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Abstract

In this article, the global robust exponential synchronization of reaction-diffusion BAM
recurrent fuzzy neural networks (FNNs) with infinite distributed delays on time scales
is investigated. Applied Lyapunov functional and inequality skills, some sufficient
criteria are established to guarantee the global robust exponential synchronization of
reaction-diffusion BAM recurrent FNNs with infinite distributed delays on time scales.
One example is given to illustrate the effectiveness of our results.
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1 Introduction

The study on the artificial neural networks has attracted much attention because of their
potential applications such as signal processing, image processing, pattern classification,
quadratic optimization, associative memory, moving object speed detection, etc. Many
kinds of models of neural networks have been proposed by some famous scholars. One
of these important neural network models is the bidirectional associative memory (BAM)
neural network models, which were first introduced by Kosko [1-3]. It is a special class of
recurrent neural networks that can store bipolar vector pairs. The BAM neural network
is composed of neurons arranged in two layers, the X-layer and the Y-layer. The neurons
in one layer are fully interconnected to the neurons in the other layer. Through iterations
of forward and backward information flows between the two layers, it performs a two-
way associative search for stored bipolar vector pairs and generalize the single-layer auto-
associative Hebbian correlation to a two-layer pattern-matched heteroassociative circuits.
Therefore, this class of networks possesses good application prospects in some fields such
as pattern recognition, signal and image process, artificial intelligence [4]. In general, ar-
tificial neural networks have complex dynamical behaviors such as stability, synchroniza-
tion, periodic or almost periodic solutions, invariant sets and attractors, and so forth. We
can refer to [5-27] and the references cited therein. Therefore, the analysis of dynamical
behaviors for neural networks is a necessary step for practical design of neural networks.
As one of the famous neural network models, it has attracted many attention in the past
two decades [28-48] since the BAM model was proposed by Kosko. The dynamical be-
haviors such as uniqueness, global asymptotic stability, exponential stability and invariant
©2014 Zhao; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2014/1/317
mailto:zhaokaihongs@126.com
http://creativecommons.org/licenses/by/2.0

Zhao Advances in Difference Equations 2014, 2014:317 Page 2 of 25
http://www.advancesindifferenceequations.com/content/2014/1/317

sets and attractors of the equilibrium point or periodic solutions were investigated for
BAM neural networks with different types of time delays (see [28—44, 48]).

Synchronization has attracted much attention after it was proposed by Carrol et al. [49,
50]. The principle of drive-response synchronization is this: the driver system sends a
signal through a channel to the responder system, which uses this signal to synchronize
itself with the driver. Namely, the response system is influenced by the behavior of the
drive system, but the drive system is independent of the response one. In recent years,
many results concerning a synchronization problem of time lag neural networks have been
investigated in the literature [5, 6, 8-15, 27, 36, 49, 50].

As is well known, both in biological and man-made neural networks, strictly speaking,
diffusion effects cannot be avoided when electrons are moving in asymmetric electromag-
netic fields, so we must consider that the activations vary in space as well as in time. Many
researchers have studied the dynamical properties of continuous time reaction-diffusion
neural networks (see, for example, [8, 11, 17, 18, 24, 25, 27, 32, 48]).

However, in mathematical modeling of real world problems, we will encounter some
other inconveniences such as complexity and uncertainty or vagueness. Fuzzy theory is
considered as a more suitable setting for the sake of taking vagueness into consideration.
Based on traditional cellular neural networks (CNNs), T Yang and LB Yang proposed the
fuzzy CNNs (FCNNs) [23] which integrate fuzzy logic into the structure of traditional
CNNs and maintain local connectedness among cells. Unlike previous CNNs structures,
FCNNs have fuzzy logic between their template input and/or output besides the sum of
product operation. FCNNSs are very a useful paradigm for image processing problems,
which is a cornerstone in image processing and pattern recognition. Therefore, it is nec-
essary to consider both the fuzzy logic and delay effect on dynamical behaviors of neural
networks. To the best of our knowledge, few authors have considered the synchronization
of reaction-diffusion recurrent fuzzy neural networks with delays and Dirichlet boundary
conditions on time scales which is a challenging and important problem in theory and
application. Therefore, in this paper, we will investigate the global robust exponential syn-
chronization of delayed reaction-diffusion BAM recurrent fuzzy neural networks (FNNs)

on time scales as follows:

P (6,%) = Yy (@i 5t) = b (t,%) + 37 (vt = 7,)) +
+ ;’leljlfj(u/(t —T,%)) + /\;’:1 ri f0+°° kij(s)Fj(u;(t —s,x)) As
+ 1'7:1 qiiF(ui(t — 7,%)) + \/7:1 Wi f0+°° kij(s)Fj(u;(t —s,x)) As
+ 2 A + N St + Vo Tty

av; n (11)
VAL %) = Yiy 7 Ernl) — nyi() + 0 Gigiwilt = 7,2)) +J;
+ A2 MGt = 7,%) + NI pii [y kii(8)Gilvi(t = 5,%)) As
+ VI miGivi(t — %) + V2 0 [o Ki()Gi(vilt = s,%)) As
+ 2ot v+ N2 Miivi + VL Njvi,
subject to the following initial conditions
ui(s,x) = ¢i(s,x), (s,%) € [-7,0]r x L, 12)

vi(s,x) = @i(s,x), (s,%) € [-7,0]1 x €,
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and Dirichlet boundary conditions

u(t,x) =0, (t,x) € [0,00) x 92, (1.3)
vi(t,x) =0, (t,x) € [0,00)} x 0%,

wherei=1,2,...,m;j=1,2,...,m. T C Ris a time scale and T N [0, +00) £ [0, +00)r is un-
bounded and T N [-7,0] £ [z,0]r # ¢. T > 0 is constant time delay. x = (x1,%,...,%)7 €
QcRand Q = {x = (x1,%0,...,%) 7 ¢ |x;] < ;i =1,2,...,1} is a bounded compact set with
smooth boundary 32 in space R'. u = (uy,uy,...,u,)T € R, v = (v,va,...,v,,)T € R™.
u;(t,x) and vj(t,x) are the state of the ith neurons and the jth neurons at time ¢ and in
space x, respectively. I = (I}, I,...,I,)T € R" and ] = (1, /2, ...,/m)T € R™ are constant in-
put vectors. The smooth functions a; > 0 and &j > 0 correspond to the transmission
diffusion operators along with the ith neurons and the jth neurons, respectively. b; > 0,
nj >0, W Vis Cijs Pijs Tij, Gij» Wij» Aijs Sijs Tijs Sjis Mjis Pjis Tjis Gjis Wi, M, M; are constants.
b; and n; denote the rate with which the ith neurons and jth neurons will reset their po-
tential to the resting state in isolation when disconnected from the network and external
inputs, respectively. ¢;, pij, i, qij» Wij» dij» Sijs Tijs jis Ajis p],, i 0ji, ji, Mji, Mj; denote
the connection weights. f;(-) (j = 1,2,...,m) and g;(-) (i = 1,2,...,n) denote the activation
function of the jth neurons of Y-layer on the ith neurons of X-layer and the ith neu-
rons of X-layer on the jth neurons of Y-layer at time ¢ and in space x, respectively. F;(-)
(f =1,2,...,n) denotes the fuzzy activation function of the jth neurons on the ith neu-
rons inside of X-layer. G;(-) (i =1,2,...,m) denotes the fuzzy activation function of the
ith neurons on the jth neurons inside of Y-layer. u; (j = 1,2,...,7n) denotes the bias of the
jth neurons on the ith neurons inside of X-layer. v; (i =1,2,...,m) denotes the bias of the
ith neurons on the jth neurons inside of Y-layer. /\, \/ denote the fuzzy AND and fuzzy
OR operations, respectively. ¢(t,x) = (¢1(t,x), $2(£,%), ..., (%) : [-7,0]7 x Q@ — R”,
o(t,%) = (o1t %), 2 (£, %), ..., 0, %)) : [T, 0] x @ — R™ are rd-continuous with respect
to ¢ € [-7,0]7 and continuous with respect to x € Q.

In order to investigate the global robust exponential synchronization for system (1.1)-
(1.3), the quantities b;, ai, cij, P Tij, 4ij> Wij» Mj» &iter Ljir Ajis Pji» 0 and oj; may be considered
as intervals as follows: 0 < b; < b; < 00, 4y < ay < dj, el < eyl < eyl |£ij| = Ipjl = |pl,

|rl]| = |rl]| = |7'11|, |q | < |qz]| = |q,,|’ |_,1| = |Wt'j| = |Wi1’| 0< 77 =1 <00, S = "::jk = gjk,
|£ji| = |§11| = |§11| |_,;| = |)\11| = |)L11| |P | = |p}z| = |/0]z| |7T}l| = |7T/z| = |7T/1| |_,;| = |Gji| =
[0

Take the time scale T = R (real number set), then system (1.1)-(1.3) can be changed into
the following continuous case (1.4)-(1.6):

) = 3 er 7 @ik 5t) = bt %) + 27 e (vt - T,%)) +

+ jzlp,]F,(u](t T,%) + N\ 7y I3 k() Ej(uy(t — s, %)) ds

+ ;':1 qiiFj(ui(t — 7, %)) + \/;’:1 Wi f+°° kij(s)F;(u;(t — s, %)) ds
71 dijjnj + /\7:1 Sijtj + 7:1 Ty,

= Yot 7 ) — () + S0 gt - 7,2)) +

+ A XiGivi(t — 7,%)) + A2, pji 0+oo Kji(8)Gi(vi(t —s,x)) ds

+ Vi miGi(vi(t = T,%)) + 1y 0 0+oo Kji()Gi(vi(t — s,x)) ds

+ 20 hivi + N2 Mjgvi + 2 Njvi

e (14)
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subject to the following initial conditions

ui(s,x) = ¢i(s,x), (s,x) € [-7,0] x &, 15)

vi(s,x) = gi(s,%), (s,%) € [-7,0] x Q, '
and Dirichlet boundary conditions

ui(trx) =0, (t)x) € [0, OO) X aQ; (1 6)

vi(t,x) =0, (t,x) €[0,00) x 0L2. )

Take the time scale T = Z (integer number set), then system (1.1)-(1.3) can be changed
into the following discrete case (1.7)-(1.9):

Atti(t,2) = Yiy 7 (@i 322) = baui(t, %) + X7 cafp (vt = 7,2)) +
+ 7=1p,717,(uj(t —-1,%)) + /\;‘=1 Tij Y eco ki ($)F(u(£ — 5, %))
+ ]’11 qiiFj(uj(t - 7,x)) + \/;’=1 Wij D oeo kij () Fj(ui(t — 5, %))
+ 2 dyyy + Nz Sy + Vi Ty,

Ivj n (17)
At x) = Zizl %(Ejk ﬁ) —nvit,x) + Y1 Cigiluit — 7,%) + J;
+ A\t XiGi(vi(t = T,2)) + AL 0ji Doseo Kji(8) Gilvilt — 5, %))
+ VL miGi(vi(t — 7,%)) + \/ 12 0 oo Kji(8) Gilvi(t — s, %))
+ 2 Bivi + NG Myvi + V2 Nivis
subject to the following initial conditions
u;i(s,x) = ¢i(s,x), (s,x) e{-t,-1+1,...,-2,-1,0} x Q, (18)
vi(s,x) = @i(s,x), (s,x) e {-7,-T1+1,...,-2,-1,0} x Q, '
and Dirichlet boundary conditions
u(t,x) =0, (t,x)eZ* x 0%, )
vi(t,x) =0, (t,x) € Z* x 3%, ’

where ¢t € Z, T is a positive integer, Z* = {0,1,2,...}, Auui(t,x) = ui(t + 1,x) — ui(t,x),
At x) = vi(t +1,x) — vi(t, %).

If we choose T = R, then o (¢) = ¢, u(t) = 0. In this case, system (1.1)-(1.3) is the contin-
uous reaction-diffusion BAM recurrent FNNs (1.4)-(1.6). If T = Z, then wu(¢) = 1, system
(1.1)-(1.3) is the discrete difference reaction-diffusion BAM recurrent FNNs (1.7)-(1.9). In
this paper, we study the global robust exponential synchronization of reaction-diffusion
BAM recurrent FNNs (1.1)-(1.3), which unify both the continuous case and the discrete
difference case. What is more, system (1.1)-(1.3) is a good model for handling many prob-
lems such as predator-prey forecast or optimizing of goods output.

The rest of this paper is organized as follows. In Section 2, some notations and basic
theorems or lemmas on time scales are given. In Section 3, the main results of global ro-
bust exponential synchronization are obtained by constructing the appropriate Lyapunov
functional and applying inequality skills. In Section 4, one example is given to illustrate

the effectiveness of our results.

Page 4 of 25
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2 Preliminaries
In this section, we first recall some basic definitions and lemmas on time scales which are
used in what follows.

Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators p,o : T — T and the graininess u :— R™* are defined, respectively, by

o(t)=inf{seT:s>t},
o(t) =sup{se T:s<t},

w(t)=o(t)-t.

A point ¢t € T is called left-dense if ¢ > infT and p(t) = ¢, left-scattered if p(t) < ¢, right-
dense if t < sup T and o (¢) = ¢, and right-scattered if o (¢£) > t. If T has a left-scattered maxi-
mum 1, then T = T\ {m}, otherwise T = T. If T has a right-scattered minimum 1, then
Ty =T\ {m}, otherwise Ty =T.

Definition 2.1 ([51]) A functionf: T — R is called regulated provided its right-hand side
limits exist (finite) at all right-hand side points in T and its left-hand side limits exist (finite)
at all left-hand side points in T.

Definition 2.2 ([51]) A function f: T — R is called rd-continuous provided it is con-
tinuous at right-dense point in T and its left-hand side limits exist (finite) at left-dense
points in T. The set of rd-continuous function f : T — R will be denoted by C,q = Cq(T) =
Cu(T, R).

Definition 2.3 ([51]) Assumef : T — Rand ¢ € T*. Then we define 2 (£) to be the number
(if it exists) with the property that given any € > 0 there exists a neighborhood U of ¢ (i.e.,
U=(t-A,t+A)NT for some A > 0) such that

[ (e®) —f©)] -2 B0 @) ]| <e|o®) -]

for all s € U. We call f2(¢) the delta (or Hilger) derivative of f at ¢. The set of functions
f: T — R thatis a differentiable and whose derivative is rd-continuous is denoted by C!, =
C(T) = C4(R, T).

If f is continuous, then f is rd-continuous. If f is rd-continuous, then f is regulated. If f

is delta differentiable at ¢, then f is continuous at ¢.

Lemma 2.1 ([51]) Let f be regulated, then there exists a function F which is delta differen-
tiable with region of differentiation D such that F*(t) = f(t) for all t € D.

Definition 2.4 ([51]) Assume thatf: T — R is a regulated function. Any function F as in

Lemma 2.1 is called a A-antiderivative of f. We define the indefinite integral of a regulated
function f by

/ ()AL= E(t) + C,
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where C is an arbitrary constant and F is a A-antiderivative of f. We define the Cauchy
integral by fabf(s)As =F(b)—F(a) foralla,b e T.

A function F : T — R is called an antiderivative of f : T — R provided F2(¢) = f(¢) for
all ¢ € T,

Lemma 2.2 ([51]) Ifa,beT,a,B € Randf,g € C(T,R), then
() [lef(t) + Bg®]AL=a [ f()AL+ B [ g(t)AL,
(i) iff(t) =0 foralla <t <Db,then fabf(t)At >0,
(iii) i [f(8)] <g(t) on [a,b) 2 (t € T:a <t <b), then | [*f(t)At] < [* g(t)At.

A function p: T — R is called regressive if 1 + u(£)p(t) # 0 for all £ € TX. The set of all
regressive and rd-continuous functions f : T — R will be denoted by R = R(T) = R(T, R).
We define the set R* of all positively regressive elements of R by R* = R*(T,R) = {p €
R:1+u()p(t) >0 forall £ € T}. If p is a regressive function, then the generalized expo-
nential function e, (%, s) is defined by e, (¢, s) = exp{j;t E.0)(p(r)) At} foralls, t € T, with the

cylinder transformation

Log(l+hz) ifh 7{ 0

_ h
@)=y ifh=0.

Let p,q: T — R be two regressive functions, we define

pP®q=p+q+upq,
.
1+up’

op =
PO q=p®dpO9.

IfpeR*, thenopeR*.
The generalized exponential function has the following properties.

Lemma 2.3 ([51]) Assume that p,q:T — R are two regressive functions, then
@) ey(a(t),s) = 1+ u)p(@)ey(t,s);
(i) 1/ey(t,s) = egp(t,s);
(iil) ep(t,5) =1/e,(s,t) = egp(s, t);
(iv) ep(t,8)ey(s,r) = ey(t,1);
V) [ep(t, 91 = p(t)e,(t,s);
vi) [ey(c,)]* = —pley(c,)1° forall c € T;
(vii) (d/dz)[e,(t,s)] = [fst 1/(1 + n(t)z)Atle,(t, s).

Lemma 2.4 ([51]) Assume thatf,g: T — R are delta differentiable at t € T¥. Then
(1) () =2 (0g(®) +f (0 (1) (8) = g (O () + g (0 ()2 (©)-

Lemma 2.5 ([52]) Foreacht €T, let N be a neighborhood of t. Then, for V € C4(T,R"),
define D* V2 (t) to mean that, given € > 0, there exists a right neighborhood N. NN of t such

Page 6 of 25
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that

%[V(O‘(t)) V() - ,u(t)f(t)] <D'VA(t)+€ foreachse N,,s>t,
where M(t) = o(t —s. If t is right-scattered and V(t) is continuous at t, this reduces to
DY) = Ye-vo,

Next, we introduce the Banach space which is suitable for system (1.1)-(1.3).

Let Q = {x = (x1,%2,...,4)7 : |x;] <l;,i=1,2,...,1} be an open bounded domain in R’ with
smooth boundary 9. Let C,4(T x ,R"*"") be the set consisting of all the vector function
(&%) = (Y18, %), y2(£,%), . . ., Yuem(t, %)) T which is rd-continuous with respect to ¢ € T and
continuous with respect to x € Q. For every ¢ € T and x € 2, we define the set C% = {y(t,-) :
y € C(Q,R"™)}. Then C% is a Banach space with the norm [|y(¢, )| = (1" Ily:(¢, ) 13)Y2,
where [yi(2,)ll2 = (fg, lyi(t, %)|* dx)/2. Let Cra([-7,0]7 x Q,R"*™) consist of all functions
f(t,x) which map [-7,0]r x  into R" and f(t,x) is rd-continuous with respect to

€ [-7,0]r and continuous with respect to x € Q2. For every ¢t € [-7,0]r and x € 2, we
define the set C[t—‘r,O]T ={u(t,-): u € C(2,R"")}. Then C[t_m]T is a Banach space equipped
with the norm || llo = (327" 19 1)"2, where ¥ (8,%) = (Y1(&,%), Y2 (£, %), ..., Ve (£,0)) " €

[ 7,0lp’ (2, )l = fg [¥i(- x)|2dx)1/2r [¥i(-, %) = SUPse[- ,o]Tllﬂl(S x)|.

In order to achieve the global robust exponential synchronization, the following system
(2.1)-(2.3) is the controlled slave system corresponding to the master system (1.1)-(1.3):

ul (t,x) = Zi 1 %( i g;’;) biini(t, x) + Z;ml cifi(Vi(t — 7,%) + I;
+ /\ L piFi (it — T, %)) + /\/ 1T fmo ki (s)F;(it;(t — s, %)) As
+ VL aiFii(t — T, %) + /L wy I3 k() Ej (it (¢ — s, %)) As
+ Z} LA+ /\] LS + \/1 1 Ty + miEi(t, %),

(2.1)
LX) = Y ey (%‘,ka ) = nivi(tx) + iy Gigi(ii(t — T, %)) +];
+ /\1:1 )\]zG Vz( t;x)) + /\l 1 p}z 0+OO K/i(s)Gi(i}i(t _S:x))AS
+ VI Gt - T,%) + 1y 0 0+OO Kii(8)Gi(Vi(t — 5,%)) As
+ 2 ivi + N Mg+ V2 Njgvi + My E ey (6%),
subject to the following initial conditions
iti(s, %) = gi(s,%),  (s,4) € [-7,0]r x Q, 22)
Vi(s,%) = gi(s,x),  (s,%) € [-7,0]7 X , '
and Dirichlet boundary conditions
i(t,x) =0, (t,x) € [0,00)p x 3L, (2.3)
vi(t,x) =0, (t,x) € [0,00)p X 3L, '

where Ej(t,x) = i;(t,x) — ui(t,x) (i = 1,2,...,n) and E,,;j(t,%) = Vij(t,%) — V(L) (=
1,2,...,m) are error functions. my > 0 (k=1,2,...,n + m) is a constant error weighting co-
efficient. it(t:x) = (itl(t)x)) ﬁz(t,x),...,ﬁn(t,x))T € C'rd(rlrl X Q,Rn)r i;(t,x) = (ljl(trx)r ]72(t; x);

. -tf/m(trx))T € Crd(T X Q:Rm)¢ q;(t’x) = (q;l(txx)i éz(t,x), .. wq;n(trx))T € C([_f¢0] X Q,R”)’

(;Z)(t:x) = (‘Z)l(t:x): ¢Z(t¢x)v--:¢m(t¢x))T € C([—'L',O] X QrRm)-

Page 7 of 25
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From (1.1)-(1.3) and (2.1)-(2.3), we obtain the error system (2.4)-(2.6) as follows:

EA6,2) = Yy 5 (@i iit) + (mi = b)E(t, %)
jm:I ciilfi(¥i(t — 7,%)) - fi(v;(£ - 7,%))]
+ ,nlpij[F‘(flj(t - 7,x)) — F(u(t - 7,%))]
} i Jo T k() E; (it — 5,%)) — F(u(t — 5,%))] As
+Vi 1 gy [Fi(i(t — T,%)) — Fi(uj(t - 7,%))]
llw,,f+°°kl,(s) [F; (i1t — s, %)) — Fj(u(¢ — 5,%))] As,

(2.4)
Ep(t,x) = Py aik (573 df,':;’) + (M) = 0j)Enaj(£,%)
+ Zz:l ;}l [gz(u’(t - 7,%)) _gi(ui(t - 7,%))]
+ A Xl Gi(i(t = 1,%)) — Gi(vi(t — 7,%))]
+ A o fo k(O Gi(i(E = 5,%)) — Gi(vilt = 5,x))] As
+ /i il Gi(i(t = ©,%)) - Gi(vilt — 7, %))]
+ V0 [o 7 ki () GiWi(e - 5,%)) — Gi(vi(t — 5,%))] As,
subject to the following initial conditions
Ei(s,%) = gi(s, %) - di(s,%),  (5,%) € [-7,0]7 x Q, 25)
Enij(s,%) = @i(s,%) — gi(s,%),  (s,%) € [-7,0]r x ©, '
and Dirichlet boundary conditions
0, (tx) e[0,00); x I, 2.6)

Ei(t,x) =
Enj(t,x) =0, (t,x)€[0,00); x I

The following definition is significant to study the global robust exponential synchro-
nization of coupled neural networks (1.1)-(1.3) and (2.1)-(2.3).
Definition 2.5 Let y(t,x) = (ui(t,x), us(t, %), ..., un(t, %), 1 (£, %), va(t, %), ..., vu(t,x)T €
R and §(¢,%) = (i1 (t, %), iz (£, %), .. ., (£, %), V1 (£, %), Vo (£, %), . . ., Vu(t,%))T € R™™ be the
solution vectors of system (1.1)-(1.3) and its controlled slave system (2.1)-(2.3), respec-
tively. E(t,x) = (E1(¢,%), Ea(t,%), ..., Epem(t,x))T € R" is the error vector. Then the cou-
pled systems (1.1)-(1.3) and (2.1)—(2.3) are said to be globally exponentially synchronized if
there exists a controlled input vector z(t,x) = (m,E1(t,x), maEo(t,%), ..., MyemEnpem(t, )T

and a positive constant @ € R* and M > 1 such that
||E(t’ ) || = ||5/(t7 ) —)’(t; ) || =< Meea(tr 0)’ te [0) oo)’]rr
where « is called the degree of exponential synchronization on time scales.

3 Main results
In this section, we will consider the global robust exponential synchronization of coupled
systems (1.1)-(1.3) and (2.1)-(2.3). At first, we need to introduce some useful lemmas.

Lemma 3.1 ([53]) Let Q2 be a cube |x;| < I; (i =1,2,...,1) and assume that h(x) is a
real-valued function belonging to C'(Q2) which vanishes on the boundary 9Q of Q, i.e.,

Page 8 of 25
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h(x)|sq = 0. Then

/hz(x)dxfl?/ on
Q ald

Xi

2
dx.

Lemma 3.2 ([23]) Suppose thaty = (y1,¥2, ..., Ynem)’ and y = (1,52, ..., Ynsm) . are the so-
lutions to systems (1.1)-(1.3) and (2.1)-(2.3), respectively, then

NpifiG) - \pfion| <D bl [5G - £05)],

j=1 j=1

V @G -\ aufi )

j=1 j=1

)

j=1
<> lallfG) -5
j=1

n

< Z pil|gG)) — &)

J=1

’

\rigG) - \rig)
j=1 j=1

’

< laillg Gy - g

j1

\/ 254 0j) — \/ g ()

j=1 j=1

<D _IpillEG) - oy

j1

/\Pi;‘Fj@j) - /\PiiFi(y/)

j=1 j=1

’

’

<Y lasl|EG) - Fy)

j-1

\/ qiF; () - \/ qiF; ()

j=1 j=1

’

//\\}95(53(50) —-/A\}9g(3}(}7) =< jg::|]7U|Lﬂ(jb) "(59()7)
j=1 j=1 j=1

<> 14l|GiG) - G-

j-1

j=1 Jj=1

Throughout this paper, we always assume that:
(H;) The neurons activation f}, F;, g; and G; are Lipschitz continuous, that is, there exist
positive constants a;, 8;, y; and §; such that |f;(§) — fi(n)| < o1& — |, |Fi(§) — Fi(n)| < Bil§ -

nl, 1g(€) — g < vilé = nl, 1G(€) - Gi(n)| < §jl§ — | forany E,n € R, i=1,2,...,1; ) =
1,2,...,m.

(Hy) The delay kernels kg, «;; : [0, +o0)T — [0,+00) (i =1,2,...,1;j=1,2,...,m) are real-
valued non-negative rd-continuous functions and satisfy the following conditions:

o0 o0
/ kij(s)As =1, / skij(s)As < 00,
0 0
o0 [o¢]
/ Kji(s)As =1, / sKji(s) As < 00,
0 0
and there exist constants w; > 0, wy > 0 such that

/ kij(s)ew, (5,0) As < o0, / Kji($)ew, (s, 0) As < c0.
0 0
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(Hs) The following conditions are always satisfied:

m n
—Z 22— b) + Y eyl + Y Bl + 3]+ Ful + 7]

j=1 v=1

+Zﬂl il + 13,:]) 101 (7, 0) + Zﬂl [Foil + Wil / kui(s)ergn (s, 0) As
v=1

m
+ Zyz’|zj,’|€1@1(f,0) <0, i=12,...,n;
j=1

l

2%,
-y == ? K 2y - n)+Zyl|c,L|+Zs (%ol + 7ol + 121 + 1555 )

k=1 i=1 o=1

+Za (Irgjl + 7 o7 eren (<, 0)+Za (1g;] + 15 g11) / Koj(s)eren (s, 0) As

o=1 o=1

n
+ Za/|zly|elee1(f,0) <0, j=12,....m

i=1

Theorem 3.1 Assume that (Hy)-(Hs) hold. Then the controlled slave system (2.1)-(2.3) is

globally robustly exponentially synchronous with the master system (1.1)-(1.3).

Proof Calculating the delta derivation of ||Ei(¢,)||3 (i = 1,2,...,n) and ||E,.;(z,
1,2,...,m) along the solution of (2.1), we can obtain

(1B )13)*
- [ (@)
Q
= /Q (Et, %) + Ef(o(0),%)) (Ei(t, )"
- / (2E(t,%) + () (E(t, %)) ) (Eult, %)) dx
Q
=2 / Ei(t, %) (Ei(t,%)) " dx + () / (Bt %)) dx
Q Q
! 3 JE; 2
=2;,/9Ei(t’x)8_xk<aik8_m> dx+2/52(mi—bi)(Ei(t,x)) dx
+ 2/95@,@ > el @ - 7,2)) — fi(vi(e - 7,0)) ] dx
j=1
/ E(¢, x)/\p,] u,(t T, x)) (u,(t— r,x))]dx
j=1

/E(tx)\/q,, (it — 7,%)) = Fi(ui(t - 7,%)) ] dx

+2/E(tx)|:/\rl,/ ki () [ E (3¢ — 5,%)) — F; (£ - sx))]As]dx

Page 10 of 25
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+2 /Q E;(t,x) |:1\{ Wy /0 kii(s) [Fj(ﬁ/(t —s, x)) - Fj(u/(t -, x))] Asi| dx

@] (B )", (3.)

and

(1)
- [ () ax

= /S;(Emj(t, %) + Epij(0(8), %)) (Enaj (65 x))A dx

[ e3) 10 Er6,2) ) B e.)

=2 / Epe(t,) (Eilt,%)) > d + () /Q ((Ensj(t, %)) d

22‘/ n+1(t x) <‘§]k n+}> dx + 2/ (mn+1 77/)( n+/(t x))

+2 /Q E,.j(t,x) Z {,-,»[g,-(it,»(t - r,x)) —g,»(ui(t - r,x))] dx
/ E,.(t, x)/\k,, V,(t T, x)) ,-(v,-(t— I,x))]dx
/ E,t,x \/nﬂ v, (t-1,%) - Gi(vi(t - r,x))] dx
+ Z/QE,,ﬂ(t, x) |:l/} ,0,',-/0 Kﬁ(s)[Gi(f/i(t —s,x)) - Gi(vi(t - S,x))]As:| dx

+2 /Q Epij(t,%) {\{G, /0 Kji($)[Gi (Wit = 5,%)) —Gi(vi(t—s,x))]As:| dx
+ 1O (Eu)) "5 (32)

Employing Green’s formula [17], Dirichlet boundary condition (2.6) and Lemma 3.1, we
have

I
0 JE;
Z/ Ei(t,x)—<zzik—> dx
Py Q Bxk Bxk
! IEi(t, %) ! AE(£,%)\ 2
:Z/ aiE;(t,x) dS—Z/ Ak dx
= Jaa Iy — Ja doxx
!
0E;(t,
Z/ ( ( x) dx
k=1

/ (Edt,2) (3.3)
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and

0E,;

Z / nej(62) 2 (E;k

) ax

= Z /m &k Ensj(t, x)
k=1
: OE.j(t,%)\
_kZ;/QSjk( dxk > ¢

l
=- Z/;Z i]_zk(En+j(t»x))2 dx
k=1 k

By applying Lemma 3.2, (3.1)-(3.4), conditions (H;)-(Hs3) and the
noting the robustness of parameter intervals, we get

X

k=1

m
+2 ZO[AE,’A HE,H.]‘(t -7, )

j=1

( )

+ 2(m; _Q,)H i\L,

i

n
+ 22:31)('1_91'1)' + |‘_Iiu|)”Ev(t_T") |2| i\b
v=1

2 Al ) [ k@ Ee-s)
v=1 0
+u(0)] (Bt )" ||§

_2261

A

l_él’)H i\l

5+

£9)5]

+ Zaj|ztj|[”En+j(t -1, )

j-1

+ 3 Bu (Bl + 12 ) [| Bt - 7|2

[+
v=1

v _iv _L'v kiu Ev -39
+§ﬂ(|r |+ W |)[/0 )| Eut-s,-)

- 10| (Ee )|

[ l 24,

;_

i

m
+ Z(X/|El'/|
j=1

+ 3 BB + 1| + [T + W) + £ (0Q)

v=1

+ Zaﬂziﬂ X HEnﬁ'(t_f ) .

’ |2
j=1

as+ B¢

Page 12 of 25

E.i(t%) | / (aEm,(t,x))Z
dsS - x|l ——— ] d
I kXI: Qé’k 3k

(3.4)

Holder inequality, and

L@ )],

]

=

|
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+ 3 BulBul +1241) X |Ese -7,
v=1

3 Bl + ]) x fo k()| En(e - 5,2 s, (35)
v=1

where |[(Ei(£,-))* 15 = QWIIEi(£, )13, Q) = 0,i=1,2,...,n
Similar to the arguments of (3.5), we obtain

T
()" = | -3 20 0) Yoy

k=1

+ ZSQ“X]'Q' +|Tjol + |ﬁjg| + |Ejg|) + ,U«(t)R(t)i| ”Emj(t» )”z

o=1

n
+ Z J’i|E,‘i| X ||Ei(t -1, )”i
i=1

+ 3 8012l + jol) X [Ensolt =7,
o=1
m +00 9

£ 8o(IPjpl + [5701) x f Kjo(8) | Envo(t = 5,-) [ s, (3.6)
0=1 0

where [|(E.j(t, ) 13 = RO Ensj(t, )13, R(E) 2 0,j=1,2,...,m

If the first inequality of condition (Hs) holds, there exists one positive number ¢ > 0

(may be sufficiently small) such that

l

2 m n
- —b)+ Y eleyl + Y BBl + 1G] + 7l + [W2])

k=1 'k j=1 v=1

+ Z,Bl |Pul| + |qv1 elEBl T, 0 Z,Bl [7vil + |Ww|)/ k i(S)ele)l(S, 0)As

v=1

m
+Zyi|zji|e1@1(1:,0)+g<0, i=12,...,n. (3.7)
j=1

Now we consider the functions
i

24, %
hi@) =z ®zi— ) l%lk +20m;—b) + Y olcyl

k=1 'k j=1

+ 3 Bu (Bl + 1G] + [Tl + al) + > BBl + i) 161 (2, 0)

v=1 v=1

£ 3 B[Pl + W) /(; kui(s)ere1(s,0)As + Y vl jileren(r, 0)
v=1 j=1
max{e g, (0(2),0), €(0(z)-)u(®) Q) IEx(t, Hz(t 0)}0(z:) i (H)Q(2)

' €02 (0(0,0) ’ (38)
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where 0(z;) = [ (e%*/(z; — s)*)ds, i =1,2,...,n. From (3.7) we achieve /;(0) < —¢ <0 and
hi(z;) is continuous for z; € [0, +00). Moreover, 4;(z;) — +00 as z; — +00, thereby there ex-
ist constants €; € (0, +00) such that /;(€}) = 0 and /;(€;) < 0 for €; € (0,€}) N (0,1). Choos-
ing € = min;<;<, €;, obviously 1 > € > 0, we have, fori = 1,2,...,n,

m
+ Z ajc
j=1

I
hi(€) =e®e-Y

k=1

2

a.
_sz +2(m; —
L

n n
+ 3 BBl + 1| + ool + Winl) + Y Bi(1Boil + 101 €161 (., 0)

v=1 v=1
+ Z/sz [70i| + [Whil f kw(S)emn(S, 0)As + Z Vz|€/z|el@l(f 0)
j=1
. max{e?@?(a(t); 0), €(0(e)-1)u(t) QW) | Es(t, )||2(t 0)}6(€)(t)Q(t) <o (3.9)

eeqe(0(£),0)

Similar to the above arguments of (3.7)-(3.9), we can always choose 0 < € < 1 such that for
ji=1,2,...,m,

o ’2“;‘. o
E@E—Z? 20mj = 1) + ) vilZ
k=1 i=1

m
8o (IRl + Tl + D10l + 1301) + D 8(Igs] + [Toil)eren(z, 0)
o=1

-

L}
l‘

-

+00 n
8 (15gjl + 15 071) /0 kej(S)e1o1(5, 0)As + Y alcjleran(z,0)

=1 i=1

max{ezgz(0(2),0), €@ -1)u0r0) IE: (1) Hz(t 0)}9(€)M(t)R(t)

o

+ (3.10)
ezgz(0 (£),0)
Thus, taking € = min{g, €}, we derive, fori =1,2,..., nj=12,...,m
1 2% m
ZLik =
e@e—z l,% +2(mi—gl.)+2aj|ci/|
k=1 j=1
n n
03 BB+ 1@+ Pl + 1) + 3 Bi(1Boal + 1, )eren(z, 0)
v=1 v=1
+ Zﬂz |rw| + |Ww| / kW(S)ele;q(S, O)AS + Z Vz|§,l|€1ea1(f 0)
j=1
max{ecge(0(2),0), €4 ) iz (8, 0)}0(€) () Q%)
+ & (0(e)-Du®)Q)IIE;(t <0 (3.11)
ee@e(a(t) O)
and
1 2$
G@E_Z 12 +2(mn+} 77)+Zyz|§/z
k=1 i=1

m m
+ 3 80 (Ijol + ol + D] +101) + D 81 (1Aes] + 71l €rn (7, 0)
o=1 o=1
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m +00 n
+ Z8J(|ﬁ@1| + |EQ1'|) /0 ng(s)el@l(s, O)AS + Zotj|5,7|el@1(t, 0)
o=1

i=1

max{ecqe (o (2), 0)’6(9(6)—1)u() R(O)IE; (") Z(t O)}Q(G)M(t)R(t)

' ez (0(0),0) (312
Take the Lyapunov functional V(¢) as follows:
V(t) = V(6 E@) = Vi(t) + Val(t), (3.13)

where

n

Vi) = Z{eé@f(t’ ) Eitt, ) + €or-nuoamnze iz (& 0)

i=1

+ Za1|czj|f ee@s U(S+ ), 0) ||En+1(sv )||2AS

j=1

t-7

+ vZﬂﬁu(m + ) /0 o(s) [ f

n t
DBl + 7)) [ ease(arls +00) B s
v=1

—S

e€®€(a(s+r )||E r,)||2Ar:|As},

m

= Z{eeee (& OBt ) |5 + €tot0r-patomony, oz & 0)
j=1

+ > vilg / ecwe (0/(s +7),0) | Eils, ) |5 As
i-1 t—1

+ Z%('X/Ql + |ﬁiQ|)/ ecwe (0 (5 +1),0) [ Ensg(s, ')HiAS
P t-t

m +00 t
+ZSQ(|@Q|+|E,»Q|)/O KjQ(S)|:/; ee@e( (s+7r), )||E,,+Q 7, ||2 :|As}.
o=1 -

Calculating D*V2(t) along (2.1) associated with (3.5) and noting that (d/dz)[e,(t,s)] =
[fst 1/(1+ p(r)z)Atle,(t,s) > 0ifand onlyif z € R* (thatis, e,(¢, s) is increasing with respect
to zifand only if z € R*), we have

n

D V() = Z{(e @ )ecac(t, 0)|Eit, ) |5 + ecae (o), 0) (| Eit, ) |2)°

i=1

+(06) = )@ |Et, ) 3¢ -nuomnzei®0)

m
+ Zaj|ztj|ee®e (G(t +7), O) ”Emj(t: ) ”;
j=1

_Za]|cz]|ee®e U(t )”Enﬂ(t T, )”2
j=1
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+ Y Bu(IPa | + 170 ])ecac (ot + 7),0)

v=1

- Zﬁu Bi] + 13 )ecer (0 (2),0)

v=1

+ Zﬂv(ﬁiv' + |Wiu|) [) kiv($)ecme (0(5 +1), O) HE\)(t ) .
v=1

’° |2AS

»zm}

!
a(t),0) [( Z 2ay +2(m; —

k=/<

Al ) [ ke o@,0)|E s,
v=1 0

IA

i

i=1

£y aglegl+ Y BuIpa] + 1G] + 7ol + Wal) + M(t)Q(t)) |Eie, )]

r” |2
j=1 v=1

)|,

> Bu(IBal + 13, 1) x | Ent

v=1

m
+ Zaj|Elj| X }}En+/(t -1, ) |§ +
j=1

+ Zﬂv(ﬁiv' + |wiv|) X / kiv(S) ”Eu(t_s: ')”iAs:i|
v=1 0

+(6(e) - ) ®)QW)|| Et,

QO E6)13 (6 0)

+ Za/|zli|ef@5 (G(t + T); O) ||E i\b>

Jj=1

_Za]|cz]|ee®e O‘(t )”Enﬂ(t Ty
j=1

)l

+ Y Bu(IPa | + 175 ])ecac (0 (¢ + 7),0)

v=1

=" Bu(Ba| + 1@ )ecee (1), 0) | Ent — 7, )

B
v=1

DAl + ) [ o (ots+ 0, 0) [t
v=1

- Zﬁu('Fiv| + |Wiv|) /0 kiv(8)ecae (U(t): 0) ”Ev(t - )“iAS}
v=1

[

(0(2),0) [—Z 21—2* +2(m;—b;)

k=1

n

2{@@%4 0)|E,

i=1

IA

m n
+ Y oglegl+ Y Bu(1Ba] + 10 + Tl + w)}

j=1 v=1
+u(t)Q) | Eit,

+(6(e) - 1) u()Q(®) | Eile

{ecoc(0(8),0), eepumauiziez & 0}

")‘2
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x max{ecae (0/(1), 0), €t -numaunE ez & 0}

+ Z O‘/’|Eij|ee®e (T: O)eeeae (U(t)’ 0) ||En+j(t: ) ”;
j=1

+ Zﬁv(|ﬁzv| + |aiu|)ee®s (T: O)eeeae (U(t)’ 0) ”Ev(t: )”i

v=1

+ Zﬂv(|7iu| + |ww|)f0 kiv(s)ee@e (s, O)ee@e (J(t), 0) ||EU(t’ )“;AS}
v=1

n !
< ecac (0 (0),0) Z{ |Eiz, -)||§{ Z 28 1 2m— b)

i=1 k=1
m n
+ ) aglegl+ ) Bu(Pal + 10| + Tl + [al)
j=1 v=1

max{ecec(0(2),0), €(6(e)-1)BQ) 1Ei(t,)112 (,0)10(e)n(H)Q(2)
ee@e (U(t)! 0)

+

m
+ Za}'|zl'}'|ee®e (Tx O) ||En+j(t¢ ) “i
j=1

+ Zﬂv(|}7w| + |qiv|)eeeae(t’o) ”EV(""')HE

v=1

+ Z 5v(|7iv| + |wiv|) /(; kiv(s)esEBe (S: O)”Ev(tr ) ||§AS}
v=1

n

! m
2a.
< eeac(0(0,0) Y :{ ||E,»(t,-)||§|:e - l%’k F2mi-b)+ > afcy|
k=1 k j=1

i=1

+ 3 Bu (Bl + 10| + Tl + Wa]) + > Bi( Bl + i) 11 (,0)

v=1 v=1

+ Zlgz [70il + |Ww|)/ kyi(s)ere1(s, 0)As

v=1

max{ecae(0(2),0), €0(e)-1)u(t) Q)| sz, )||2(t 0)}6(e)u()Q(2)
i ecac(@(©),0)

m n
+ecae (0 (2),0) Z Zaj|5zj|elea1(f: 0) | Ensj(t, ) ”i (3.14)
e

By applying (3.6), we can similarly calculate D* V;{*(¢) along (2.1) as follows:

m l 2%‘
D+v$(t)see@e(o(t),o)2{nyn+,(t,->\\j[eeee—2 l—;"+zmn+, n Zmzﬂ
k

j=1 k=1

m m
+ 3 8o(Ihjol + ITjol + D] +15701) + Y _ 81 (1hes] + [ oil)eran(,0)
o=1 o=1
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m +00
+ Y 5(15g] + [5gs1) /0 Ko (s)ere1 (s, 0) As
o=1

max {ecae (0 (£), 0, €(g(e)1) 0 rie)1 1613 (> IO (€)(BIR()
N
eeae(0(2),0)
+eeae(0(8),0) Y Y it les (z,0)|[Eit, )| - (3.15)
i=1 j=1

From (3.11)-(3.15), we get

D*V(t) = D*V(t,E(t))

= D*Vi(t) + D*V,(¢)
n ) ! 2. m
SECE) [LTRT FETES ok RTINS o
i=1 k=1 'k j=1

n n
+ 3 BBl + 1| + [l + Winl) + Y Bi(1Boil + 101 €161 (., 0)

v=1 v=1

+ Zﬁl |rv1| + |Ww| / k\)l(s)el@l(s) O)AS + Z Vl'é-]zlel@l(r 0)

j=1
max{ecqe (o (2),0), €6(e)-1) () QW) I1Ei(t, )||2(t 0)16(e)u()Q(2)
+
ecae(0(2),0)
m ) ! Zgjk
+ ee@e t) O Z ”En+j(t; )”2 €eDe— Z 1—2 + 2(mn+j - ﬁl)
j=1 k=1 'k
n o m _
Il + Y 8o (Kol + ol + 157 ] + [T l)
i=1 o=1

+ Y 8(Ixgfl + 7ol eran(z, 0)

o=1
m +00 n

+> 8i(1pyl + 15 011) ]0 Koj(S)erz1(s,0)As + > a[cylers (t,0)
o=1

i=1

+

max{ecae (0 (2), 0),6(@(6)_1) (OR()||E;(t Hz(t 0)}9(6)M(t)R(t)j| } <0. (316)

Cede (o(1),0)

Note that (3.16) means that the Lyapunov functional V'(¢, E(t)) is monotone decreasing
with respect to ¢ € [0, +00)t. Therefore, in the light of (3.13) we get, for ¢ € [0, +o0),

ecac(t,0)|| E(t, )|

= ecac(t,0) Y |Eit, )| + ecae (£,0) > | Eni(t. )] < V(£e(8)) < V(0,€(0))

i=1 j=1

n m 0
= Z HEAO, ) ||§ +1+ Zaﬂ@,l / ecae(0(s+1),0) HE,H]'(S, ) ||§As
i=1 j=1 -t
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n 0

£ BBl + 17,)) / ecac(o(s+0),0)[E(s )| As
v=1 T
n +00 0

+Zﬁv(|7iv| + |Ww|)/ kiv(s)|:/ ee@e(o(s+r)r0) ”Ev(r")”;Ar]As}
=1 0 —s

m n 0
+ Z{ |Ensj @, )5 +1 + > ilgsl / ecae(0(s +7),0)|Ei(s, )| As
j=1 i=1 -t

m 0

+ Z‘SQ(|X1'Q| + |ﬁ/’9|)/ ecqpe(o(s+ T)’O) ”Ema(s")”;AS
0=1 T
m +00 0 2

+ ZBQ(lﬁjgl + |Ej9|)/0 K/Q(s)[/ Ceqe (a(s + r),O) HEVHQ(r, ~)H2Ar] As
0=1 -

n n m 0

sZ||¢i—¢i||%+n+ZZoe;|El;|||¢n+,—<pn+f||%/ ecwe(0(s+1),0)As

i=1 =1 j=1 i
n n 0

0D BBl + ) - 00l [ eao(ols 0, 0)As
i=1 v=1 T
n n B +00 0

Y B+ )16 - 00l [ kiu(S)[ / ee@e(o(sw),o)Ar}As
i=1 v=1 -
m m n 0

D16l e Y3 T 0 [ ecoclots 4 ,0)s
j=1 j=1 i=1 -t
m m 0

£ 8ol + 1750l B0 —%H%/ ecoc(0(s+7),0)As
j=1 o=1 -t
m m +00 0

£ 8o (15 + 556 1) B0 — o I7 / xjg(s)[f ee@g(o(sw),O)Ar]As
j=1 e=1 0 -

£ M2
which implies that
|E®, )| < Meae(t,0). (3.17)

Obviously, M > 1. According to Definition 2.5, we conclude that the controlled slave sys-
tem (2.1)-(2.3) is globally robustly exponentially synchronous with the master system (1.1)-
(1.3) on the time scale [0, +o0)1. The proof is complete. O

When the time scale T = R and T = Z, we will obtain the following two important corol-

laries.

Corollary 3.1 Assume that the following (Hy)-(Hg) hold. Then the master system (1.4)-
(1.6) and its controlled slave system are globally robustly exponentially synchronous.

(H4) The neurons activation f;, F;, g; and G; are Lipschitz continuous, that is, there exist
positive constants a;, 8;, y; and §; such that [f;(§) - fi(n)| < ;|€ — |, IF;(§) — Fi(n)| < Bil§ -
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1l 1i(§) — &)l < vil§ —nl, 1G;(§) - Gi(n)| < §j1€ —nl forany &, n € R, i=1,2,...,m5 ) =
L2,...,m.

(Hs) The delay kernels kj, «j; : [0, +00) — [0,+00) (i =1,2,...,1;j = 1,2,...,m) are real-
valued non-negative continuous functions and satisfy the following conditions:

o0 oo o0 [o¢]
/ kij(s)ds =1, / skii(s) ds < oo, / Kkjii(s)ds =1, / skji(s) ds < oo
0 0 0 0

and there exist constants w; > 0, wy > 0 such that
o0 o0
f kij(s)e**t ds < oo, / Kji(s)e*? ds < oo.
0 0

(He) The following conditions are always satisfied:
!

2a; “ _ - _ _ _ _
=D 2mi=b)+ Y egleyl + Y Bu(1Bul + 1] + il + W)

k=1 'k j=1 v=1

£ 3 BBl +12)e + 3 Bil(Fotl + [l fo Ku9)e ds
v=1 v=1

m
- )
+Z7/i|§/i|e <0, i=12,...,m
j1

l 23): n m
2jk - - — _ _
=Y +20may =)+ Y vl + Y S (IRl + [Tiol + D] + [5701)
k=1 'k i=1 o=1
m m +00
e Db+ ) o Y871+ 10) [ e ds
o=1 o=1 0

n
+ § ajlcyle’” <0, j=12,...,m.
i=1

Corollary 3.2 Assume that the following (H;)-(Hg) hold. Then the master system (1.7)-
(1.9) and its controlled slave system are globally robustly exponentially synchronous.

(H7) The neurons activation f, F;, g; and G;j are Lipschitz continuous, that is, there exist
positive constants «;, 8;, y; and §; such that |f;(§) — fi(n)| < ojl€ — 1|, |Fi(§) — Fi(n)| < Bil§ -
nl, 1gi(§) — g = vilé —nl, 1G;(§) - Gi(n)| < §j|§ —nl forany §,n e R, i=1,2,...,m j =
1,2,...,m.

(Hg) The delay kernels k, kj; : Z* — [0, +00) (i =1,2,...,n;j =1,2,...,m) are real-valued
non-negative rd-continuous functions and satisfy the following conditions:

o0 [e¢] [e¢] oo
Z kij(s) =1, Zskij(s) < 00, Z Kji(s) =1, Zs;cj,'(s) < 00,
s=0 s=0 s=0 s=0

and there exist constants w; > 0, wy > 0 such that

Zkij(s)(l +w1)* < 00, Z/cﬁ(s)(l +wy)* < 00.

s=0 s=0
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(Hs) The following conditions are always satisfied:

i m n
2a; _ _ _ _ —
-y l_;k +20mi =)+ Y alcyl + > Bo(1Bal + i | + [Fio] + W)
k=1 k

j=1 v=1

+Zﬁl Boil + 1G,0])4 +Zﬁ, [Foil + [y ka

m
+Z7/z’|zji|4‘r <0, i=12,...,m;

j=1

i 2;;:
-y == 7 E 2y - n)+Zy,|c,l|+Za (%ol + 7ol + 12| + 1555 )
k=1 i=1 o=1

m m +00
+ Y 8(Ihgjl + [T ofl)47 + D 8 (15l + [T51) D reg()4°
o=1

0=1 s=0

n
+) oyl lat <0, j=1,2,...,m
i=1

4 lllustrative example

Consider the following reaction-diffusion BAM recurrent FNNs on time scales:

ul(t,x) = Zi 1 33 ik :;x”;) bu;(t, x) ijl cifi(vi(t — 7,%)) + I;
+ ] o piFi (it — 7, %) + N\ ] i Jo o Kij(8)Fi(ui(t — 5,%)) As
+Vi 4wt — T, %) + /1wy fmo kij(s)Fj(u;(t — s,x)) As
+ Zj:l dijjj + /\1’:1 Sijitj + \/;':1 Tijwj,

A 1 P 31/1' n (41)
ViR (6x) =D 5y M(fjkm) — (%) + 30 Gigi(ui(t — T,%)) +
+ AL 2iGivi(t — 7,%) + A\ pji 0+Oo Kkii()Gi(vi(t — s,x)) As
+ /I miGivi(t - ©,%) + \V 1y 0 O+°° Kji($)Gi(vi(t — s, %)) As
+ 200 v+ N Miivi + 2 Niitkis
subject to the following initial conditions
u;(s,x) = ¢i(s,x),  (s,%) € [-7,0]1 x 2, 4.2)
V]'(S:x) = QOj(S,x), (s,x) € [_T) O]T X Q; '
and Dirichlet boundary conditions
Mi(lf,x) =0, (t7x) € [Ov Oo)'ﬂ' X 89, (4 3)
vi(t,x) =0, (t,x) € [0,00)p X 3L, '
where 1= m =1 =2, fi(v) = F;(v) = gi(v) = Gi(v) = 575 (i,j = 1,2), ky(t) = k5i(t) = 2 (3)*

(i,j = 1,2), T={3n:n-= O,il,iZ,...}, —{x:lxl<li=12), t=11=(,h)and ] =
(/1,J2) are the constant input vectors. u = (11, 42) and v = (v, v;) are the constant bias

vectors. Obviously, f;(v), F;(v), gi(v) and G;(v) satisfy the Lipschitz condition with o = 8; =
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vi=6;=1.Let (b;,b,) =(9.5,10.5), (ﬂ1 Qz)—(SS 9),

[ZV 50 _ 0.7 0.4 Eu 212 _ 0.4 05
ay  dy 02 08/’ Cn O 06 0.1/’

Take the controlled input vector z(t,x) = (#1E;(t,x), myEs(t, %), m3Es(t, x), maE4(t, %)) T,

here (m1, my, ms, my) = (5,3,2,3). By a simple calculation, we have
o®)=t+3, =3 ewlt0)=(a0) =4,
+00 +00 +00 3s
26 (1
kij(s)As = as=Y 2(2) =1,
A L](s) N /0 K]l(s) S ; 27 (3)

+oo +oo 278 (1\* 3
fo skij(s)As = /0 skiji(s)As = Sz:o: Es(g) =26 < +00,

+00 +00 +00 78 1 3s
[0 sew (8, 0)kii(s)As = /0 seq (8, 0)kji(s) As = SZ:(): Es(l +3w)* <§)
_27(1+3w)
—————<+00 (0<w<13),
(26 3w)?
2
- Z D 2 m — b)) + Za,»m,w + 3 Bo(IBr ] + (G0, | + [Pl + 1]
j=1 v=1

+ Zﬁ, Bl +13,01)47 + Zﬁl [Pl + [ Zkvl(ssw

v=1 v=1 =0
+Y nlT;l4T ~-0.24 <0,

2

2,
=D+ 20m b Z“;|C2;|+Zﬂu Boul + oy | + o] + [ ])

k=1 'k j=1 v=1
2

+Y BBl +1d,21)4 +Zﬁ2 [Fual + [Wha Zkv2(35)4s

v=1 v=1 s=0
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2
+Y nllpld" ~ 078 <0,

j=1
2 2%- 2 2

=D+ 2ms = n) + 3 nlTul + Y0 (Thiel + [Tiol + [Pl + 151 )

k=1 'k i=1 0=1

2 2 +00
+ 3 81(1Rarl + [Tal) 4" + Y 81(1Bprl + [Taal) D ko1 (3s)4*

o=1 o=1 s=0

2
+Y nfcald” ~-019<0,
i=1

2 28 2 _ 2 _
=D+ 2ma=n,) + D pilEul + D80 (1Raol + [Tagl + [Pl + T2 )
k=1 'k i=1 o=1
2 _ 2 +00
+ Y 8a(hoal + T2l)4" + D 82(1Bgal + 15 02l) D rpa(35)4°
o=1 o=1 s=0

2
+) mcnl4" ~-1.03 <0.
i=1

Thus, conditions (H;)-(Hs) are satisfied. It follows from Theorem 3.1 that the master sys-
tem (4.1)-(4.3) and its controlled slave system are globally robustly exponentially synchro-
nized.
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