs)(a Vs - [ (0= a9 Vs

( )

( (1- qS) _B-gs)?
qu(a -2)

) dqs(tZ - tl)

M,
Ig(er)

+

1
o / -9 Vst [ 1-q)“ Vs
0 0

—M2C1(t2 - tl) +M2C2|t2 - tl )|.

Now, we estimate £ — £);

(1) for0 <, <8,8 <ty <28, £ — £ < £ < (28)® < 25;

@) for0<f <t <8, £ — £ < (7 < 5D < 25,

(3) for 8§ <t <ty < 1. From the mean value theorem of differentiation, we have tg)‘) -
tia) < [a](t, — t1) < 28. Thus, we have

|Fx(t2) - Fx(t1)| < MgCl(S + 2M2C25 <é&.
Therefore, F(E) is equicontinuous. By means of the Arzela-Ascoli theorem, F(E) is a rela-
tively compact set in K, then the operator F : I — K is completely continuous.
In the fourth step, we have a priori bounds.
Suppose x € dlU is a solution of

x(t) = LFx(t), (3.12)

for A € (0,1), where F is given by (3.1). We know that F : I — K is continuous and com-
pletely continuous. Furthermore, by (H4) and (H5) we have

x(t) = AEx(t)
B YA-gs) P BU-g) PN, .,
o [ [ (e - ez Yo mino s
t (t— qs)(a—l) o
_/0 —I‘q(tx) £(s, qu(s))dqs>

1 1- )(01—2) 1- )(ot—?)) o
<y(x)+/0 ( rq(f)]j_ - B /3yrq(zs_ 5 )(p( qu(s)) dgs

Page 13 0of 16


http://www.advancesindifferenceequations.com/content/2014/1/57

Li et al. Advances in Difference Equations 2014, 2014:57 Page 14 of 16
http://www.advancesindifferenceequations.com/content/2014/1/57

Y=g« pa-g) I o
Sy(x)+/o ( r,,(f_l) - yrq(zs—z) )‘P(qu(S))dqs

1 1-— (a-1)
+/0 (FZ—(S()M)@(CDgx(s))dqs

=M+ |loll(Ci+Cy) <1,

where r is defined as (H5). It follows that ||x| < r, that is, there is no x € U such that
x = AF(x) for A € (0,1). As a consequence of Lemma 2.4, F has a fixed point x € U which
is a solution of the boundary value problem (1.1)-(1.2), and the proof is completed. O

4 Examples
In this section, we present some examples to illustrate our main results.

Example 4.1 Consider the following boundary value problem:

5 1
Dy x(t) +f(£,°Dg x(t)) = 0, (4.1)
x(0)=y@®) =¢c,  y(Dgx)(1)-BDx(1) =0, (4.2)
here o = % = %, B =0, and c is a constant. Note that

1 (-2) )
(1-gs) 2 (1 S)4
o Ty(3)

Cs = Z(l _q”+1) 9 n q dqs, Cy= Z(l _qnﬂ) 3 q qu

n=0 n=0

For convenience, we denote A; = (C1 [a;(t};’ Cs), Ay = (C; + Cy). Choosing A3 >
max{A, Ay}, let [} = A—3 >0,=1- A—3 >0, and we get 0 = max{L A1, + LH(C + Cy)} < 1.

1 1
When f(¢,°D; x(¢)) = 1,°D; x(¢) and y(x) = ¢, for any &, € [0,1], x1,%; € K, the following
equalities hold:

V(tl’ch%x(tl)_f(tZ» Dy x(52))| = I D3 (t1) - ”Déx(@)

and
|y(x1) = y(x2)| =
Hence, by Theorem 3.1, the boundary value problem (4.1)-(4.2) has a solution.

Example 4.2 Consider the following boundary value problem:

3 T (C % 2
D x(t) - [, (3)(Esin(*Dj x(2))) - _o, 43)

fo 1141 -gs) 2>ds+f0(1 4s)2) dys
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x(0) = y(x) = sinx(t), Y (Dyx)(1) - ﬁD;x(l) =0, (4.4)

1
Ty(3)(¢sin( D2 (1))

_ : l
fol [%]q(l—qs)(_ 2 dq”fol(l—qs)(Z) dgs

here a = %, B=0,0= %,f(t,cD%x(t)) = ,2(0) = y(x) = sinx(t)

and
(1 -gs)d) (1 - gs)?)
C1:f s, C2:/ s
0 Fq(i) 0 Fq(i)

Note that

M = max |y(x(1))| =1,

_ Ty(3)
G+G L1, -gs)Ddys+ [1(1—gs) D dys

o(‘D (1)) =

1
and we get [f(¢, ”D%x(t))| < ¢(°Dg x(¢)) with [l¢| = . Choosing r = 3, it is clear that

r-M _ 2
llell < TG TGy

tion.

1
C1+Cy
. By Theorem 3.2, the boundary value problem (4.3)-(4.4) has a solu-
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