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Abstract

In this paper a 2-dimensional mapping is investigated in the complex field C for the
existence of analytic invariant curves. Employing the method of majorant series, we
need to discuss the eigenvalue & of the mapping at a fixed point. Besides the
hyperbolic case |a| # 1, we focus on those o on the unit circle ST, ie, || = 1. We
discuss not only those « at resonance, i.e, at a root of the unity, but also those o near
resonance under the Brjuno condition.
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1 Introduction

It is well known that a common and useful method to understand behaviors of a dynami-
cal system generated by iteration of a self-mapping is to find a simple invariant structure
in its phase space and to describe the dynamics on it. Invariant manifold is one of such
structures and, in particular, invariant curve is the main object for 2-dimensional systems
and easier to be discussed deeply. The existence of real analytic closed invariant curves
for 2-dimensional area-preserving mappings has been investigated by many authors [1-
7]. In this paper, we deal with the existence of analytic invariant curves for a 2-dimensional
complex mapping T : C? — C?, (z, w) = (¢, ), defined by

¢ =az+bw+ d(z,w), 1)

w=cz+dw+Y(z,w),
where a, b, ¢, d are complex constants, b # 0, ad — bc # 0, and the power series

Pz, w) = Z ¢ijziu/ and Y¥(z,w)= Z 1//,»,»ziwi

i+j>2 i+j>2

converge in a neighborhood of the origin. Clearly, the mapping T has a fixed point O =
(0, 0) with the Jacobian matrix

A =DT(0) = (“ Z)
C

at O. The characteristic polynomial is
Pu(A) =22 = (a+d) + (ad - be).
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Observe that the function w = f(z) is an invariant curve of T if and only if f satisfies the

functional equation

cz+df (@) + ¥ (2f(2) =f[az + bf (@) + $(2.f(2))], z€C. 2)
Since b # 0 and the analytic equation

u=az+by+dzy) (3)

can be uniquely solved for y in the way

1
y=—%z+ Eu+A(z,u), (4)

where A is analytic in a neighborhood of the origin and ord A > 2. If we define

h(z) := az + bf (2) + ¢ (2,/ (2)), (5)
then by (3) and (4)
a 1

f2) = A Eh(z) + A(z,h(z)), (6)

and hence from (2)
h(h(2)) - (a + d)h(z) + (ad - bo)z = O(z, h(z2), h(h(2))), (7)
where the function
O(2,h(2), h(h(2))) = bd A (z,h(2)) - bA (h(2), h(h(2)))

1
+by (z, —%z + Zh(z) + A(z, h(z)))
and the power series

O(20,21,22) = Z ®i,i,sz)zjizlz(

i+j+k>2

are analytic in a polydisc.
The transformation (it is called the Schroder transformation)

h(z) = g(ag™(2)) (8)
with « € C for & yields

g(azz) —(a+d)g(az) + (ad — bc)g(z) = @(g(z),g(ozz),g(azz)), 9)

a geometric difference equation.
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In order to get an analytic solution of (7), we need to find an invertible analytic solution
of equation (9) for possible choices of «. This implies that the desired solution satisfies
2(0) = 0 and g’(0) # 0. Therefore, without loss of generality, we can assume that

g@)=z+) a2 (10)

n>2
Substituting (10) into (9) we get
Pa(e) =0 (11)

and, for n > 2,

Py(a”)yn = Z OijkLrijk (Vas -+ s Vut;
i+j+k>2

aerwo!ay}’l—l;az‘yZ’-'waz)’n—l)’ (12)
where P,;;r is a homogeneous polynomial with positive coefficients in the variables

Vareoor Vneli @V s O¥nl; €22, 02 Yyt
Note equation (11), we have

Py (a”) = (a” - a)Qn(ot), (13)

where Q,(«) = a” + @ — (a + d). Hence, for all n > 2, (12) can be rewritten as

(" — &) Qu(@)yn = Z Ok Lrijk (Vas -+ s Vut;
i+j+k>2

AY2reer AV 13 072, Y1) (14)

In this paper, the complex « in (9) is chosen in 6 (A) := {A € C | P4(}) = 0} and satisfies the

following hypotheses:
(H1) 0<a| #1.
(H2) « =e?**, where # € R\Q is a Brjuno number ([8] and [9]), i.e.,
B0) =31 % < 00, where {pi/qx} denotes the sequence of partial fractions of

the continued fraction expansion of 8 which is said to satisfy the Brjuno condition.

(H3) a = e*™/? for some integers p € N with p > 2 and g € Z\{0}, and « # *" /X for all

1<k<p-1and!/eZ\{0}.

Observe that « is off the unit circle S' in the case of (H1) but on S! in the rest of the
cases. More difficulties are encountered for « on S', as mentioned in the so-called small-
divisor problem (seen in [10], p.22 and p.14:6 and [11]). In the case where « is a Diophantine
number, i.e., there exist constants ¢ > 0 and o > 0 such that |o” — 1| > ¢"'n° for all n >
1, the number « € S! is ‘far’ from all roots of the unity and was considered in different
settings [12—14]. In recent work [15] the case of (H3), where « is a root of the unity, was
also discussed for a general class of iterative equations. Since then, one has been striving
to give a result of analytic solutions for those « ‘near’ a root of the unity, i.e., neither being
roots of the unity nor satisfying the Diophantine condition. The Brjuno condition in (H2)
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provides such a chance for us. As stated in [16], for a real number 6, we denote by [6] its
integer part, and let {6} = 6 — [0]. Then every irrational number 6 has a unique expression
of Gauss’s continued fraction

0=ayg+6p=ag+ =
dl+91

denoted simply by 6 = [ag,a1,...,a,,...], where a;’s and 6;’s are calculated by the algorithm:
(a) ap = [0], 6y = {0}, and (b) a, = [en%l], 0, = {en%l} for all n > 1. Define the sequences

(pn)neN and (qn)neN as follows:

q-» = 1, q-1= 0, qn = Anqn-1 t 4n-2,
p-2=0, pa=1, Pn = anPu-1+ Pn-2.
It is easy to show that p,/q, = [a¢,a1,...,a,]. Thus, to every 6 € R\Q we associate, using

o 284111 \We say that 0 is a Brjuno
qn

number or that it satisfies the Brjuno condition if B(f) < +c0. The Brjuno condition is

its convergence, an arithmetical function B(#) = > .
weaker than the Diophantine condition. For example, if a,,1 < ce® for all n > 0, where
¢ > 0is a constant, then 6 = [ag, a1, ..., 4y, ...] is a Brjuno number but is not a Diophantine
number. So, the case (H2) contains both a Diophantine condition and a condition which
expresses that « is near resonance.

In this paper, we consider the Brjuno condition instead of the Diophantine one. We
discuss not only the cases (H1) and (H3) but also (H2) for analytic invariant curves of the
mapping T defined in (1).

2 Geometric difference equation under (H1)
Theorem 1 Assume that a € o(A) and (H1) holds. Then equation (9) has an analytic so-
lution g(z) of the form (10) in a neighborhood of the origin.

Proof We first consider the case 0 < || < 1. Since ad — bc # 0 and lim,,_, o, " = 0, there is
®g > 0 such that

|PA (a”)| >0 foralln>2.
Define a new sequence {8,}52; by 1 =1 and

B = Oy Z 103k Prijk(Bas s Bue1s Bas oo But; B2s oo Buc1)y 1> 2.

i+j+k>2

A simple inductive proof shows that |y,| < 8, for all n > 1. If

O1(z0,21,22) := Z |94x1202125,

i+j+k>2

then © is convergent in a polydisc. Furthermore, if we set @(zo,zl,zz) = 0;'01(20,21,22),
the power series @(zo,zl, z) converge also in a polydisc. If B(z) = anl B.z", then we have

©0B(2) = Oz + O(B(2), B(2), B(2)).
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Define the function
F(z,w) = Og(z —w) + @(W, w, w)
for (z,w) from a neighborhood of (0, 0), then B(z) satisfies
F(z,B(z) = 0. (15)

In view of F(0,0) = 0, F, (0,0) = —-®, # 0, and the implicit function theorem, there exists
a unique function ®(z), analytic in a neighborhood of the origin, such that

F(0,0)

®(0)=0, @(0)= 00

and F(z, (z)) = 0. According to (15), we have (z) = ®(z). This proves that the series (10)
is an analytic solution of (9) in a neighborhood of the origin.
Now we consider the case || > 1. In this case, the formal power series (10) satisfies

g(@) - (a + d)g(uz) + (ad — bo)g(1*z) = ©*(g(2), g(1z),g(1°2)) (16)

with i = 1/a and ®*(zg, 21, 22) = O(z2, z1,20). With obvious notations we have
. 2 _ 42 1
Pi(A)=1-(a+d)A+(ad —bc)A”™ = A"Py 5 )

Note that || <1 and ad — bc # 0, it follows that there is a positive constant ®; such that
[P% (") = O for all n > 2. Then the result in the case || > 1 is obtained by applying the
result in the case || < 1. This completes the proof. d

3 Geometric difference equation under (H2)

In this section we discuss the existence of analytic solutions of the geometric difference
equation (9) under (H2). In order to introduce Davie’s lemma, we need to recall some facts
in [17] briefly. Let 6 € R\Q and (g,),cn be the sequence of partial denominators of Gauss’s

continued fraction for 6 as in the Introduction. As in [16], let

1 qr+1 Gk
Ay = n>0‘ no|| < —4, Ej; = max ,— ], = —,
k { >0 | 0] < qu} k (6]1( 2 ) Nk £

Let A} be the set of integers j > 0 such that either j € Ay or for some j; and j, in Ag, with
j2 —j1 < Ex, one has ji <j < j, and g divides j — j;. For any integer n > 0, define

1
Ik(n) = max((l + nk)i -2, (muni + n)— — 1),
q I3

k
where m,, = max{j | 0 <j < n,j € A}}. We then define the function /; : N — R, as follows:

Mptnin 1

=1 @
) {lk(n) if 1, + e & A7

if m, +qr € A3,
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Let gi(n) := max(fi(n), [i]), and define k() by the condition gk, < 7 < qi(m+1- Clearly,

k(n) is nondecreasing. Then we are able to state the following result.

Lemma 1 (Davie’s lemma [17]) Let K(n) = nlog2 + Zf:(g)gj(n) log(2gj.1). Then
(a) there is a universal constant y > 0 (independent of n and 0) such that

k(n)
log g;
K(n) < "(Z 084 + y),

j0 Y

(b) K(n1) + K(ny) < K(ny + ny) for all ny and n,,
() —logla” —1| <K(n)—K(n-1).

The main result of this section is the following theorem.

Theorem 2 Assume that o € 0(A), |a + d| > 2 and (H2) holds. Then equation (9) has an
analytic solution g(z) of the form (10) in a neighborhood of the origin.

Proof Since |a + d| > 2 for all n > 2, it follows from (14) that
_ -1
yul <Ll =17 > 100kl Puijr (192l s [Yaals
i+j+k>2
|y2|1~':|J/n—1|;|y2|:~~’|yn—l|) (17)
with L = (|a + d| - 2)71. Define a sequence {C,,}°%; by C; =1 and
Ci=L Y 1©klPuiji(Cay..., Coss

i+j+k>2

C2,...,Cn_l;CZ,...,Cy,_l), n>2. (18)

Similar to the proof in Theorem 1, using the implicit function theorem, we can prove that
the power series R(z) =z + Y .., C,2" is convergent in a neighborhood of the origin. Thus
there is a positive constant o such that

C,<0", n=2,3,....

Now, we can deduce, by induction, that |y,| < C,eX D for y > 1, where K : N — R is
defined in Lemma 1. In fact |y1| =1 = C,. For a proof by induction, we assume that |y;| <
C;efU™V, j < n 1. According to Lemma 1, it follows from (17) and (18) that

-1 -1 K (1 K(n-2
vul <L =17 Y7 1Okl Puiju (26 Y, ..., Ca s
i+j+k>2

Gk W,..., Cuy K2, ek, L, G,y K0

_ 1 K(n—
< |t 1T OIL Y 7 101alPuijk(Co s o

i+j+k>2
C2) ceey Cn—l; CZ; ey Cn—l)
< CneK(n—l)

as required.
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Note that K(n) < n(B(#) + y) for some universal constant y > 0. Then

|Vn| _ Cnel((n—l) < Qne(n—l)(B(O)ﬂ/)’

that is,

nem—l)(B(e)w))% = 0 B0

1
lim sup(|y,[)” < lim sup(o 0
n— 00 n—00

This implies that the convergence radius of (10) is at least (0e®®*7)~1. This completes the

proof. g

4 Geometric difference equation under (H3)
The next theorem is devoted to the case of (H3), where « is not only on the unit circle in C
but also a root of the unity. In this case neither the Diophantine condition nor the Brjuno
condition is satisfied.

Define a sequence {B,}°, by B; =1 and

By=LT ) |©ilPyija(Ba,. .., Byt
i+j+k>2
BZ;HwBrl—l;Ban,Bn—l)’ n= 2, (19)

where L is defined in (17) and

1212, p). (20)

I'= max{l,
Moreover, let

2 2
Q)= Y OujuPriji(Var s Yt 0¥s s Y307 s o i),
i+j+k>2

Theorem 3 Assume that o« € o(A), |a + d| > 2 and (H3) holds. If 2(lp + 1,«) = 0 for all
1e N={1,2,...}, then equation (9) has an analytic solution of the form

g@=z+ Y o'+ Y v

n=lp+1,leN n#lp+1,leN

in a neighborhood of the origin, where (.1 is an arbitrary constant satisfying the inequality
[Vip+1| < Bips1, and the sequence {B,};2, is defined in (19). Otherwise, if Q(lp + 1,a) # 0 for
some [ =1,2,..., then equation (9) has no analytic solution in any neighborhood of the

origin.

Proof As in the proof of Theorem 1, we seek for a power series solution of (9) of the form
(10). Obviously, (11)-(14) hold again. If Q(/p + 1, @) # 0 for some natural number /, then (14)
does not hold for 7 = Ip + 1 since «”” — 1 = 0. In that case, (9) has no formal solutions.

If Q(lp + 1, ) = 0, then there are infinitely many choices of corresponding yj,.; in (14)
and the power series ) .-, ,2" forms a family of functions of infinitely many parameters.

We can arbitrarily choose yj.1 = {jp41 such that [£j,41| < Bjpir, [ =1,2,.... In what follows,
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we prove that the series ) -, y,z" has a nonzero radius of convergence. First of all, note
that

"1 <T.
It follows from (14) that forallu #lp+1,1=1,2,...,

Vul SLT Y 104k P (172l 1vacals 192l 1vaca s 192 1) (21)
i+j+k>2

Further, we can show that
|yn|§Bm ”121,2,,... (22)

In fact, for an inductive proof, we assume that |y,| < B, forall1 < v < n. When n = Ip, we
have V11| = [€ns1] < Bpy1- On the other hand, when # # Ip, from (21) we get

|7/n+1| <ILT Z |®i,j,k|Pn,i,j,k(BZ:-uan—l;BZ,n-;Bn—l;BZ;H'an—l) = Bn+1:

i+j+k>2

implying (22). Moreover, as in the proof of Theorem 1, we can prove that the series
> o1 Buz" converges in a neighborhood of the origin. Thus the series z + )., ¥,2" has a
nonzero radius of convergence. This completes the proof. d

5 Analyticity of invariant curves
In this section, we will state and prove our main results.

Theorem 4 Suppose that one of the conditions in Theorems 1-3 is fulfilled. Then equation
(2) has a solution of the form

a 1
flx) = —7Et Zg(ozg’l(z)) +A(z,g(ag™'(2))),
where A is defined in (4) and g is an invertible analytic solution of equation (9).

Proof By Theorems 1-3, we can find an analytic solution g of the geometric difference
equation (9) in the form of (10) such that g(0) = 0 and g’(0) =  # 0. Clearly, the inverse g™
is analytic in a neighborhood of the point g(0) = 0. Let

a

S ==7z+ %g(ag‘l(Z)) + Az.g(eg™(2)),

which is also analytic in a neighborhood of the origin. From (9), it is easy to see that

Sflaz +bf(2) + ¢(2.f(2)))
=flg(eg™(2))]

= —Zg(ag‘l(z)) + %g(azg'l(z)) +A(g(ag™ (@), (e’ (2))
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1
b

+bA(g(ag™(2),g(e’¢ 7 (2)))]

[dg (g™ (2)) — adz + bez + O(z,g(ag ™ (2)),g(’g 7 (2)))

= % |:dg((xg1 (2)) — adz + bez + bd A (z,g(ag ™ (2)))

a

+ by (z,—bz + %g(ag‘l(z)) + A(z,g(ag‘l(z)))>]
=cz+ d(—%z + %g(ag‘l(z)) + A(z,g(ozg‘l(z))))

+ (z, —%z + %g(ag’l(z)) + A(z,g(agl(z))))
=cz+df(2) + ¥ (2.f ().

The proof is complete. ]
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