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1 Introduction
The Peters polynomials are defined by the generating function to be

. . i_ A\ M X
ZSn(x,A,u)n!—(1+(l+t)) A+1)* (see [1]). 1)

The first few of them are given by
Sol ) =27, Silar,p) =27V (2x - ap),
If u =1, then S, (x; 1) = S,(x : A,1) are called Boole polynomials.

In particular, for u =1, A =1, S,,(x;1,1) = Ch,,(x) are Changhee polynomials which are
defined by

ZCh (x) :—(1+t)" (see [2]).

The generating functions for the poly-Cauchy polynomials of the first kind ch (%) and
of the second kind C(x) are, respectively, given by

tl’l

Lify (log(l + t))(l +1) ¥ = g C n' (2)
and

Lif(~log(1 + )1 + £)* X; k>(x);—"!, 3)
where Lify(£) = Y 00 (k € Z) (see [3, 4]).

n=0 n‘(n+1)k
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In this paper, we consider the poly-Cauchy of the first kind and Peters (respectively the
poly-Cauchy of the second kind and Peters) mixed-type polynomials as follows:

(1+@+0*) " Life (log(1 + £)) (1 + £) Z CPW(x; 1, M) (4)
n=0
and
(1 + 1+ t)k)m Lifk( log(1 +¢) (1 + )" Z L) (x; 2, M)—n. (5)

n=0

For @ € Z>¢, the Bernoulli polynomials of order « are defined by the generating function
to be

(et t_ 1)(16’“ = ZBL"’(x); (see [2, 5-11]). ©

n=0

As is well known, the Frobenius-Euler polynomials of order « are given by

1-
el,‘
where L e Cwith A #1and @ € Z>o.

When x = 0, CPﬁ,k)(O; A, 1) (or é'P,(qk)(O; A, 1)) are called the poly-Cauchy of the first kind
and Peters (or the poly-Cauchy of the second kind and Peters) mixed-type numbers.

A o o o0 . tn
A) =D HIw A (see 2-14]) @)

The higher-order Cauchy polynomials of the first kind are defined by the generating

function to be

- —x @
(log(l N t)) (L+¢) Z(C (x) (@ € Zso), (8)

and the higher-order Cauchy polynomials of the second kind are given by

; ¢ x _ - ~(a) i
((1+t)10g(1+t)) (1+t) —;CW (x)n' (Ol EZEO), (9)

The Stirling number of the first kind is given by

@Wn=x@x—1) (x—n+1) =Y S(m D" (10)
1=0
Thus, by (10), we get
(log 1+ t = m! ZSI (4, m) m € Lo (see [1]). (11)

It is easy to show that

2 = x4 1) (et n—1) = (1) (~x) = Y_ Si(m,)(-1)""4". (12)
=0
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Let C be the complex number field and let F be the algebra of all formal power series in
the variable ¢ over C as follows:

ok
]-'=:f(t)=2dk%‘ﬂk€(c}~ (13)
k=0 )

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L | p(x)) denotes
the action of the linear functional L on the polynomial p(x), and we recall that the vector
space operations on P* are defined by (L + M | p(x)) = (L | p(x)) + (M | p(x)), (cL | p(x)) =
¢(L | p(x)), where c is a complex constant in C.

For f(t) € F, let us define the linear functional on PP by setting

@) 1«"=a, (m=0). (14)
Then, by (13) and (14), we get
(16") = m8up  (m,k = 0) (see [1,15]), (15)

where §,,x is the Kronecker symbol.
Let f1(t) = > rop (Lixt) tk. Then, by (14), we see that (f;(t) | x") = (L | #"). The map L —>

k!

fi(2) is a vector space isomorphism from [P* onto F. Henceforth, 7 denotes both the alge-

bra of formal power series in ¢ and the vector space of all linear functionals on IP, and so an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call F the umbral algebra, and the umbral calculus is the study of umbral algebra. The
order O(f) of the power series f(¢) (# 0) is the smallest integer for which the coefficient of
t* does not vanish. If O(f(t)) = 1, then f(£) is called a delta series; if O(f(¢)) = 0, then f(t) is
called an invertible series. For f(t),g(¢) € F with O(f(¢)) = 1 and O(g(¢)) = 0, there exists a
unique sequence s,,(x) of polynomials such that (g(£)f (£)* | s,(x)) = n!8,,x (n,k > 0).

The sequence s,(x) is called the Sheffer sequence for (g(¢),f(t)) which is denoted by
5a(2) ~ (€(0).£2)).

For f(t),g(t) € F and p(x) € P, we have

(f(Og®) | p&) = () | g)p)) = (g(t) | f ()p(x))

and
O=3 U015, pw =S pe) (16)
1= 3O 14 = Y 1
By (16), we get
pP0) = (| p@) =11 pP ) (k=0), (17)
where p®(0) = 2249,
Thus, by (17), we have
k
Epa) = P9 = TPD (e [1-3]), (18)

dxk
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Let s,,(x) ~ (g(2),f(2)). Then the following equations are known in [1]:

o0 ty[
OS5 5 forallxeC, 19
g(f(t 2; i .

wherej_”(t) is the compositional inverse for f(¢) with f (f @) =t¢,

1/ (f@)y > ;
=52 X, 20
= ;,:/<g(f(t)) 20
Sulx+y) = Z (;l)sj(x)Pn/(y), where P, (x) = g(t)s,(x), (21)
j=0
and
Sn+1(x) = (x - i((;) )f,tt) Sn(x)r f(t)sn(x) = nsn—l(x) (I’l > 0): (22)
and

n-1

=3 ()0 1t (23)
=0

Asis well known, the transfer formula for p, (x) ~ (1, (¢)), g.(x) ~ (1,g(¢)) (n > 1) is given
by

7 >)
o) = x (g(t) 5 pu(x). (24)

For s,(x) ~ (g(2).f (2)), ru(x) ~ (h(2),1(2)), let

= Z Cn,mrn(x)r (25)
where
h
< W”( IF))” x> (see [1) (26)
g(f (o)
It is known that
(f(®) | xp(x)) = (35 (2) | p(x)), e plx) = px +y), (27)

where f(t) € F and p(x) € P (see [1-3]).

In this paper, we consider Peters and poly-Cauchy mixed-type polynomials with umbral
calculus viewpoint and investigate the properties of those polynomials which are derived
from umbral calculus. Finally, we give some interesting identities of those polynomials
associated with special polynomials.
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2 Poly-Cauchy and Peters mixed-type polynomials
From (2), (3), and (19), we note that

1
CPO (w2, ) ~ <(l +e )" AL et- 1)
1\ —

and

1
CP;(qk)(x,)\., /,,l,) ~ <(1 + e}ht)um,et - 1).
1 (—

It is not difficult to show that

S (1 j+i (—Aty+i
:ZZ Z ks (i><j1+1,...,j,-+1> (G +i)!

From (14), we have
CPO(y; 2, 1)
- <Z cPPsr w7 x">
=0 ’

=((1+@+ t)*)fﬂ Lify (log(1+ )1 + )7 | x”)

<1+ 1+ ‘Z( ) }“(y)x"-l>
2 ()olzs

:z(';)sn_lw;x,mcm).
=0

Therefore, by (32), we obtain the following theorem.

Theorem 1 For n > 0, we have

n

n
CPO (x; 2, 1) = Z <l>5n—l(0;k;ﬂ)cz(k)(x)'

1=0

(29)

(30)
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Alternatively,

CPO(y; 1, 1) = <ZCP (y)\u)

‘

= (Lifi (log(L + ) | (1+ @ +6)*) (1 + 1) ?x")

<L1fk(log (1+1) (Z( )Sl ik, ) >

"2, <7>Sl(_y;)\’u)<]-‘ifk(log(1 v )12
=0
1=0

Therefore, by (33), we obtain the following theorem.

Theorem 2 Forn > 0, let Cn 1(0) 1+ Then we have

CPO (w2, 1) = Z <1>C(k)151( %55 ).
=0

Remark By the same method, we get

n n N
SACTINEDY ( l)snz(o;x, DlegC)

=0

and
n 7\ .
CPY (1, 1) = (1) CouSias 1, ).
1=0

From (20) and (28), we have

PO (x5, 1)

n
j=0 7"

From (31), we note that

(@ +@+0*) " Lifi (log@ + £)) (- log(1 + t))j | x")

n—j n—j—m
(-1y (m)t
:Zm'(m+1)k Z Temii Sy (l+m +j,m+j)

+m+j)!

X (n)l+m+j<(1 +(1+ t)k)_ﬂ | x”_l_m—j)

ZZ Z(lmj

m'(m+1)k +m+j)!

_ Z}l‘((l +(1+ t))u)*# Llfk(log(l + t)) (— log(l + t))] | x”l>x]
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n—j—-m-I oo

X S1(l+ m+ j,m + ) (1) 1ymaj Z Z Z o+
=0

r=0 ry+-+ri=r

() (e

SN 21 (m +))
=2t D 2 Ll DR+ m + )

Therefore, by (36) and (37), we obtain the following theorem.

Theorem 3 For n > 0, we have

CPP (x5, 10)
n - [ n—j n—j—mn—j-m-l .
5 {Z 3 5 2
= Z_M}'[! _— _—mm
il 1 k
j=0 J: m=0 [=0 =0 ry+ee+ri=n—j-m-l-i Wl(Wl + 1)

(m+)) [(—n A A , N Y
x (l+m+j)!< i )<r1+1>.“(ri+1)Sl(l+m+]'m+})}x]'

Remark By the same method as Theorem 3, we get

CPY (x5 1, 1)

n n—j n—j—mn—j—m-I .
1 2-i(—1)"
ORI > e
1 k
j=0 ]' m=0 [=0 =0 ry+e+ri=n—j-m-Il-i Wl'(l’}’l + 1)
(m+))! (-n
U+m+ P\ i

A A . N
X (r1+1) ...(ri+1)51(l+m+],m+})]x’.

From (28), we note that

(1 + e‘“)“ CPﬁlk) (A, ) ~ (1, et - 1)

Lify(-2)
and
x" ~(1,¢).

By (24), (39), and (40), we get

1
Lify(-2)

=x t nxn—l
et-1

(1+e?)" CPO (x; 2, )

(37)

(38)

(39)

(40)
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_(_1\ —t ! n-1
=(-1) x(e—f—1> X
L n-1
= (—1)”%)(—1)’35”( . >x"—’. (41)

Thus, by (41), we see that

CPO (x; 1, 1)

1 ”
=(- 1)” 1<”l B" 1+e’“ Lif ()"

(m + 1)k

n-1 m (n-1
( l)n l<nll>BVl Z( 1) ( )(1+e—kt)*ﬂxn—l—m

B RIS 5 ()
O+ D8 4 = i !
x j+ i (_)"t)j+i xn—l—m
1+ 1., +1) (G+i)
n  n-l n-l-mn-l-m-i =i n=l—mm—r
" oy 27HTIA n-1
-y Y et ()

=0 m=0 =0  j=0 ji+--+jj=n—l-m—i-r
-\ (- —l-m- -l
()G “
m i 1+1,...,)i+1 r
Therefore, by (42), we obtain the following theorem.

Theorem 4 For n > 0, we have

k
) (x5 1, 1)

) n n ( )L_l)r n-r n—r—ln-r-l-m Z 24)\’,[,”1 n—1
T oon (m+1)k\ 1

r=0 =0 m=0 =0 ji+--+jj=n—r—l-m-i
Y —-r—1- -1
< (" ) ,u 'n r ‘ m\ (n m BE,,) o
m i 1+1,...,)i+1 r
Remark By the same method as Theorem 4, we get

CPY (w50, 1)

n n-r n—l-r n-l-m-r i
A" (=1)ym2- i (-1
- i E E s
21— i LA (m + 1) l

—r—l-m-i

y n—0\[(-u\( n-r—l-m\ (n-1-m 1 (43)
m i h+1...,5i+1 r L
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From (12), we note that
W =xx 1) n—1)~ (L1-e™). (44)

Thus, by (44), we see that

(-1)"%" = (~x)u = Y _ S1(m,m)(=x)" ~ (L -1) (45)
and
(1+e)" A CPO (x50, 1) ~ (L e - 1). (46)

From (45) and (46), we have

(1+e?)” CP® (x; 1, 1)

Lify(-t)
- -1y

=D S (47)

=0

Thus, by (47), we get
CPY (x5, 1)
251 n,0)(— 1 +e ) " Lifp ()4

(-1 (s,

n
_ ;Sl( Z (m " 1 k —M)*lixl—m

n ( l)m o0 o0 i
-y s zwﬂb§:Zz“

i=0 j=0 ji+-+jj=j

-1 jHi WY i em
X Prixl—m
i 1+ 1.5 +1 (]+l

m—i rz—p,—i)hl—m—r
D B i ry

1+ +ji=l-m—i-r

l—-m- -
" (s
h+1,...,i+1 r

n Al-r l-r-m

ey »

I=r m=0 i=0 ji+--+j;=l-r-m-i

x<f><-~>c )
m i 1+1,...,)i+1 r

Therefore, by (48), we obtain the following theorem.

N
I
<)
p
<)
i
o
~
I
<)
-

X
N
§ ~
~—

|
~ =
N~
<

1l

[\)

7;
~
Il N
(=]
f—’—
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Theorem 5 For n > 0, we have

CPY (x5 2, 1)

n o n l-r l-r-m 2_5)\‘1_,,,,
—9H Z(_)\— ) Z =
s

m + 1)k
r=0 =r m=0 i=0 jj+-+jj=l-r-m- z( )

(G sl
m i 1+1,...,)i+1 r

It is easy to see that

(1+€4)" ) CPM (x5 1, 1) ~ (Le-1) (49)
and
@ =x(x—1) - (x—n+1) =Y Si(mDa' ~ (L€ -1). (50)
=0

By the same method as Theorem 5, we get

CPO (3, 1)

I { ) (-1)m2
I

k
=r m=0 =0 ji+-+jj=l-r-m-i (m + 1)
I\ (/- R l-
o [ G
m i 1+1,...,ji+1 r
From (20) and (28), we have

CPP (1, 1)
n

=Z}'((u(1+t)k)‘“Lifk(1og(1+t))( log(1+))' | "} G2

j=0

Now, we observe that
(A+a+ ") " Lifx (log + 2)) (- log(1 + t)) ED

- (_1y'<1og(1 + 1y ‘ > R0, M)%x">
m=0
= (- 1)/Z< )CP(k (051, w){(log(1 + t)) | x"7)

= (-1 Z( )CP(k (05 A, w)j1S1 (1 — m, ). (53)

Therefore, by (52) and (53), we obtain the following theorem.
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Theorem 6 For n > 0, we have
CP(k) A, = - / " - ] (k) A, ’
) (x5 2, 1) Z( iy ) Si01=m)CPL03 4, 1)
j=0 m=0
Remark By the same method as Theorem 6, we get

CP® (x;0, 1) = Z:

Jj=0

Z(m>51(n e “(om)} (54)

m=0

From (21), we have

CPO(x + y; 1, 1) = Z( 1y( )cpff_),.(x;x, " (55)
j=0
and
EPYx s yihp) =Y (’;) EPY (5, 1)), (56)
j=0

By (22) and (28), we get
(et =1)CPP(x; 2, ) = nCPY, (w51, 1) (57)
and
(€™ =1)CPY (x; 2, 1) = CPP(x ~ 12, 1) = CPO (w3 2, ). (58)
Therefore, by (57) and (58), we obtain the following theorem.

Theorem 7 For n> 0, we have
CP O (x — 130, 1) - (x, A L) = nCP,(qli)l(x; A, L)
Remark By the same method as Theorem 7, we get
CPO(x + 11, 1) — CPO (x5 1, 1) = nCPY, (w5 1, ). (59)

From (22), (28), and (29), we have

n m+1
CPnH(x; Lu)= —xCPf,k)(x +1L1L, )+ p Z (—5) (n),,,CPﬁlk_)m(x; 1, 1)

m=0

+2/LZ( 1>{Zilz 2 (m-szv(’q;)

m=r l=r i=0 ji+--+jj=l—i-r

x(_f‘)(l, b=r )(l>51(n,m)}(x+l)' (60)
i 1+L,...,ji+1)\r
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and
2k
CPY (x:1, 1)

n m+1
R 1 R
=xCPPO(w - L1 ) + 11 Y (—5) (m)mCPY (%51, 1)
m=0

2_M n n m  l-r (_l)m,[z,i m -1
s S ()(Y)

=r l=r i=0 ji+-tjj=l-i-r !
X (/1 . ll" i 1) <i>51(n, m)}(x 1y (61)
By (14) and (27), we get
CPY (y; 2, 1)

00 . tl
=0 ’

=((1+ @ +8)") " Life (log@ + )1 + &) | x - x")
=(9,((1+ @ +8") " Lifi(log(L + 1))@ + ) | #"7)
=((3:(1+ (1 + ") ™) Lifi (log@ + )@ +£)7 | ")
+{(1+ @+ ") " (3, Lifi (log(1 + 1)) 1 + ) | &)
+{(1+ @ +0)*) " Life (log(1 + 1)) (3,1 + £)7) | &)
= —pA{(1+ @+ ) T Life (log(1 +£)) (1 + £) 07+ | 271)
-1+ @+ ") " (Lifk (log@ + 8))) L + )77 [ 2"7)

)(
+({(1+ @ +8*) " (3, Life (log@ + 1)) X + £) 7 | +")
(

——/MCP l(y A+ LA, u+1)-yCP kl(y+1 A, L)
51— Life_1(log(1 + £)) — Lifi (log(1 + £)) o
+<(1+(1+t)) L+ Dlog+ 1) Q+5)7 |« > (62)

Now, we observe that

<(1 f1s t)’\)fﬂ Lify_1(log(1 + £)) — Lifx (log(1 + £)) 140

1+t)log(1+¢)

_ < (15 (1 o) Lifica008(L+ ) - Lifellog(1 + )
) t

xn—1>

a+p”

¢ n—-1
1+¢t)log(1+ t)x >

n-1

- (")ero
=0

_u Lifi_1(log(1 + £)) — Lifx (log(1 + £))
t

X <(1 +(1+0)) 1+8)” ‘ xl>
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n-1 "
= no1-1(0)
1=0 < ! ) -

. . I+
8 <(1 e+ t)’\)fﬂ Lifi_;(log(1 + t)) — Lifi(log(1 + ¢)) A+ tx_1>
t [+1
n-1
(e Rl s - P G320 (63)
1=0

Therefore, by (62) and (63), we obtain the following theorem.

Theorem 8 For n > 0, we have

CPP (x5, 10)

= —prCPP (k= 1 + LA, + 1) = xCPY, (o + 154, 1)

n-1

1
A Z (l 1) | Cplfll (x;)wl»t)—CPl(f)l(x;A,M)},
=0

where Cp_1_; = @5,121_;(0)

Remark By the same method as Theorem 8, we get

1, 1)

MACP 1(x+k lku+1)+xCP =1, 1)

n-1
1 no\ . A (ke A
+ ; Z (l + 1) Cn—l—l (Cpl(lil 1)(x; A, ,U«) - Cpl(li)l(x, A M))' (64)
1=0
By (23), we get

d
—CPP (1, 1)

dx
n-1
= ( ) —log(1 +¢) |x" I)CP (x5 A, 1)
1=0
n-1 00 m
- <><Z -V " ”l>cp (%2, )
m
1=0 1
n-1 e
lm
= <>Z ) WI|xnl> P(k(x,)»u)
m
1=0 -1
n-1
= ( ) )P (s 1, ) — 1 - 1))
1=0
-1 n-1
:n‘ ) PP (2, ). (65)

L (- D!
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By the same method as (65), we get

CPO (x50, 1)

dx
n-1 (_l)n—l—l N
=ny P CP (%2, ). (66)
1=0 :

Now, we compute the following equation in two different ways:
((1 +(1+ t)x)_“ Lify (—log(1 +2)) (log(1 + t))m | x").
On the one hand,

((1 +(1+ t)*)fﬂ Lify (— log(1 + t)) (log(l + t))m | x")

=((1+@+8") " Lifi (- log(1 + 8)) | (log(L +£))"x")

= _Z Wl!<l +nm)51(l +m,m)((L+ (1 +)") ™" Lify (- log(1 + 2)) | ")
1=0
ZWI'< )Sl(}’l l m)CPEk)(O;)L, ,lL) (67)

On the other hand,

(1+@+*) " Life(-log(1 + £)) (log@ + 1)) | #”)
=(9,((1+ @ +8)") " Lifi (- log(1 + 1)) (log@ + £))") [ ")
=((3,(1+ @+ ") ") Lifi (- log@ + £)) (log(1 + )™ [ ")
+
+

1+ (1 +8)") ™" (9, Life (- log(l + 1)) (log(1 + t))m Edn!

( )
( ) " Lify (— log(1 + t)) (Bt (log(l + t))m) | x"‘l). (68)

1+1+8)*

Therefore, by (67) and (68), we obtain the following theorem.

Theorem 9 Forne Nwithn>2,letn—-1>m > 1. Then we have
mZ( >51 n— lm)CP(k (0; A, 1)
n-1-m
——kam ( )Sl n-1- lm)CP (A—l;k,u+1)
n-m (n_
+
1=0

n-m 1
+ (m — 12(;/1 )Sln 1-I,m-— l)CP (l;k,pc).

=0

1 .
>Sl(n ~1-L,m-1)CP* Y (<15, 1)

~
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Remark By the same method as Theorem 9, we get

mZ( >Sl n-— lm)CP(k)(O A L)
n-l-m
——,uMn ( )sl n—1-1Lm)CPY (1= A4, u+1)

n-m _ 1
+ (” l )Sl(n ~1-Lm-1)CP V151, )
=0

n-m _1
+m-1)) (” )Sl(n ~1-Lm-1)CP (L1, p),

1=0 !
wheren —1>m > 1.

Let us consider the following two Sheffer sequences:

CPO (x5, 1) ~ <(1 +e M) Lifkl(_t) et - 1) (69)
and
sw~ () ) ez (70)
Let
CPY (x; 1, 1) = Z CoumBY) (x). (71)
m=0

Then, by (26), we get
1 ( —log(l+z) 1 )s
Com = — % Lify (log(1 + ) (- log( + £))” x”>

_
m!

" t ’
x (L+2) (log(1+t)>
n-l-m

(-1)™ yi” ( n ) <n l- m) oo
= m! S1(l + m, m) E ;
m! l+m Py

1=0

<(1 +(1+ t)’\)fﬂ Lif, (log(l + t))

(log(l + t))mx”>

X <(1 + (1 + t))‘)7M Llfk(log(l + t)) (1 + t)—s | xn—l—m—i)

n-m

="y (1)51 n—1,m) Z ( ) 9cPP(s 0, ). (72)

1=0

Therefore, by (71) and (72), we obtain the following theorem.
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Theorem 10 For n > 0, we have

n n-m |

CPY (33, 1) = Z(—D’”{ > (”) ( )sl(n ; m)cﬁ”cpﬁfi(s;x,m}Bi?(x).
m=0 =0 i=0

Remark By the same method as Theorem 10, we have

CPY (x5 0, 1)

n

n-m 1
- Z : Z Z (") < ) —L,m)CY CP;I_%(S; A 4) }BSB (%). (73)
m=0 \ [=0 i=0

)5 f), s € Z>y, » € Cwith

For CPX (a1, 1) ~ (1 + e )* L TEY 1), H (x| 1) ~
A #1, let us assume that

CPP@ A1) = Y ComH) (5 1). (74)

m=0
From (26), we have

€ m)'m <(1 +(L+6)") " Life (log +2))

)\’ S
X (1+t)_5<1 + —t)
A—-1

JETS 51(1+m,m)min{§_m} (Y
m l+m pary iJ\A-1

X <(1+(1+t) ) Llfk(log(1+t))(1+t) | e ”’)
mn m min{s,n—l-m " s
D Z Z (l+m) (l)

A i
x (n—1~m), (m) S1U+mm)CPY, (52, 12)

Cn,m

(log(1 + t))mx”>

n—m min{s,l}

1)’”2 Z ( )() (A’\l)sl(n Lm)CPY (s, ). (75)

Therefore, by (75) and (76), we obtain the following theorem.

Theorem 11 For A € C with A #1, n > 0, we have

CPX (x5 1, 1)
n n—m min{s,/} " <
" {; Z ()()o

.(;1) $10n— L,m)CPYs; 2, M)} 9 (x5 ).

Page 16 of 18


http://www.advancesindifferenceequations.com/content/2014/1/4

Kim and Kim Advances in Difference Equations 2014, 2014:4 Page 17 of 18
http://www.advancesindifferenceequations.com/content/2014/1/4

Remark By the same method as Theorem 11, we get

CPflk) (%A, )
n [ n—mmin{s,l} s
EEE O

(1 1)\) Si(n—1, m)CPl (0 Ay M)} ) (x; 1),

For CP (x, A )~ (1 +e?hH ,e’t —1)and " ~ (1,1 - e7*), let us assume that

Llfk
00
CPR @A, 1) = ) Crmr™. 7o
m=0
By (26), we get
co- i ; Lif (IOg(]. + t)) (1 _ elog(l+t))m ‘ X"
n,m (1 + exlog,(l+t ) k

= %((1 +(L+6)") " Life (log + 8)) (=)™ | &)

_ D7
m!

(X +@+26)") " Lifi(log +2)) | £"x")

=(=1)" (;)((I +(1+)") " Lifi(log1 + ) | &)

= (1" (”)Cpff)m(o;,\, ). (77)
m

Therefore, by (77) and (78), we obtain the following theorem.

Theorem 12 For n > 0, we have

n

CPPw A1) =Y (-1)" (n ) CP;2,, (052, j)x™
m

m=0
Remark By the same method as Theorem 12, we get

n

E,k)(x;)\: W) = Z (;) CP,(,,k_)m(O;)\’ 1) (%) . (78)

m=0
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