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Abstract

In this paper, the exponential stability of bidirectional associative memory neural
networks with leakage time-varying delays and sampled-data state feedback input is
considered. By applying the time-delay approach, some conditions for ensuring the
stability of a system are obtained. In addition, a numerical example is given to
demonstrate the effectiveness of the obtained results.
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1 Introduction

In the past few decades, neural networks have been widely investigated by researchers. In
1987, bidirectional associative memory (BAM) neural networks were firstly introduced by
Kosko [1, 2]. Due to its better abilities as information associative memory, the BAM neural
network has attracted considerable attention in different fields such as signal processing,
pattern recognition, optimization, and so on.

It is well known that time delay is unavoidable in the hardware implementation of neural
networks due to the finite switching speed of neurons and amplifiers. The delay can cause
instability, oscillation, or poor dynamical behavior. In practical applications, there exist
many types of time delays such as discrete delays [3], time-varying delays [4], distributed
delays [5, 6], random delays [7] and leakage delays (or forgetting delays) [8, 9]. Up to now,
a large number of results about delay BAM neural networks have been reported [10-13].
All of the conclusions could be roughly summarized into two types: in terms of the stabil-
ity analysis of equilibrium points, and of the existence and stability of periodic or almost
periodic solutions.

The leakage delay, which exists in the negative feedback term of a neural network sys-
tem, emerges as a research topic of primary importance recently. Gopalsamy [8] inves-
tigated the stability of the BAM neural networks with constant leakage delays. Further,
Liu [14] discussed the global exponential stability for BAM neural networks with time-
varying leakage delays, which extend and improve the main results of Gopalsamy. Peng et
al. [15-17] derived the stability criteria for the BAM neural networks with leakage delays,
unbounded distributed delays and probabilistic time-varying delays.

Sampled-data state feedback is a practical and useful control scheme and has been stud-
ied extensively over the past decades. There are some results dealing with synchroniza-
tion [18, 19], state estimate [20—-22] and stability [23-29]. Recently, the work in [24] has
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studied the problem of the stability of sampled-data piecewise affine systems via the in-
put delay approach. Although the importance of the stability of neural networks has been
widely recognized, no related results have been established for the sampled-data stability
of BAM neural networks with leakage time-varying delays. Motivated by the works above,
we consider the sampled-data stability of BAM neural networks with leakage time-varying
delays under variable sampling with a known upper bound on the sampling intervals.

The organization of this paper is as follows. In Section 2, the problem is formulated and
some basic preliminaries and assumptions are given. The main results are presented in
Section 3. In Section 4, a numerical example is given to demonstrate the effectiveness of
the obtained results. Some conclusions are proposed in Section 5.

2 Preliminaries
In this paper, we consider the following BAM neural networks with leakage time-varying
delays and sampled-data state feedback inputs:

%i(8) = —apw;(t — pi(t Z, 1 ;/ g}()’/ Z] 1 z] g/()’/ - 1i(2))) + w:(2), )
Yit) = —ciyi(t - ri(t) ) +20 e (0) + Y1 d (e - o) + Bi(0),
where i e N = {1,2,...,n}, the x;(¢) and y;(¢) are neuron state variables, the positive con-
stants a; and ¢; denote the time scales of the respective layers of the networks, bl]), bl(f),
dlll), d( ) are connection weights of the network. p;(t) and r;(t) denote the leakage de-
lays, T,}(t) and o7(¢) are time-varying delays, f;(), gi(:) are neuron activation functions,
u;(t) = —kixi(t), vi(¢) = —l;y:(¢) are sampled-data state feedback inputs, # denotes the
sample time point, £ <t < fx,1, K € N, N denotes the set of all natural numbers.
Assume that there exists a positive constant L such that the sample interval £, — f <L,
k € N. Let di(t) = t — ty, for t € [ty, tg,1), then & = ¢ — di(t) with 0 < di(¢) < L.

For the sake of convenience, we give the following notations:
pi = sup pi(t), pi = inf p;(£),
teR — teR

7; = supri(t), ri = infr(¢),
teR - teR

T =supt;(t 7 = inf 7;(¢
Ul teg l]( )7 l teR l]( )’

Ely = Sup O’L'j(t), UL’j = infoi,»(t),
teR —_ ter

p* =suppi(t),  r*=supit).
teR teR

Before ending this section, we introduce two assumptions, which will be used in next
section.

Assumption 1 There exist constants Lf >0, Lf > 0 such that

_SW-50) _ _g®-g0) _

x—y 1’ = x-y 1’

forallx,yeR,x#yandjeK[.
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Assumption2 Leta;p; <1,¢;7; <1, forallie N. There exist positive constants &, &,...,&,
and 7y, 72,...,n, such that, for £ >0 and i € N, the following inequalities hold:

~lail - 2a;p;) - aip* - k) =+ [0 1651+ X7 |b<2)|1Lg L1 <0,

1 cr
Sy )
~lei(1 = 267) = cor* = Bl + (X 14| + Y0, 1d5 12 ==& < 0.

llap

3 Main results
In this section, we investigate the exponential stability of (1). By using the input delay
approach [24], (1) can be rewritten in the following form:

#i(t) = —awi(t - pi(t)) + L1, by gi((0))
+Z,1bf’g,(y,<t n,(t))) kxl(t—dk(t)),

¥i(8) = —ciyi(t = ri(t Z] 1 z/ (®)
£ ,,fx,<t m,(t))) zlyl(t di(2)).

The initial conditions of (3) are: x;(s) = ¢;(s), yi(s) = i(s), s € (-00,0], i € N, where ¢i(s)
and ¢;(s) are continuous functions on (00, 0].
The main results are stated as follows.

Theorem 1 Let Assumptions 1 and 2 hold; then the BAM neural network (3) is exponen-
tially stable, i.e., there exists a positive constant ) such that |x;(t)| = O(e™), |y;(£)| = O(e™),
ieN.

Proof Define the continuous functions

Qi(w) = —[(ai - ©)(1 - 2a,p;) - az(e’”ﬁ"—(l ;O*)—kie"’L)]1

1
=&
—aipPi
(1) i
[Z} 1|b |+ewr,zl llbll 1L} 11 o7

(4)
®ppiw) = —[(ci - )(1 2¢i77) = ci(e”i - (1 r*) = e ==
+[Z} 1|dz1 | +e”7 Z/ 1|le 11 apgl’
where w > 0,i e N.
By Assumption 2, we have
©,(0) = ~[ai(1 - 2a:p,) - aip* — kil =i + [ by | + X7y 1B)1]
XL/lcrn]<0 (5)
@,,4(0) = ~[ei(1 = 267) — cir* = b s + [0, 1) | + 20 1))
x Il =& <0.
iDj

Because ®;(w) and ®,,,;(w) are continuous functions, we can choose a small positive con-
stant A such that, forall i € N ,

®;(3) = ~[(a; — 1)1 - 2a:p;) - ail*? — (1 - p*)] ~ ki€ =&;
+ [ 161+ € 30 167 L ey < O,
®pi(A) = =[(ei = M)A = 2¢77) = il = (1= 1)) = [ =i
[Z 1|d1)|+exaljz7=1|d§]‘2)|]lzf 1 §]<0

1-ajp, i Pj

(6)
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Let

t
X;(8) = eMx;(t) - a;e*x;(s) ds, Yi(t) = eMyi(t) - ciey(s)ds, ie N.

t=p;(t) t=r;(t)

Calculating the derivative of X; and Y; along the solution of (3), we have

Xi(t) = e xi(t) + €i(t) — ai[ € xi(t) — (1 pi(®)) "Dy (¢t — pi(2)) ]

= reMx(t) + € |:—alxl t— p; t) Zbu g y, bejz)g, y, t— Tt ))

— ki (£ — dk(t))i| —aie"x,(8) + a;(1 - pi(2)) Py (¢ — pi))

= rexi(t) — aiexi(0) + a:(1 - £i(0) e P Vi (£ - pi(2))

- aie’”xi(t - pi(t)) - k,»e“x,»(t - dk(t))

| a0+ el 50)
j=1

j=1
t
= —(a; — M)Xi(t) — (@ — 1) a;e"x;(s) ds
t—p;(t)

—[ai - ai(1- pi(®))e "¢ ]e Ly (£ = pi(t)) — ki€ xi(t — di(2))

+e! [Z by g () + )b g (e - Tij(t))):|

j=1 =1
and
Yi(t) = 1eyi(0) + e15i(8) — ci[ € yi) = (1 - i4(8)) e 1Dy, (¢~ ri(2)) ]

= 1eMy(t) + e |:—c,y, (t-r:v) Zd Fi0) + Y dPf (e - 05(0)))
j=1

—liyi(t - dk(t))] —ci[eyi(t) = (1-7:(2)) "1 Dy (£~ ri(0)) ]

=—(c; - N)Yi(t) - (c; —A)/t ()Cz‘exsyi(s)ds

— [ci = ci(1 = 73(2)) e 1D )My, (t - ri(8)) — i y; (¢ - di(2))

et |:Zd i) + > df (e~ o,»j(t)))i|.
j=1
We define a positive constant M as follows:

M= max{ sup |X(t

I=i=nlyc(—0o te(—00,0

} M>0.
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Let K be a positive number such that

for all £ € (—00,0].

|X:(6)] <M < K&,
|Y;(H)| <M < Kn;,

Now, we will prove that

forall ¢ > 0.

|X:(6)] <M <K&,
|Y;()| <M < Kn;,

Let £y = 0, we firstly prove

fort e [lf(),lfl).

|X;()] <M < K&,
[Yi(£)] <M < Kn;,

Page 5 of 10

7)

(8)

)

In fact, if it is not valid, there exist i € N , t§ € [to, t1) such that at least one of the following

cases occurs:

(@) Xi(t5) = K&,  Xi(t3) >0,
fort e (-oo,t}),j € N,
(b) Xi(t)) = K&,  Xi(t5) <0,

fort € (—o0,}),j €N,

1X;(0)] < K&,

1X;(®)] < K¢,

1Y;(6)] < K,

|Y;(&)] < Kn,

. (10)
() Yi(t5) = K, Yi(t5) = 0, 1X;(2)| < K&, [Y;()| < Kn,
for t € (-o00,t),j €N,
() Yi(tg) = —Kmi,  Yi(g5) <0, X))l <Kg, V() <K,
for t € (—oo,t}),j € N.
Fort e (—oo,t{],j € N,
t t
e |x(0)| < |ex(e) - ajex;(s) ds| + / aje™x;(s) ds
t—pj(t) t—pj(t)
<K& +ajp; sup e“}xj(s)‘.
s€(-00,£3]
Hence
KE;
x| < sup €F|(s)| < LA (11)
s€(~00,t5] 1- a;jp;
Similarly, we have
s Kn;
My < sup €ys)| < : =
se(-o0,t] =T
If (a) holds, we get
t*

)'(i(tg) = —(a; - MX(t5) — (@i — 1) a;e*x;(s)ds

t5—pilty)

- [ai-ai(1- pi(t(*)‘))e”\pi(%)]e”gxi(ta‘ - pi(83)) - /(l»e“gxi(t; —di(23))
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+ Mo |:Z b,, g (%)) Z b§12)g/ (05(t5 — 73 tO)))j|

K§;
1-aip;

+ [ — ai(1 - fu(£3))e )| 0) HE5-niei D (85 — (1))

< —(a; - MKE; + (a; — Ma;p;

n
DG 15— 1)) + 5 Y I 15y )
j=1

n
+ i) Z| bg}?) | Lfel(té—f,j(té))

vty — 7 (25) |

j=1
K§; K§;
< ~a; = NKE + (a; ~ N)aip; - fjﬁi +[aie —ai(1- 4i(6)) ] 5:@
K§; Kn; Kn;
k; ALl a:p Z|bl/ ;gl J +exr,,Z|bU fl_ch
j=1
o]
5{ [(a:i =M1 -2a;p,) —a;(e” - (1-p*)) - ke ]1-@@
[Z|bu | + i Z|bu j|Lg 4 }K (MK <0,
which contradicts (a).
If (b) holds, we get
. KE:
Xi(t5) = (a; — MKE — (a; — Maip; - jll'ﬁi
= [ai - ai(1 - pi(t5) ) D [ D G Wi (15— pi85))
K& e
- kieul_—a;ﬁi — e gbﬁ}) 15 15(25) |
n
- &%) Z’bg) |Lfe’\(t3_f’7(t5) ity = Ti(25)|
j=1
> (a; — MKE; - (a; - )»)ﬂipil_—ﬂ:_i ~ @) —a,(1- pi(15))] 1 a:ﬁi

K§; Kn Kn;
— ke ALl dlpl Z}bt/ ;gl j “"ZV’U ll_clr

&i

z:‘[( =) ~2aip) ~ai(e” - (1~ p))‘kieu]l—mﬁi

|:Z|bll | + i Z|bu i|Lg }(—K) =-®;(MK > 0.

This is a contradiction with (b).
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Similarly, if (c) or (d) holds, we can also derive contradictory results with respect to (c)
or (d), respectively. So (9) is correct. From (7) and (9), we have

X;(t)| <M < K¢,
1Xi(5)] <M < K§ for all t € (00, t;). 12
|Y;(§)] <M < Kn;,

Next, we will prove
X;(t)] <M < K§;, e N
[Xi(6) < M < K& forte[t,t),i €N. 1
YY)l < M < K,

If it is not like this, there exist i € N , tf € [t1,12) such that one of the following cases

occurs:

(@) Xi(&)) = K§&;, Xi(t;) = 0, 1X;(2)| < K&, [Y;(H)] < Knj,
fort e (-o0,t)),j €N,

(b) X;(#]) = -K§&;, Xi(&) <0, |X;()] < K§;, 1Y;(8)| < Kn,
for t € (—oo,t]),j €N,

(o) Yi(f)) = K, Yi(t) > 0, |X;()] < K&, [Y;(2)| < Knj,
for t € (—oo,t]),j €N,

(d) Yi(tf) = -Kn;, Yi(t) <0, |X;(O)] < K&, |Y;(2)| < Knj,
for t € (—oo,t]),j € N.

(14)

Similar to the proof of (9), we can deduce that (13) holds. Combining (9) and (13), we
have

X;(t)| <M < K§,;,

KON M <K& (s e (<00,1). (15)
|Yi(t)] < M < Kn,

Using mathematical induction, the inequalities (8) hold. By a similar proof to (11), we

have e*|x;(t)| < %, ety (b)) < llfc'”;, for t > 0, which implies |x;(£)| = O(e™?), |y;(£)| =

O(e™), i € N. This completes the proof. d

Remark 2 Ifthe leakage delays in (3) are constant, that is, p;(¢) = p, r;(t) = r. Assumption 2
is changed into the following form.

Assumption 2’ Leta;p <1,¢r<1,forallie N. There exist positive constants &;,&,,...,&,

and 11,7,..., 7y such that, for £ >0 and i € N, the following conditions hold:

a1 - 2pai) = kil i+ [ 15|+ X0 1B 1L ey < O,

(16)
~lei(U=2re) L+ [ V) |+ X7 147 1L 58 <0

Similar to the proof of Theorem 1, we get the following result.

Corollary1 If Assumptions 1 and 2’ hold, the BAM neural networks with constant leakage
delays and the sampled-data state feedback inputs are exponentially stable.

Page 7 of 10
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4 Simulation example
In this section, we give an illustrative example to show the efficiency of our theoretical
results.

Examplel Consider the following BAM neural network with leakage delays and sampled-
data state feedback inputs:

®(t) = —Ax(t - pi(2)) + Big(y(t)) + Bog(y(t — 7(8)) — Kx(t), a7)
§(t) = —Cy(t —ri(t)) + Dif (x(2)) + Dof (x(t - )) Ly(tr),
where
1 0 0 09 0 0
A=|0 1 o], c=|l0 09 0|,
0 0 1 0 09
0 -0.2 1 0 02
Bi=|-02 0 =(-02 0 04/,
| 02 -02 0
01 -01 [01 0 o
Di=|-01 01 =lo 01 o],
|0 0 ol

and the sampled-data gain

02 0 0
K=L=|0 02 0
0 0 02

The activation functions are taken as f(-) = g(-) = 0.4 tanh(-). Time-varying delays are
0.1|sint|, o(¢) = 0.1 cos | and the leakage delays are chosen as p;(t) =
0.2 + 0.01sint, r;(t) = 0.2 + 0.01 cos t, respectively.

It is easy to verify a;p; < 1, ¢;7; < 1. Select §; = 20, n; =10, i = 1,2, 3, and we obtain

chosen as 7(¢) =

_ 3,2

(1= 2a10) —anpf — kil =81+ [ 1651+ Y0 165 1L
=-2.9207 <0,

—[ax(1 - 2asp,) - 612,0; -kyl—= - azpz &+ [Z -1 |b2] | + Z -1 |b2] 21 612,2 2
=-3.4085<0,

—las(1 - 2a3p3) - asp} — ksl et + [0 1651 + 30, 1BS) 11LS =115
=-1.9451<0, 18)

~lal-2am)-arf - ll]ﬁ’h + [Z, 1 ldy | + ZS (2) ]L11 a7 51
=-1.4756 < 0,

—[ea(1 = 2¢273) — a5 — lz]ﬁﬂz + [Z,il |dg-)| + Z, 1 |d2, Iz 2T alzpz &
=-0.4756 < 0,

~[es(1 - 2¢573) - car§ — sl it + [0 1S | + X0, 1S s =ik
3 373 373 ~BliGR3 j=1173; j=1 3 1—a3»03 3
=-0.4756 < 0.
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Figure 1 State trajectory of the system [17].

This means that all conditions in Theorem 1 are satisfied. Hence, by Theorem 1 (17) is
exponentially stable. On the other hand, we have the following simulation result, shown
in Figure 1.

5 Conclusion

In this paper, we investigate the stability of BAM neural networks with leakage delays
and a sampled-data input. By using the time-delay approach, the conditions for ensuring
the exponential stability of the system are derived. It should be pointed out that there are
many papers focusing on the stability problem of sampled-data systems, leakage delay, and
sampled-data state feedback that have never been taken into consideration in the BAM
neural networks. To the best of our knowledge, this is the first time to consider the stability
of BAM neural networks with both leakage delays and sampled-data state feedback at the
same time. The results of this paper are worthy as complementary to the existing results.
Finally, a numerical example and its computer simulations have been presented to show
the effectiveness of our theoretical results.
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