Yan et al. Advances in Difference Equations 2014, 2014:49 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2014/1/49 a SpringerOpen Journal

RESEARCH Open Access

Multiplicity of solutions for second-order
impulsive differential equations with
Sturm-Liouville boundary conditions

Lizhao Yan'?", Zhiguo Luo? and Jian Liu?

"Correspondence:

yanbine@126.com Abstract

'Press, Hunan Normal University, . - . ) . . .
Changsha, Hunan 410081, PR. China In this paper, we use variational methods to investigate the solutions of impulsive
?Department of Mathematics, differential equations with Sturm-Liouville boundary conditions. The conditions for
Hunan Normal University, the existence and multiplicity of solutions are established. The main results are also

Changsha, Hunan 410081, PR. China
Full list of author information is
available at the end of the article

demonstrated with examples.

Keywords: variational methods; impulsive differential equations; boundary value
problem

1 Introduction
Impulsive differential equations arising from the real world describe the dynamics of a
process in which sudden, discontinuous jumps occur. Such processes are naturally seen
in biology, medicine, mechanics, engineering, chaos theory, and so on. Due to its signifi-
cance, a great deal of work has been done in the theory of impulsive differential equations
[1-8].

In this paper, we consider the following second-order impulsive differential equations

with Sturm-Liouville boundary conditions:

~(p@)u' (1)) +q)u(t) =f(t,u®), t#t,tel0,1],
-Alp(t)u' () = L)), j=1,2,...,n, (1.1)
1/ (0) + au(0) = 0, u'(1) - bu(1) =0,

where 0 =ty <ty <ty < - <ty <ty =1,pecC0,1],q € C[0,1], p(t) > 0, 4(¢) > 0, Au/(¢;) =
u/(t].*) - u’(tj‘) for u’(tji) =lim,_+u/(t),j=1,2,...,n.

In recent years, boundary value problems for impulsive and Sturm-Liouville equations

t—>t

have been studied extensively in the literature. There have been many approaches to the
study of positive solutions of differential equations, such as fixed point theory, topological
degree theory and the comparison method [9-14]. On the other hand, many researchers
have used variational methods to study the existence of solutions for boundary value prob-
lems [15-21]. However, to our knowledge, the study of solutions for impulsive differen-
tial equations as (1.1) using variational methods has received considerably less of atten-

tion.
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More precisely, Tian and Ge [22] studied a linear impulsive problem with Sturm-

Liouville boundary conditions:

—u"(t) - Au(t) =g(t), t#t,te(0,T],
-Au(t) =d;, j=1,2,...,1, 1.2)
au'(0) — Bu(0) =0, ' (T) +ou(T)=0

and a nonlinear impulsive problem:

—u"(t) - Au(t) = f(t,u(t)), t#t,tel0,T],
-Au'(t) =Li(u(t)), j=1,2,...,1 1.3)
au'(0) — Bu(0) =0, r/(T) + ou(T) =0.

They obtained the existence of positive solutions for problems (1.2) and (1.3) by using the
variational method.

Inspired by the work [22], in this paper we use critical point theory and variational meth-
ods to investigate the multiple solutions of (1.1). Our main results extend the study made
in [22], in the sense that we deal with a class of problems that is not considered in those
papers.

We need the following conditions.

(H1) There exist M >m >0, and 8 > %, such that for all (¢, #) € [0,1] X R,

0 < BF(t,u) < uf(t,u),
0 <,8/M1j(s)ds§ uli(u), j=1,2,...,n,
0
where F(t,u) = ['f(t,§) d§.
Johwar _

(H2) EM—’OF\S\'Z) = 0 uniformly for ¢ € [0,1], lim,_¢ i 0,j=12,...,n
(H3) f(¢,u) and I;(«) are odd with respect to u.

2 Preliminaries and statements
Firstly, we introduce some notations and some necessary definitions.

In the Sobolev space X = H}(0,1), consider the inner product

1 1
(,v) = fo u ()Y (t)dt + /0 u(t)v(t) dt,

inducing the norm

1 1 %
||u||:<fO !u/(t)|2dt+/0 |u(t)]2dt> .

We also consider the inner product

1 1
(u,V)x = /0 pOu )V (¢) dt + /0 q(&)u(t)v(t) dt
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and the norm

1 1 %
||u||x=(/0 p(t)|u/(t){2dt+/0 q(t)|u(t)|2dt> )

Then the norm || - ||x is equivalent to the usual norm | - || in H}(0,1). Hence, X is reflexive.
Denote | u#||co = max;e(o,) [24(2)].

For u € H*(0,1), we find that u and #’ are both absolutely continuous, and #” € L2(0,1),
hence Au/(f) = u’(t/*) - u’(tj‘) =0 foranyt € [0,1]. If u € H}(0,1), then u is absolutely con-
tinuous and #’ € L?[0,1]. In this case, Au'(t) = u’(t;') — u’(tj‘) = 0 is not necessarily valid for
every t € (0,1) and the derivative ' may present some discontinuities. This leads to the
impulsive effects. As a consequence, we need to introduce a different concept of solution.
We say that u € C[0,1] is a classical solution of IBVP (1.1) if it satisfies the following condi-
tions: u satisfies the first equation of (1.1) a.e. on [0, 1]; the limits u’(t/.*), u’(t].’),j =1,2,...,n
exist and the impulsive condition of (1.1) holds; u satisfies the boundary condition of (1.1);
e H*(0,1).

We multiply the two sides of the first equation of (1.1) by v € X and integrate from 0 to

foreveryj=0,1,2,...,1 1 = ul(y,,)

1, and we have

1 , 1 1
_ / (p(Ou (£)) W(2) dt + / qOu@() dt = / F(&,u®)(e) de
0 0 0

Moreover,

j=0 V4
== 2 () Ga)oli) - W ) - [ e e
j=0 b

n 1
=Y Apt)u (1)) v(t) + p(0)u (0)¥(0) — p(1)a' (w(1) + /0 pO)u )V (2 dt

j=1

n 1
=_ le(u(tj)) () — ap(0)u(0)v(0) — bp(Lu)v(l) + /0 pO)u )V (¢) dt.

j=1

Hence,

f(p(t t)+qt)u ) dt - /ftu v(t) dt

= 21 ) +ap(0)u(0)v(0) + bp(L)u(1)v(1).

Considering the above, we need to introduce a different concept of solution for prob-
lem (1.1).
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Definition 2.1 We say that a function u € H}(0,1) is a weak solution of problem (1.1) if
the identity

1 1
/o (P OV () + qOu()v()) dt - /0 F(tu@®)(e) de

= le(u(tj))v(tj) +ap(0)u(0)v(0) + bp(1)u(1)v(1)
j=1

holds for any v € H}(0,1).
We consider the functional ¢ : X — R, defined by
1/ o ) 1 n ()
o(u) = / (5 ()] (©)|” + q()|u(v)] )) dt - f F(t,u(t))dt - Z/ I(t) dt
0 0 0

S OGOR gpu)fu)

1 1 n u(ty) b
- §||u||§( - /0 F(t,u(t)) dt - }21: /0 (0 dt - gp(O)uz(O) - Ep(l)uz(n, 2.1)

where F(t,u) = fouf(t,é)dé. Using the continuity of f and [;, j = 1,2,...,n, one has ¢ €
CY(X, R). For any v € X, we have

1 1
o' () = (p(t)u’(t)v'(t) + q(t)u(t)v(t)) dt — f(t, u(t))v(t) dt
0 0

= > L(u()) () - ap(0)u(0)v(0) — bp(1)u()v(1). (2.2)

j=1
Thus, the solutions of problem (1.1) are the corresponding critical points of ¢.
Lemma 2.1 Ifu € X is a weak solution of (1.1), then u is a classical solution of (1.1).

Proof The proofis similar to [15]. For any € {1,2,...,n} and v € X with v(¢) = 0, for every
te [0, tj] U [tj+1, 1] Then

/jﬂ [p(t)u’(t)v'(t) +q()u(t)v(t) —f(t, u(t))v(t)] dt=0. (2.3)

By the definition of weak derivative, the above equality implies

—(p(t)u’(t))/ +q(Out) =f(Lu(®), ae. te(t,tn) (2.4)

Hence u; € Hz(t,», ti,1) and u satisfies the first equation of (1.1) a.e. on [0,1].
Now, multiplying by v € H}(0,1) and integrating between 0 and 1, we get

n

Z[A(p(t,)u’(t,)) + Ij(u(t,»))]v(t,») +p(0)[au(0) + L/(O)]V(O)

j1

+p(D)[bu(1) — ' (1)]v(1) = 0. (2.5)

Page 4 of 13
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Next we will show that u satisfies the impulsive conditions in (1.1). If not, without loss of
generality, we assume that there exists j € {1,2,...,#n} such that

L(u(®)) + Alp(t)u' () #0. (2.6)
Let v(¢) = ]_[?jolyl.#(t — t;), then by (2.5), we get

[A(p&)u' 1)) + () ]v(@t) = 0,

which contradicts (2.6), so u satisfies the impulsive conditions of (1.1). Similarly, u satisfies
the boundary conditions. Therefore, u is a classical solution of problem (1.1). O

Lemma 2.2 Let u € X, then

lulloo < Cillullx, 2.7)

where C; = +/2 max{ 1 T ! T}
(mingepo, (1)) 2 (minge(o,1) 4(£) 2

Proof By using the same methods as [22], we can obtain the result, here we omitit. [

Defining

1
a(u,v) = fo [p@&)u (&) (©) + q©)u(t)v(®)] dt — ap(0)u(0)¥(0) — bp(L)u(L)v(1),

then we have the following.

Lemma 2.3 Ifa< m andb <0,ora<0andb < ﬁ, there exist constants 0 <m < M
1 1
such that
mlullx < alu,v) < M|ullx. (2.8)

Proof Firstly we prove the left part of (2.8),

1
a(wu) = | (pO|u' ®| +q(t)|u®)]’) dt - ap(0)u?(0) - bp(1)u*(1).
0

(i) Ifa<0andb <0, then a(u,u) > ||lull%.

.. 1
(if) f0<ac< 20 and b <0, then

alu,u) > |lully - ap(0)u*(0) = ||ullx — ap(0)|ull3,

> [lull} — ap(0)C}llulk = (1 - ap(0)CY) lul%.

1
(iii) fa<0and0<b< pEE then

a(u,u) > |lul% - bp(1)u?(0) > |lull — bp(L)|lul%

> [lull} - bp)CE llull} = (1 - bp()CY) [lul}.

Page 5of 13
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From (i), (ii), and (iii), set m = max{1,1 - ap(0)C?,1 - bp(1)C?}, and we have
au,u) > m|ul%.
On the other hand,

a(u,u) = |lull% — ap(0)u?(0) — bp(1)u*(1)
< lul% + lalpO)llul?, + 1blpQ)|ul%,
< [1+1alp(0)C + |blp(Q)CT | [|ul%-

Set M =1+ |a|p(0)C? + |b|p(1)C?, then
a(u,u) < M|ul%.
This is the end of the proof. d
We state some basic notions and celebrated results from critical points theory.

Definition 2.2 Let X be a real Banach space (in particular a Hilbert space) and ¢ €
CHX,R). ¢ is said to be satisfying the P.S. condition on X if any sequence {x,} € X for
which ¢(x,) is bounded and ¢’(x,,) — 0 as n — 00, possesses a convergent subsequence
in X.

Lemma 2.4 (see [23]) Let ¢ € CX(X,R), and let ¢ satisfy the P.S. condition. Assume that
there exist ug, u; € X and a bounded neighborhood Q2 of uy such that u, is not in Q and

inf p(v) > max{p(uo), ¢(um)}.
Then there exists a critical point u of ¢, i.e., ¢'(u) = 0, with

@ (u) > max{e(uo), p(u1)}.

Note that if either ug or u; is a critical point of ¢, then we obtain the existence of at least
two critical points for ¢.

Lemma 2.5 (see [24]) Let E be an infinite dimensional real Banach space. Let ¢ € C'(E, R)
be an even functional which satisfies the P.S. condition, and ¢(0) = 0. Suppose that E =
V @ X, where V is finite dimensional, and ¢ satisfies:
(i) there exist o >0 and p > 0 such that ¢lap,nx = @;
(ii) for any finite dimensional subspace W C E, there is an R = R(W) such that ¢(u) <0
for every u € W with ||ul|| > R.
Then ¢ possesses an unbounded sequence of critical values.

Lemma 2.6 (see [25]) For the functional F : M C X — R with M not empty, min, ¢ F(u) =
a has a solution in case the following hold:

(i) X is a real reflexive Banach space;

(i) M is bounded and weak sequentially closed;
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(ili) F is weak sequentially lower semi-continuous on M, i.e., by definition, for each
sequence {u,} in M such that u, — u as n — oo, we have F(u) <lim,_, _F(u,).

3 Main results
To prove our main results, we need the following lemmas.

Lemma 3.1 The function ¢ : X — R defined by (2.1) is continuous, continuously differen-
tiable and weakly lower semi-continuous. Moreover, if a <3 b<0,0ra<0,b<

and (H1) holds, then ¢ satisfies the P.S. condition.

CZ’ )CZ’

Proof From the continuity of f and [;, j = 1,2,...,n, we obtain the continuity and differen-
tiability of ¢ and ¢'.

To show that ¢ is weakly lower semi-continuous, let {i;} be a weakly convergent se-
quence to # in X. Then |u|| <lim,_, llull, and {ux} converges uniformly to u in C[0,1],

and

1 1 1
Jim — /o a0 |ux ()| dt - /0 F(t, (1)) dt

n u(t) ,
_ 21:/0 I(t)dt - gp(o)uﬁ(o) _ Ep(l)ui(l)

1 2 !
= 2/0 q()|u(e)|" dt /0 F(t,u(t))dt
n u(t/)[(t)dt 0) 2(0) b 1) 2(1)
_;;/O SR PSP

We conclude that ¢(u) <lim,_, ¢(ux). Then ¢ is weakly lower semi-continuous.
Next we show that ¢ satisfies the P.S. condition. Let {¢(u4)} be a bounded sequence such
that limy_, , ¢’ (ux) = 0, then there exists a constant C, > 0 such that

le@)|, <Co @' )]y < Co

By (2.2) and (2.8), we get

/f (¢, ux(t)) uk(t)dt+21 (ur () i (8))

] 1
1
- /0 POV + a0 di - ap(0)i2(0) = bpi (1) — ¢’ (w g
< Mlluell3 — ¢ (i) uig. 3.1)

From (2.8) and (3.1), we have
m 1 n uk(t]‘)
o) = Tl - [ Fem@)a-Y [ e
0 o o

%uuknx—— / £l uk(t)dt——zl a5 e ()

Page 7 of 13
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m M 1
Enuk”x_ — iy = — ' (i)

B B

M C
> <% - E) Nl - Fz llotkllx- (3.2)

Since {¢(ux)} is bounded, from (3.2) we see that | u | x is bounded.

From the reflexivity of X, we may extract a weakly convergent subsequence, which, for
simplicity, we call {u}, ux — u in X. In the following we will verify that {u;} strongly
converges to u. We have

(¢' (i) — ¢ (w)) (. — u0)
= e =l = >[5 (7)) = £ () ] (a(5) — (5
1
_ /0 [F (6, 0) £ (6 10)) ] (e (0) = 1(0)) e
— [ap(0)u;(0) - ap(0)u*(0)]

- [bp(uz(1) - bp)u* (V)]

By ux — u in X, we see that {#;} uniformly converges to « in C[0,1]. So

> 5 (e(ty) = 1 (utt) ] (1 ty) = () — 0,

Jj=1

/0 [F (6 () £ (6, 0)) (e (0) = ®)) it — 0,

[ap(0)4(0) - ap(0)u*(0)] — 0,
[bp(l)uk(l - bp()u*(1)] — 0,
(

@' (ur) — ') (g —u) - 0, ask — +oo.

So we obtain |lu; —ul|x — 0, as k — +oo. That is, {u} strongly converges to « in X, which
means @ satisfies the P.S. condition. g

Lemma 3.2 Assume that (H1) holds, then there exist l,d,d;, ki > 0,j=1,2,...,n, such that

Ft,u) > lu|® +d, YueR, (3.3)

/Ij(t)dtzl(j|u|ﬂ+dj, YueR. (3.4)
0

Proof From (H1), we get

NICUR
u = Ft,u) ’
p >f(t,u) Yu <0
u — Ft,u)

Page 8 of 13
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Integrating the above two inequalities from 1 to u# and u to —1, respectively, we have

F(t,
Blnu <In ( u), Yu>1,
F(t,1)
Blnu>1 G RV
nu>1In s U< —
—  F(t,u)
That is,

F(t,u) > F(t,)uf, Vu>1,

F(t,u) > F(t,-1)(~u)?, Vu<-1.
So there exists a constant / > 0 such that

Ft,u) > lul?, Viu|>1. (3.5)
From the continuity of F(t, u), there exists a constant d > 0, such that

F(t,u)>d, Vlu|<l. (3.6)
It follows from (3.5) and (3.6) that

Ft,u) > lu|® +d, YueR.

Using the same methods, we know that there exist two constants k; > 0 and d; > 0 such
that

/I,'(t)dt2k/|u|‘3+d/, Yu e R.
0

This is the end of the proof. O
Now we get the main results of this paper.

1 1
Theorem 3.1 Suppose a < S0 b<0,0ra<0,b< ek and (H1) and (H2) hold, then

(1.1) has at least two solutions.

Proof In our case it is clear that ¢(0) = 0, Lemma 3.1 has shown that ¢ satisfies the P.S.
condition.

Firstly, we will show that there exists k > 0 such that the functional ¢ has a local mini-
mum ug € By = {u € H}(0,1) : ||ul|x < k}.

Let k > 0, which will be determined later. Since X = H}(0,1) is a Hilbert space, it is easy
to deduce that By is bounded and weak sequentially closed. Lemma 3.1 has shown that ¢
is weak sequentially lower semi-continuous on B. So by Lemma 2.6, we know that ¢ has
a local minimum u € By.

Without loss of generality, we assume that ¢(u0) = min,,., ¢(«). Now we will show that

@(uo) < infyesp, @(u).
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F(t,u) < hlul?, [0 [t < hjulf, for Jullx <k

m n
k- (h + Zh,) (Cik) > 0.

Jj=1

For any u € 9By, ||u||x = k, we have

1 1
<p(u)=f (%(p(t)|u/(t)|2+q(t)|u(t)|2)> dt—/ F(t,u(t) dt
0 0
—~ [ a 2 b 2
-3 | wde- Spone© - Zpnca)
m ) 1 n u(tj)
w2 - | Etu@)de- I(t)d
> oIl /0 (t,u(t)) dt ]21:/0 (8) dt
m 2 ! B i B
Pl - n dt =S " hilult;
S f0|u| : ]Zl J|utt)|
m, o ! 8 - B
Pl - n dt =S " hilult;
= jul} /0|u| : ]Zl J|u(t)|
= 2k - (h + Zh,)(clk)ﬁ >0. (3.7)
j=1

So ¢(u) > 0 for any u € 9By. Besides, ¢(uo) < ¢(0) = 0. Then ¢(u) > 0 = ¢(0) > ¢(up) for
any u € 9B. So ¢(uy) < inf{e(u) : u € dBi}. Hence, ¢ has a local minimum uy € By = {u €
X lullx <k}
Next we will verify that there exists a #; with [|u;]| > k such that (1) < infyp, @(u).
Letr € R\ {0}, e(¢) = 1. From (3.3) and (3.4), we have

1

1 2
o(re) = fo (%(p(t)\e/(mz+q(t)|e(t)|2)) dt — /0 F(t,re()) dt

n re(t/) 2 b 2
3 [ 0d - p0e0) - Zopwe)
j=1
2 1 n
< MTr —/(; (l’re(t)’ﬁ + d) dt — Z(kj|re(tj)"S + d})
j=1

Mr? 1 d i
<= (zf |e(t)\ﬁdt+2kj|e(t,)|ﬂ) ~d-Y d.
0 j=1 j=1

Since fol le(t)|? dt > 0, 27:1 kile(t;)|? > 0, B > 2, then we get lim},|_, ;o ¢(re) = —00. Hence,
there exists a sufficiently large ry > 0 with ||rellx > k such that ¢(rpe) < inf,cyp, (). Set
uy = roe, then @(u;) < inf,eyp, @(u). Hence, by Lemma 2.4, there exists u; € X such that
¢'(u) = 0. Therefore, uy and u, are two critical points of ¢, and they are classical solutions
of (1.1). O

Page 10 0of 13
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Theorem 3.2 Suppose a < o )c2 ,b<0,0ra<0,b <3 c2 ,and (H1), (H2), and (H3) hold,

then (1.1) has infinitely many classical solutions.

Proof By (H3), we know that f (¢, ) and () are odd about #, then ¢ is even. Moreover,
by Lemma 3.1, we know that ¢ € C}(X, R), ¢(0) = 0, and ¢ satisfies the P.S. condition.

Next, we will verify the conditions (i) and (ii) of Lemma 2.5.

Let V C Hy(0,1) is a finite dimensional subspace, for any u € V*, by (3.7), we can easily
verify (i) in the same way as in Theorem 3.1.

For each finite dimensional subspace V; C H}(0,1), for any r € R\ {0} and u € V; \ {0},
the inequality

L 2 2 !
/ (g(p(t)!u/(t)! +q(®)|u@)| )) dt - / F(t, ru(t)) dt
0 0

n m(tj) arZ ) brz 5
— Zl /0 0)de ~ - p(0)(0) ~ 7o p()i ()

p(ru)

2 1 n
A% —/0 (Uru@)|” + dyde =" (k|rutey)|” + dy)

j-1

2 1 n n
SA%—rﬂ<l/ |u(t)|“dr+Z/<,|u(tj)|‘3)—d—Zd, (3.8)
0 j=1 j=1

holds. Take w € V; such that ||w|| = 1, since fol lu(t)|? dt > 0, pI kilu(t)|? >0, B>2,(3.8)
implies that there exists r,, > 0 such that ||7w| > R and ¢(rw) < O for every r > r,, > 0. Since
V1 is a finite dimensional subspace, we can choose an R = R(V;) > 0 such that ¢(u) < 0,
Yu e Vi \ Bg.

According to Lemma 2.5, ¢ possesses infinitely many critical points, i.e., the impulsive
problem (1.1) has infinitely many solutions. g

4 Example
Example 4.1 Let p(t) = 3> +2,q(¢) =t* +4,a =1, b= -1, B = 3, we consider the Sturm-
Liouville boundary value problem with impulse

(B2 +2)u/ ()] + (¢* + 4)u(t) =4u3(t) + 3u*(8), tH#t,te[0,1],
~A[BE + 2 (6)) = Jub(5), j=12,....m, (4.1)
' (0) + %u(O) =0, u'(1) + %u(l) =0.

Compared with (1.1), f (¢, u) = 4u>(t) + 3u?(¢), Ij(u) = Su 7.
The conditions (H1), (H2) are satisfied. Applying Theorem 3.1, problem (4.1) has at least

two solutions.

Example 4.2 Let p(t) = e, q(t) = sin’t + 9, a = i, b= —i, B = 4, consider the Sturm-

Liouville boundary value problem with impulse

~[e'u/ ()] + (sin® £ + Qu(t) = 6u°(t) + 4u>(t), t#t,t€[0,1],
~Aleiu ()] =u®(t), j=12,...,n (4.2)
u'(0) + iu(O) =0, u' (1) + iu(l) =0.

Compared with (1.1), f (¢, ) = 6u°(¢) + 443 (¢), [(u) = w®
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The conditions (H1), (H2), (H3) are satisfied. Applying Theorem 3.2, problem (4.2) has

infinitely many solutions.
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