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1 Introduction and results

We consider the following semi-linear elliptic problem with supercritical nonlinearity:

A%y =|ulf ey inQ,

Au=u=0 o0noS,

(Pe)

where € is a smooth bounded domain in R”, n > 5, ¢ is a positive real parameter and
p+1l= n% is the critical Sobolev exponent for the embedding of H*(2) N H}(R) into
LrY(Q).

When the biharmonic operator in (P;) is replaced by the Laplacian operator, there are
many works devoted to the study of the counterpart of (P ); see for example [1-6], and the
references therein.

When ¢ < 0, many works have been devoted to the study of the solutions of (P;) see
for example [7-9]. In the critical case, this problem is not compact, that is, when & = 0 it
corresponds exactly to the limiting case of the Sobolev embedding H?(2) N H}(L2) into
IP*1(Q), and thus we lose the compact embedding. In fact, van Der Vorst showed in [10]
that (Pp) has no positive solutions if €2 is a starshaped domain. Whereas Ebobisse and Ould
Ahmedou proved in [11] that (P) has a positive solution provided that some homology
group of Q is non-trivial. This topological condition is sufficient, but not necessary, as
examples of contractible domains 2 on which a positive solution exists show [12].

In the supercritical case, € > 0, the problem (P,) becomes more delicate since we lose
the Sobolev embedding which is an important point to overcome. The problem (P,) was
studied in [7] where the authors show that there is no one-bubble solution to the problem
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and there is a one-bubble solution to the slightly subcritical case under some suitable con-
ditions. However, we proved in [13] that (P;) has no sign-changing solutions which blow
up exactly at two points. In this work we will show the non-existence of sign-changing
solutions of (P,) having three concentration points.

We note that problem (P,) has a variational structure. The related functional is

Jo lAul?

inf](u), whereJ(u):= (o e 2l

,u € H*(Q) N Hy(Q),u #0.

J satisfies the Palais-Smale condition in the subcritical case, while this condition fails in

the critical case. Such a failure is due to the functions

)\'(n—4)/2

—4)/8
1+ A2|x — a|2) (412’ co = (n(n—4)(n* - 4))(n A>0,aeR" (L)

San(®) =co
Co is chosen so that §(,,) is the family of solutions of the following problem:
A'u=u?, u>0inR" 1.2)

When we study problem (1.2) in a bounded smooth domain 2, we need to introduce the

function P§(,;) which is the projection of §(,,) on H}(2). It satisfies
APy = A%8(4py InQ, APy =Py =0 ondQ.

These functions are almost positive solutions of (1.2).
We denote by G the Green’s function defined by, Vx € €2,

A’G(x,) = c,8, ing, AG(x,-)=G(x,-)=0 onadg,

where §, is the Dirac mass at x and ¢,, = (n — 4)(n — 2)w,,, with w,, is the area of the unit
sphere of R”. We denote by H the regular part of G, that is,

H(x1,%) = |61 — 2" = G(x1,%5)  for (x1,%2) € Q2.
For x = (x1,%2) € Q2\ ', with I" = {(y,%) : y € Q}, we denote by M(x) the matrix defined by
M(x) = (mj)1<ij<2, Where my; = H(x;,x;), m1p = ma = G(x1,%2), (1.3)
and let p(x) be its least eigenvalue.

The space H?($2) N Hy(R2) is equipped with the norm || - || and its corresponding inner
product (-, ) defined by

1/2
llu|| = (/ |Au|2> and (u,v) :/ Aulv, u,veH* () OH(I)(Q). (1.4)
Q Q

Now, we are able to state our result.
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Theorem 1.1 Let Q be any smooth bounded domain in R”, n > 6. If 0 is a regular value
of p(x), then there exists &9 > 0, such that, for each ¢ € (0, &), problem (P;) has no sign-
changing solutions u, which satisfy

Us = Pa(ﬂs,lsks,l) _P(S(as,Zv)tg,Z) + P(S(ﬂs,?n}\s,?)) + Ve, (15)

with |u.|%, is bounded and

Ag,i € Q’ }"E,id(aé‘,ir 8SZ) — fOV i=12,3,
(P(ag jre)r Pdiag ) = O forijand ||vell > 0 ase — 0.

The second result deals with the phenomenon of bubble-tower solutions for the bihar-
monic problem (P,) with supercritical exponent. We will give a generalization of the result
found in [13]. More precisely, we have the following.

Theorem 1.2 Let Q2 be any smooth bounded domain in R", n > 5. There exists gy > 0, such
that, for each ¢ € (0, &g), problem (P;) has no solutions u. of the form

k
Uy = Z YiP(ag p) + Ver With Aey <Aep <+ < Aex and |u.|%, is bounded,  (1.6)
i=1

where k > 2, y; € {-1,1}, a.; € Q, for each i <, A¢jlac; — a.j| is bounded and as ¢ — 0,
[[Vell = O, Aeid(ac,i, 02) — +00, (PS4, 1, PO y) — 0 for i #j, and if | ¢ {k —1,k},
)"e,l|ﬂ£,l - de,l+1| — 0, where [ = mln{q Yg="= yk}'

g e

The proof of our results will be by contradiction. Thus, throughout this paper we will
assume that there exist solutions (i) of (P;) which satisfy (1.5) or (1.6). In Section 2, we will
obtain some information as regards such (i) which allows us to develop Section 3 which
deals with some useful estimates to the proof of our theorems. Finally, in Section 4, we
combine these estimates to obtain a contradiction. Hence the proof of our results follows.

2 Preliminary results
In this section, we assume that there exist solutions () of (P.) which satisfy

k

U = Z YiPS(agjhep) + Ver o)
i=1

with |u.|%, is bounded, k > 2, a,;, € 2, and as ¢ — 0, [|[v¢|| = 0, A d(a.,;, I) — +00,
(Pd(a, ) Pdiag ) = 0 for i #j. Arguing as in [14] and [15], we see that for u, satisfying
(2.1), there is a unique way to choose ;, a;, A;, and v such that

k
Ug = Z Viaipa(ai,ki) +, (22)
i=1
o; €R, o; —> 1,
with a; € Q, )Li € Ri, )Ll‘d(di, BQ) — +00, (23)

v— 0 in H*(Q)NHQ), veE,
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where E denotes the subspace of H}(S2) defined by

E:= {w: (w,0) =0,Vop € Span{PB,', oPs;/0A;, 3P8i/8a'l-,i <kj< n}} (2.4)
Here, oz’l denotes the jth component of a; and in the sequel, in order to simplify the nota-
tions, we set 8(,,,;) = 8; and P§,, ;) = PS;. We always assume that u, (which satisfies (2.1))
is written as in (2.2) and (2.3) holds. From (2.1), it is easy to see that the following remark

holds.

Lemma 2.1 [13] Let u, satisfying the assumption of the theorems. \; occurring in (2.2)
satisfies

A; —>1 ase— 0foreachi<k. (2.5)
Remark 2.2 [2,16] We recall the following estimate:

85 (x) — 5 as " = O(elog (1 + A2)x — a;f?))  in Q. (2.6)
3 Some useful estimates
As usual in this type of problems, we first deal with the v-part of u,, in order to show that

it is negligible with respect to the concentration phenomenon.

Lemma 3.1 The function v defined in (2.2), satisfies the following estimate:

1 - - .
vl < s+ ¢ | 2= G * Loz ei(loge;!) ifn<12,
= 1 (n+4)/2(n—4) -1 :
Zi ()Ll.dl,)(n+4)/2—£(n—4) + ZL;/} 8ijn+ g (10g gl'j )(Vl+4-)/2ﬂ UCVI 2 12’

where d; := d(a;, Q) for i < k and for i #j, ¢ is defined by

)\-i )L] 2) (4-n)/2
gij=|—+ = +Aidjla; — aj . (3.1)
ij (A,» A G
Proof The proof is the same as that of Lemma 3.1 of [13], so we omit it. O

Now, we state the crucial points in the proof of our theorems.

Proposition 3.2 Assume that n > 5 and let «;, a; and A; be the variables defined in (2.2)
with k =3 and y; = -y, = y3. We have

-4 H i . 0&:: —4 H&l‘,d' _4
et D (gt 5 g ) o

— +
2 )L;’—‘L o EYy 2 ()hi)\j)(n_/”m
= _ L 2n-4) .
< 682 s Zk ()\kd}()n—2 + Z}#l(sl] 4 log Sijl + Ss(log 8121) n ) lf‘}’l > 6’ (3 2)
- 1 _ . .
Zk ()‘kdk)z + Z]#l Si(log 8121)2/5 l'fl’l — 5’

where i,j € {1,2,3} with i #j and c1, c; are positive constants.
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Proof Let

A dx
=6 o (L+ |x[2)n+ )72

and

n-4 2_4/ log(1 + [x%) bt 1

Cy) = C, (0] + |X —_— ax.
TR S M+ [x2)7

It suffices to prove the proposition for i = 1. Multiplying (P;) by A;dP8;/911 and integrating

on 2, we obtain
0P8,

oPs aPs§
011/ 8{7)\1—1 —012/ 55}\.1—1 + 053/ 5{;)&1
Q Q oA Q 0

a)\l 1
= u Py .
/Q| TS

Using [17], we derive

oPs, n-4 H(a,m) (log()»ldl)) (3.4)

(3.3)

S = —e M%)
/Q Mo 2 e (Aady)"
8P51 881' n—4 H(&ll,ﬂ')
Fr— =i m—2 —— T ) 4R 35
o q( G e ) 8 (35)
where j = 2,3 and R; satisfies
log()‘kdk) s 1
R; = O(Z ———— +e&y; " logey; |. (3.6)
oy (Axdi)"
For the other term of (3.3), we have
0P§
[ e S
Q oA
daPs
= / |0llP81 - a2P82 + C(3P83 |p_1+5(0l1P81 - a2P52 + (13P53))\1 Wl
Q 1
aPs
+(p+e) / |1 P8; — 0ty P8y + a3 P83 [P e ypy —
Q S|
+ o<||v||2 +y et 1oge;l). (3.7)
7
Concerning the last integral, it can be written as
d0P§
/ |1 P8, — a2 P8y + a3 P83 [P vay ——
Q A
aPs _ _
= | (P8P va — + O PsPps v + | st Ps,|v) ), (3.8)
EN j !
Q 1 Q\4; A

where A; = {x: 20;P8; < P8, } for j = 2,3.
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Observe that, for n > 12, we have p —1=8/(n—4) <1, thus

/ Pap P81|v|+/ P& 1P8|v|<c/ |v](818;) 2D =
Q\4; A;

]
(n+4)/2n

(n+4)/2(n— 4)( (39)

<clvlley; log ;')

But for 7 < 12, we have
/ PS8! Py |v] + / P8y Py|v] < ceyy(log ;)" Ivi). (3.10)
Q\4; A

For the other integral in (3.8), using [16, 17], and Remark 2.2, we get

e . OPS
/ PPy =
g I

1

1 log(k di) .

It remains to estimate the second integral of (3.7). We have

aPs
/ |0llP51 - 0[2P52 + 0(3P(33 |p_1+E(Ol1P51 - 0[2P62 + 0(3P83))»1 ax !
Q 1
aPs dPs
= / (1 P8)* hy——— = / (052P52)p+£)»1 / (@3P8s) a5~
Q M Jo

oPs 9P
-(p+e) / Olngsg(011P51)19—1+8A1 il / a3P83(c, P8P 4, 1
@ CS T EYS

+ O(Z sﬁ%‘ log s;}). (3.12)

Now, using Remark 2.2 and [17], we have

oPé -4 H(a,
/ P& L 5 <cze + 261M)
Q

oM A.}1,174
log(A1d1) 1 )
+0| &%+ + (if n=5) ), (3.13)
( (Adr)" 1t (Mdh)?
... 0P8 ) -4 H(ay,a;
/ Pt — o (Mt + L Hlana) v T, (3.14)
Q 8)\.1 3)\.1 2 ()\1)»/)(”74)/2
— 3P81 881 n-4 H(dl,d')
P8 PP =L+ — T )T, 3.15
g /g PO M T Mo T T2 ) T 1)

where fori=2,3,

n=4 A lo )Lidi .
T; = O(eslj(log el_jl) " ) + <s{}4 (log 81_/«1) + % (if n > 8))
n-4
e1j(log 81}1)7 .
(7()”‘6[1')"_4 (if n<8) ).

Therefore, combining (3.3)-(3.15), and Lemma 3.1, the proof of Proposition 3.2 fol-
lows. a
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Proposition 3.3 Let n > 6. We have the following estimate:

1 9H(a;a) i (08 1 9H
)2y (L)
j#i

1 n 2(n—4) £
=0 — 4 oo el 4 g2 (loge ) 7 2, - ),
(; Gy " 27 102y reillonsif) Tt s

where i,j € {1,2,3} and j #i.

Proof The proof is similar to the proof of Proposition 3.2. But there exist some integrals
which have different estimates. We will focus in those integrals. In fact, (3.3), (3.7)-(3.12)
are also true if we change A;9P38,/91; by (1/A1)dP8;/0a;. It remains to deal with the other
equations. Following [17], we get

1 9P§ 1 dH(ay, 1
/ 8f— 1 _ 613 (ﬂl ﬂl) +0 ) (316)
Q )\1 8611 2 )\,n 3611 ()\1(11)"_1
1 0Ps 0¢e1; 1 oH
f Do Y (s
Q / )»1 3611 )»1 3611 ()\,1)\ )(" -4)/2 3(1
(n-1)/(n-4)
’ O<Z (Ardp)t + Al - aley )’ 17
k=1,
1 8P51 4)/2 C1 8H((l1,611) &
P8p+s_ - _ 8)\‘8(” ) + + , 3.18
/g; ! )\.1 8a1 Co1 )\.n A3 aal ()‘-ldl)n_2 ()lel)n—?) ( )
e 1 8P81 4)/2 1 8P81 _1\(n=4)/n
Pl — = a2 poy, — O(eeyj(loge;! T;, 3.19
-/Q A M “ / M 0m ¥ (881]( Ogsl}) )+ ! ( )

1 9(PsY™) cln-a)/2 1 3P, _1\ (n=4)/n
/S;P(SJ)\1 “a - oM Psj, o)t O(eeyj(logey') )+T.  (3.20)

The proof of Proposition 3.3 is thereby completed. O

4 Proof of the theorems

Proof of Theorem 1.1

Arguing by contradiction, let us assume that problem (P;) has solutions (i) as stated in
Theorem 1.1. Recall that #, is written as

Ug = aE,lpa(ﬂs,lv)\s,l) - aaxzpa(‘ls,%)hsz) + a€,3P8(48,3,)L5,3) * Ve,

with v, orthogonal to each P§,, ;,) and their derivatives with respect to ; and (a;), where
(a;)r denotes the kth component of a; (see (2.2) and (2.3)). For simplicity, we will write
Q= Uy Aj := Agj, and a; := a, ;. From Proposition 3.2, for each i = 1,2,3, with y = 3 =1,
¥y = —1. We have

n—4 H(a;,a;) Bal, n—-4 Ha;aj) n—4
E) a5 y‘“;’/’ 2 G )ty

(Z M)M+ZS,,>

r#j

Page 7 of 14
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Furthermore, an easy computation shows that

ag;;i n—4 A
iaxu« = —Tai,-(l —2#5’”‘4) fori,j=1,2,3,j #1, (4.1)
1 1
& 0&;i —4
higL -2l n-= e forki <, 4.2)
i j

On the other hand, following the proof of Proposition 3.3, we have, for each i =1,2,3,

(E) 1 0H(a;a;) 22(—)137” <381'i B 0H (aj, a;) 1 )

M B da; da;  (h)ndn

1 n-3 n-3
:O(Z WA= +Ze,’}f4 +en4). (4.3)
j (A6t r#

j#i

We distinguish many cases depending on the set
F = {(i,j) i #jand min(;, A))|a; — a;] is bounded}

and we will prove that all these cases cannot occur.
We remark that if (i,j) € / we derive 1;/A; — 0 or oo and d;/d; =1+ o(1) as ¢ — 0.
Furthermore, the behavior of ¢; depends on the set /. In fact we have, assuming that
A Z A

A\ 72 A\ (=2
i i T,
C()\_l) =< 81]’ =< ()\‘_1) if (l’]) €F, (44)

1
o =
T (jla — a2

>+ o(ey) if (i) ¢ r. (4.5)

First we start by proving the following crucial lemmas.

Remark 4.1 Orderingthe A;’s: A; < X;, < A;;,adding (E;) +2(E;,) + 4(E;;), and using (4.2),

it is easy to derive a contradiction if we have &13 = o(}_(A;d))*" + > &+ &).

Lemma 4.2 Let n > 4. Then there exists a positive constant ¢, > 0 such that

dy
i) '<— <c¢y
ds3 ’
.. 4 M
(i) ¢'<— <cy
A3
la1 —as| = 4

(i) ' < — =& fori=13.
Proof The proof will be by contradiction.
Proof of (i). Assume that d;/ds — 0. In this case, we have

1
(MAslay — az|?) -9

lay —as| > cd; and &3 = 5 +o(e3), (4.6)

Page 8 of 14
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which implies that £13 = o((A1d1)*™ + (A3d3)*™"). Using Remark 4.1, we derive a contradic-
tion. In the same way, we prove that ds/d; - 0. Hence the proof of Claim (i) is completed.
Proof of (ii). Assume that A;/A3 — 0. By Claim (i), we have (A3d3)™! = o((A1d}) ™). Four
cases may occur.
Case 1. A3/A3 » 0 or {(1,2),(2,3)} N F = ¢. Using (4.5), (E) implies that

H(az,ﬂz) 1
——— t&&pté€3t+Eé=0| ———F +¢ .
)»5174 12 23 (}lel)n_4 13

By Claim (i) and (E3), we obtain &13 = o((A1d1)*"). By Remark 4.1, this case cannot occur.
Case 2. /A3 — 0, {(1,2),(2,3)} N F # ¢, and Ay/1; — +00. In this case, it is easy to
obtain €13 = 0(e12 + €23). Using Remark 4.1, we derive a contradiction.
Case3.Ay/A3 —> 0,(2,3) € F,(1,2) ¢ F ,and A/\; - +00. In this case, we see that A, |a; —
as| is bounded and Ay|a; — a;| — +00. Hence, we derive that Ay|a; — a3| — +00, which
implies that Ax|a; — asz| — +oo for k =1,3. Thus

1+0(1) B (Ag )““‘)’2

B (Mhsla — az )92\ ay

1+0(1)

(MAzlay — az|?) =72 = 0(&23).

€13

Then by Remark 4.1, we get a contradiction.

Case 4. Aa/A3 — 0, (1,2) € F, and Ap/A; - +00. In this case, it is easy to get €33 = 0(€12).

Using the formula [(E;) + (E2) — (E3)], we deduce that & = o(¢12 + €13), which implies
that &13 = 0(e13). Hence by Remark 4.1, we derive a contradiction and Claim (ii) is thereby
completed.

Proofof (iii). Without loss of generality, we can assume that d; < ds. First, as in the proof
of Claim (i), we get |a; — as| < cod;. Now assume that |a; — as3|/d; — 0, which implies

H(a;,a;) )
# =o(e3) fori=1,3.
1

Two cases may occur.
Case 1. Ay < Ay or {(1,2),(2,3)} N F = ¢. Using (E,), we obtain

}{(ﬂ2,ﬂ2)

T and ¢ =o(s3),
AL

=o(e13), en=o0(e3) fori=1,3

and we derive a contradiction from (E;).
Case 2. Ay < A1 and {(1,2),(2,3)} N F # ¢. Let k € {1,3} such that (2,k) € F. Using

Claim (ii) and the fact that Ay < A1, we derive that g9y > c(Ao/Ax)" %2, which implies that
dy ~ di, Ao/ A — 0, and Ay |ay — ay| is bounded. Using (4.3) for i = k, we get

o )\1)\3 o 1 n=3 n-3
—Aalay —arlelt + — a1 —asleft =o| ———=+ Y &"* +end ). 4.7
2| 2 k| 2% )\k | 1 3| 13 ((szz)”_3 Z rj ( )
r#j
Since Ay|ay — ag| is bounded and &15 =~ (A As|ay — ax|?)* "2, we derive that

Ny

n—i 1 ﬂ:% ﬂ:% n-3
=4 _ 11— ~ =
€3 =0 W"‘&'u + & +en4 |,

Page 9 of 14
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which implies that

1
e =0 ———F +enn+en+e). 4.8
13 0<(A2d2)”4 12 1 &23 ) (4.8)
By Remark 4.1, we get a contradiction. O

Lemma 4.3 There exists a positive constant ¢y, such that

(i) corr < Ao

(i) di>c¢y, fori=13.

Proof Without loss of generality, we can assume that d; < ds.

Proof of (i). Assume that 15/A; — 0. First we claim that d;/d, - 0. In fact, arguing by
contradiction we assume that d;/d, — 0, wegetd; — 0, |a;—ay| > cdy, and |a; —as| > cd,.
Hence, {(1,2),(2,3)} N F = ¢. From (E;), we obtain

H(ay, ay)

n—4
)‘2

1 1
= . 4.9
+E12+63+6 0((A1dl)"‘4 + A + 813> (4.9)

Let v; be the outward normal vector at a;. Since d, d3, and |a; — as| are of the same order,
we have (see [18] and [19])

1_3 OH (a1, 1) N c and 0G(ay, as3) <o.
A vy (hady)"3 vy

(4.10)

Using (F}), we get 1/(Ady)" 3 = 0(8%_3)/(”_4)), which implies that 1/(A,d;)"™* = 0(g13). From
(E1), we derive a contradiction. Hence our claim is proved.

Thus there exists a positive constant ¢ so that d; > cd,. Now, since we have assumed
that Ay/A; — 0, Lemma 4.2 implies that 13 = o((Aada)*™). Finally, using Remark 4.1, we
get a contradiction and the proof of Claim (i) follows.

Proof of (ii). Assume that d; — 0. Note that Claim (i) and (E;) imply that (4.9) holds.

Now, following the proof of (i), we obtain a contradiction. O

We turn now to the proof of Theorem 1.1. By the previous lemmas, we know that A, and
A3 are of the same order, |a; —as| > cand A, > cA;, for i = 1,3 where c is a positive constant.
Hence, (E;) implies that (4.9) holds. Furthermore, for i = 1,3 (E;) implies that

H(a;,a;) Glay,a3) _0( L S ) (4.11)
At (MAs) =\ (ad) " (hads) =t 0 ) '

We denote by r(x) the eigenvector associated to p(x) whose norm is 1. We point out that
we can choose r(x) so that all their components are positive (see [18] and [19]).
Let A; = )Ll@*")/z, A = (A1, Az), and x = (a1, a3). From (4.11), we have

t

M(x) -
® Al

=0(1). (4.12)
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The scalar product of (4.12) by r(x) gives

t

Al

p(x)r(x) - = o(1). (4.13)

Since the components of r(x) are positive and A1, A3 are of the same order, there exists a
positive constant ¢, such that r(x) - % > ¢ > 0. Hence, we get

o(x) =0(1). (4.14)

We deduce from (4.3) and (4.11) that

IM ‘A
(x) - =
doe; A

o(1). (4.15)
Observe that A may be written in the form
A = Br(x) +7(x), with r(x)-7(x) = 0,[[7|| = o(8) and B ~ || A]. (4.16)

Using (4.15), we get

oM 7(x)
axi (x) . m = 0(1) (4.17)

M ) tr(x) +
Bxi

Since d; > ¢y for i = 1,3 and |a; — a3| > ¢, the matrix %(x) is bounded.
Furthermore, we have ||7|| = o(]| A||), which implies that

oM
Bxi

(®) - “r(x) = o(D). (4.18)

Let us consider the equality

and derivative it with respect to x;; we obtain

t

D))+ 00 (),
Xi

8.?6,‘

?mwmmmﬁ%h
X 0x;

The scalar product with r(x) gives

- = L) (4.19)
X 0X;

r(x) -

Using (4.18), we obtain

0
2 (@)= o). (4.20)
396,'
Hence, we derive a contradiction from (4.14), (4.20), and the fact that 0 is a regular value
of p. Thus the proof of our theorem follows.
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Proof of Theorem 1.2
Arguing by contradiction, let us assume that problem (P;) has solutions (i) as stated in
Theorem 1.2. From Section 2, these solutions have to satisfy (2.2) and (2.3).

As in the proof of Proposition 3.2, we have, for each i =1,...,k,

n-4 H(a;a;) 38;, n—-4 Ha;,a) n—4
(Ez) C1 5 F + Vi1 12#; Vi a)\' 2 ()‘-i)‘-j)(n_4)/2 + €28

(Z M)M+ZS,,)

r7j

Observe that, if j < i, we have Aj|a; — ;| is bounded (by the assumption) which implies that

la; — aj| = o(d)), dildi=1+o0(1), Vi,j and

(4.21)
&jj = C()Lj/}ni)(n_4)/2, V] <,
where ¢ is a positive constant. Using (4.21), easy computations show that
iy + Eige1) = 0(857), Vi<,
(4.22)

H(ai,a) 1 o
Guid) =72~ 0( (xldl)"-‘*) a7,

Thus, using (4.22), (E;) can be written as

( /) ¢ n—4H7(a1,a1)+C A derz n_4cs—o &+ — +28
1 1 ) k{““ 11Y2 18)% ) 2 )\ldl . i |

de Ek-k n—4
E) ¢ A +——E=0 £+ yia E & ),
( k) 1Vk-1VkAk D 5 1011 = Y

and forl<ic<k,

0€(i-1)i ogiiv1y n-—4 1
, i-1)i i(i
(B) ey = +aydinbi— = + ——ae=ol e+ mog 4 rg}:sr,

The proof will depend on the value of / which is defined in the theorem.
Case 1. [ = k. From the definition of [ we get yx_1yx = —1. Now using (4.1) and (E}), we
derive that

1 1
&= <()\1d1)n i ZSZ]) and E(k-1)k <()\.1d1)” i Zé‘r}> (4.23)

r#j r#j

Now, using (4.23) and (E;_,), we derive the estimate of £(_2) -1y and by induction we get

1
E(i-1)i = ((Aldl)” Tt rg}:s”) for each i = k. (4.24)
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Finally, using (4.22), (4.23), (4.24), and (E]) we obtain

H(ai, m) _ 0( 1 )
At I (ad)t )’

which gives a contradiction.

Case 2. [ = k — 1. Using (4.1), an easy computation implies that

€ (k-1)k D€ (k-1)k
Ak - > CE(k-1)k- 4.25
k-1 a)\k_l k a)\’k = Ce(k-1)k ( )

Then from (E;_,), (E}), (4.1), (4.25), and the fact that y;_;yx =1 and yr_2yx-1 = —1 (since
[ =k —1), we obtain

1
CEG-k + Ehk—2)k-1) = O €+ ——— + &i . 4.26
(k-Dk + E(k-2)(k-1) ( VA ; r/) (4.26)

Now using (E;) and (4.26) we get (4.23) and as before, (4.24) is satisfied. Hence we also
derive a contradiction from (E}).

Case 3.1 ¢ {k,k —1}. Recall that in this case we have assumed that A;|a; —a;,1| — 0. This
implies that

9141y

A
o

((n=4)12)e) (1 +0(1)). (4.27)

Hence, using (E)), the definition of / and (4.1) we obtain the first part of (4.23). The sec-
ond part follows from (E}) and the first one. Finally, as before we derive a contradiction
from (Ej).

Hence, our theorem is proved.
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