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1 Introduction and results required
The generalized hypergeometric function with p numeratorial and ¢ denominatorial pa-

rameters is defined by [1-3]

o Ap;
T ’Z =qu[C\{1,...,O{p;ﬁl,...,ﬁq;Z]
B> ,,3,

(ot1) -+ otp),,
Z (Bun - (Bn n’ (1.1)

where (), denotes the well-known Pochhammer symbol defined for any « € C by

(@), - al@+1)(a+2) - (a+n-1) (neN={1,2,3,...}), 12)
1 (7120),

and I is the well-known Gamma function defined by

I'(s)= /00 e*xLdx (S‘i(s) > O). (1.3)
0

For details as regards convergence efc. of ,F,, we refer to [2].
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It is interesting to mention here that whenever a generalized hypergeometric function
reduces to gamma functions, the results are very important from the application point of
view. Thus well-known classical summation theorems such as those of Gauss, Gauss sec-
ond, Kummer, and Bailey for the series o F;; Watson, Dixon, Whipple and Saalschiitz for
the series 3F, and others play an important role in the theory of hypergeometric, general-
ized hypergeometric series and other branches of applied mathematics.

Recently a good deal of progress has been made in the direction of generalizations and
extensions of the above mentioned classical summation theorems. For this, we refer to the
research papers [4, 5] and the references therein.

This function has been extensively studied in great detail by many authors such as Exton
[6] and Slater [3]. Here we shall mention some of the classical summation theorems, their
generalizations, and their extensions so that the paper can be self-contained: Gauss’ sum-

mation theorem [2, 7]:

a,b; | T(T(c—a-b)
2“[ 1} " Te-al(c-b) (14)

provided that 9(c —a - b) > 0.

Kummer’s summation theorem [2, 7]:

(15)

F a, b; ra+ %u)F(1+u—b)
. 1+a-b; _F(1+a)F(1+%a—b)'

Contiguous Kummer’s summation theorems [7]:

ab; | _T(El@-b 1 .
2F1|: 1:|— 24 [F(%a)r(%“—lﬂ-%)+F(%a+%)r(%a—b):|, (1.6)

251

N [ (@a-b-1) 2 :| L7)
rCa-nra+d) TQa-b-Hria)) ‘

. 1 /.
25[ a,b; _1]:”2)”“ b-1)

Extension of Gauss’ summation theorem [4, 7]:

a,b,d +1; [C(c+1)I'(c—a-D) ab
F. 1|= —a-b)+ —|, 1.8
“[ c+1,d; } Fle—arDle—brn| 47 0% 7 (18)
provided R(c—a-b)>0and d #0,-1,-2,....
Extension of Kummer’s summation theorem [4]:
\F a,b,d+1; 1
2+a-b,d,
F(%)F(2+a—b)[ (et 1) 1-9) ] (L9)
= + . .
24(1-b) F(%a)r(%a—b+%) F(%a+%)r‘(%a—b+1)
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Extension of contiguous Kummer’s theorem (1.7):
a,b,d +1;
F. -1
2 [ a-b,d; }

_F(%)F(a—b)[ 1-% 1 } (L.10)
- 2a rGaria- b+1) Fia+HrGa-n) ] '

ford #0,-1,-2,....
We remark in passing that the result (1.10) is a presumably new result.

Proof In order to derive (1.10) we proceed as follows. Denoting the left-hand side of (1.10)
by S, expressing 3F, as a series, after some simplifications, we have

o (@) (D) (=1)" n
2 e (10)

n=0
1o (@)u(b)u(-1)"
:2F1|:a :| 221:(‘1 b),(n -1

Now replacing # — 1 = N in the second term and using the result (a),.,; = a(a + 1), and
simplifying and finally summing up the second series, we get

a, b; ab a+1,b+1;
S=5F -1|-———5F -11. 1.11
2 1|:a b; :| d(&z—b)2 1|: l+a-b; ] (1)

Now we observe that the first ,F; on the right-hand side of (1.11) can be evaluated with
the help of the known result (1.6) while the second »F on the right-hand side of (1.11) can
be evaluated with the help of Kummer’s summation theorem (1.5), after some simplifica-
tion, we easily arrive at the right-hand side of (1.10). This completes the proof of (1.10).

O

Remark In (1.10), if we set d = a — b — 1 we recover (1.7).

It is not out of place to mention here that in many branches of pure and applied mathe-
matics, engineering, and mathematical physics, the Laguerre polynomial defined by

LY (x) = (Hl)”lFl[ o x} (1.12)

n! v+1

which is a terminating form of the confluent hypergeometric function ;Fj, has frequently
occurred [8, p.268].

On the other hand, by elementary manipulation of series, very recently, Kim et al. [9]
have obtained the following interesting and general transformation involving the general-
ized hypergeometric function viz.:

= (dl)n"'(ap)n (d)n n.n d+mn
2 b0, b n!”lﬁ[ £ x]

o0

d),, x" -ml—f—-ma,...,ap;

Z — piaFy foma y|. (113)
= (f)n by,.... by
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Using Kummer’s first transformation [2], viz.

\Fy [“; x:| = &\, [C % —xi| , (1.14)
C; [

in (1.13) and employing Kummer’s summation theorem (1.5) and Gauss’ summation theo-
rem (1.4), they have also obtained the following interesting summation formulas involving

the Laguerre polynomial viz.:

o0 n
—x x ) = 2

E L =oF - , 1.15
€ (v+1), n ) =oFi v+1; * (L15)

wherev #-1,-2...,

o0 xn
e’xz qu”)(x)
1=0 (1_‘));«1
1 1 1
1y+ L 2xv v+l
=1F; 12V P+ 1h 323\) et (L16)
5,1—5\); 1-v E;E_EU;
wherev #-1,-2,...,
00 " 1 1.1 1 1
—X s+ SV, 5L+ 5V + 5,
efxz( )ij’(x):ze TV gkt 3V 5 x|, (1.17)
=0 (/’L)n M b+ V5

Remark 1. In fact, the results (1.13), (1.15), (1.16), and (1.17) are the corrected forms of
those obtained earlier by Exton [10].

2. For several new and interesting results closely related to (1.15) and (1.16), see Kim et
al. [9].

The following extension of Kummer’s first transformation (1.14) established by Paris [11]

will be required in our present investigation:

e F, a,1+d;x _JF b-a,f+1; e,
b+1,d; b+1,f;

where f = d;“j).

The aim of this research paper is to first establish a general transformation formula

which generalizes (1.13). Then by employing extensions of Gauss’ summation theorem,
Kummer’s summation theorem, and its contiguous results, we establish three new and in-
teresting summation formulas for the generalized hypergeometric »F» polynomial which
generalize the results (1.15), (1.16), and (1.17).

We conclude this section by remarking that the results established in this research paper

are simple, interesting, easily established, and (potentially) useful.
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2 Main transformation formula
The transformation formula involving the generalized hypergeometric function to be es-
tablished in this paper is

(@) (ap)n (Dn , , d+ne+l;
Z(bl)n b Fz[ file x]

d)(e+1), -ml—-e—n~f -na,..., a,;
Z( In X pisFya [ / ! » y:|. (2.1)

(f"’l)n(e)n l’l' —e—l’l,bl,...,bq;

Proof In order to prove (2.1), we proceed as follows. If we denote the left-hand side of (2.1)
by S and express »F, as a series, we have

00 00 ﬂp)n (d)n(d+l’l)m(e+1)m n+m, n
§= ZZ b1)n (bq)n. (f +1),(e)ynlm! Y

n=u m=

which, upon use of the identity

(d)n(d + n)m = (d)m+m

becomes

_ > - (@)~ (ﬂp)n () pim(e+ 1) P———
5= Z Z (b)) (bg)n . (f + l)m(e)mn!m!x ’

Now replacing m by m — n and making use of a simple manipulation for the double series
(2, p.56]

_ (@)n--- (ap)n ) (d)mle+1)mp x"y"
5= Z Z G- B [+ D@ 7 — 1)1

Using the series identities

_(=D)"a),
(ﬂ)m—n—m
and
(~1)"m!
== o,

in the last summation, after little simplifications, we get

S= i (D)m(e+1), Z(al)n ’ (“P)n(f m),(1 _e_m)n(_m)nyn.

+ Dm(e)um m‘ prs b1)n (bq)n( e—m),n!
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Finally, expressing the inner series as a ,,3F;,2(y) hypergeometric function, we then eas-
ily arrive at the right-hand side of (2.1). This completes the proof of (2.1). O

Remark 1. Our main transformation formula (2.1) is a special case of a general transfor-
mation formula given by Slater [3, p.60].

2. In our main transformation formula (2.1), if we take f = e, we get at once the result
due to Kim et al. [9, p.437, Eq. (2.1)].

3 New class of summation formulas involving the generalized hypergeometric
2F> polynomial

The summation formulas to be established in this section are given by the following the-

orems.

Theorem 1 The following formula holds true:

1,11 1
sV+5,5e+1; e—v-1)x sv+1;

_E| 2Vt maetl ) (vl o gy 2. (3.1)
v+15e5v+ 355 e(v+2) u+2 v+2

Theorem 2 The following formula holds true:

o0
(1+v), x" —nme+1;
e’ X
Z 1-v), n' V+2,e

n=0

r(Hra-v —v-1 v+l lysg
_ (3)( ) (e-v-1) JF, 32v+2 21)+1 2
I( 3 2

—p-1 -1 1 1
e2™v VTG -35v)

(e—v) %u
N r(_%u_i)r(1_§v)zps[

(v+1) T(FHrA-v) (e—v-1)
vy T et | TChv-hra-iy

1, —v+1 —v+3,
X3F4|: 2 —x2:|

3
2,3, v+2,1- 1y

1+e-v) 1,- v+1§+1e 1y;
sF4 2 A I (3.2)
vV, EU,

I(-3v-Dré-1v) 2,5,—+;e v,3-

Theorem 3 The following formula holds true:

o0
(1+v), " -nme+1;

n=0 (H’)Vl v+ 21 €

1 1.1 1 1 1 1 1 1 1 1
:SFS|:v+1,5u+§v,§u+§v+§,e+zu A+2,e+2u+ A+§

! | " —4x |, (3.3)
V2, pu+v+letsu Ly ,e+2,u,+ SA -

where A? = (u — 1 + 2€)* — de( + v).
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Proof In order to establish Theorem 1, we proceed as follows. If we apply the extension of

Kummer’s first transformation (1.14) to (2.1), we obtain

(@) (ap)n (d)n won f-d-ne+1;
Zub1 b 2FZ[ f+le _x}

3.4
(F + Dule), m? 0 —e—nby,....by (3.4)

Z(d),,(e+1)n [—n,l—e—n,—f—n,al,...,ap;yi|.

Putting d = f in (3.4), we get
(ar)n - (ap)n (f)n Xy ne+l;
Z G by 7 2P [ f4le x]

:Z(f 2le+1), x" *  Fn —n,l—e—n,—f—n,ul,...,ap;y .
= (f +1ule)n n! —e—m,by,...,by;

Now, replacing x by —x and putting f = v + 1, we have

(@dn---(@p)n V+1), ., -ne+1;
Z (bl)n"'(bq)n n! 2)"y"aFs |: V+2,e x:|

(U +2)n(e)n n. —e—l/l,l’)l,...,bq;

(v+1),(e+1), (=x)" -ml—e—n,-v—-1-mna,..., a,;
—Z - | p3Fgn ! v Y- (3.5)

Now, setp=0,g=1,b; =v +1,and y = -1 in (3.5), and we get

o0
x x" -n,e+1;
e E —2F2 X
n!

oy V+2,6

2w+ 1)ule+1), (—x)" -n,—v-1-nl-e—n;

Z 2 ’ -1, (3.6)
~ (v+2)u(e), n v+1,-e—n

which is valid for |x| < c0.
Now, it is readily seen that the 3F, on the right-hand side of (3.6) can be evaluated
with the help of the contiguous extension of Kummer’s summation theorem in (1.10) to

yield

:i(v+l)n(e+1),, (—x)”|: T'(3)(v+1) )(1_ v+1+n>

W+2ule)y n' [27T(-inTGn+v+3 e+n

I3 (v+1) ] 37)

Yoo 1, L/l ‘
27" (—3n+ 3)C(zn+v +1)
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Now, separating the terms appearing on the right-hand side of (3.7) into even and odd

powers of x and making use of the following elementary identities:

F(ﬂ—ﬂ)=%, 2n!=22”n!<%> )

3 1 1 1
2n+1) = 2%!(5), (@)n = 22"<§a> (Ea + E) , (3.8)
n n
1 1 1
(@)2ne1 = a22”<§a + §>n<§ﬂ + 1>n,

and after some straightforward calculation, we have

exix_" —n,e+1;x
- n! V+2,6
i Gv+ Dale+ D)y (1)
(v+1),( e)n(1v+3)n n!

n=

—1- Ly +1),(-1)" x27
e(v+2) T (V+2)u(5 +2), 1!
Finally, summing up the two series on the right-hand side, we easily arrive at the desired
result (2.1). This completes the proof of Theorem 1.
In order to establish Theorem 2, if weset p=0,g=1, b =1-v and y = -1in (3.5), we

have

_xZ(v+1)n —n,e+1;x
V), n' V+2,6

Z (v +1),(e+1), (-x)" JF, |:—”’r_‘)_1_”’1_'e_n; _1j|, (3.10)

w+2),e), n

which is valid for |x| < co.
It is now easy to see that the 3F, on the right-hand side of (3.10) can be evaluated with

the help of the extension of Kummer’s summation theorem (1.9); we get

o0
v+1), x" -n,e+1;
x * r
¢ Z(l—v),, n*? *

oy V+26

r(;)r@-v) i (v +1)u(e+1)n(-=x)"

2-v-1 " (]) + 2);1(6)”(6 + 1’1)2’”]—‘(;/1 + 2)
e-v-1) (e v+ 1)
s {F(—%n—%v)f‘(%n—%\pr%) F(——n 1)1’*( %v+1)}' (3.11)

Now, separating the terms appearing on the right-hand side of (3.11) into even and odd

powers of ¥ and making use of the elementary identities given in (3.8) and after some

Page 8 of 10
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straightforward algebra, we get

_xZ(1+v)n —n,e+1;x
V), n' V+2,6

rra-v) e-v-1) X GEv+.Gv+1).(-1)"
S Sy
n=0 2

e2-v-1 F(——v ——% ) (1 v),,n!
(e-v) = (vt l)n(le——v+1)n( 1)y

M(-5v -3l A-3v) ; Dn(se—3v)u(l - 3v),n! }

(v+1) TG -v) (e-v-1)

(v+2) e2v1 T(-3v—-3)T(1-3v)

v+ 3)}1( l)n 2n
2),,(1 - Ev)nn!

> Wu(3v+1)u(3
X
; (z)n(%)n(% v+
(1+e-v) WGy +1u(3 + 2= F0)a(-1)"2>"
_ +e—v ) Z 21 21 2 .

F(—%v+1)l’(%—%v oy (2);1(%)}1(%"'56_5 ),,(%—%v),,n!

(3.12)

Finally, summing up the four series on the right-hand side, we arrive at the desired result
(3.2). This completes the proof of Theorem 2.
In order to prove Theorem 3, if we set p = 0,4 =1, b; = 4, and y =1 in (3.5), we have

_x2(1+v)n —X F —n,e+1;x
(W, n 7 vz

ad Du(e+1), (—x)" -n,-v-1l-ml-e-mn;
_ (v+)(e+)(x)3F2[n v-1l-nl-e n1i|.

(3.13)

~ W+2)e), n [y —€ — 1

Now, if we make use of extension of Gauss summation theorem (1.8), after some sim-
plification, we easily arrive at the desired results (3.3). This completes the proof of Theo-
rem 3. (|

We also note that if one puts u = 1 — v, one obtains Theorem 2, and if 4 =1 + v one

obtains Theorem 1.

4 Special cases
(a) In (3.1), if we set e = v + 1, we have

oox— ) = i
z:;n |: +1; ]_0F1|:v+1; xj|, D

which, upon using the result (1.12) reduces to the well-known result (1.15).
(b) In (3.2), if we set e = v + 1, we have

o0
Z v+1), -n; X
—~ —v) Ik A v+1;

1 1 1
FV+ 3 2xv Sv+1;
_1F2|:1 f.—x2i|+1 le[gzs 1.—x2j|, (4.2)
21-3v v L
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which upon using the result (1.12) reduces to the well-known result (1.16).
(c) In(3.3),if wesete=v +1sothat A =1- u, we have

1F x| =25

e—xi(l"'v)n (—x)" -1 PHH VIRV | (43)
(Wn  n! v+1; My [ + V5

n=0

which upon using the result (1.12) reduces to the well-known result (1.17).
Similarly, other results can also be obtained.
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