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Abstract

In this paper, we investigate the growth of meromorphic solutions of some linear
difference equations. We obtain some new results on the growth of meromorphic
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1 Introduction and main results

In this article, a meromorphic function always means meromorphic in the whole complex
plane C, and ¢ always means a nonzero constant. We adopt the standard notations of the
Nevanlinna value distribution theory of meromorphic functions such as T'(r,f), m(r,f)
and N(r,f) as explained in [1-3]. In addition, we will use notations p(f) to denote the order
of growth of a meromorphic function f(z), A(f) to denote the exponents of convergence
of the zero sequence of a meromorphic function f(z), A(}%) to denote the exponents of
convergence of the pole sequence of a meromorphic function f(z), and we define them as

follows:
log T'(r,
p(f):hmsupM
r—00
logN(r, 1)
A(f) = liminf — 7~
r—00 logr

AG) = liminfw.

r—o0 logr

Recently, meromorphic solutions of complex difference equations have become a sub-
ject of great interest from the viewpoint of Nevanlinna theory due to the apparent role
of the existence of such solutions of finite order for the integrability of discrete difference
equations.

About the growth of meromorphic solutions of some linear difference equations, some
results can be found in [4-20]. Laine and Yang [12] considered the entire functions coef-
ficients case and got the following.
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Theorem A [12] Let Aj(z) (#0) (j = 0,1,...,n) be entire functions of finite order such that
among those coefficients having the maximal order p := maXo<j<, p(A;), exactly one has its
type strictly greater than the others. Then, for any meromorphic solution f(z) to

An@)f (z+n)+---+A1(2)f (2 + 1) + Ao (2)f (2) = O,
we have p(f) > p + 1.
Chiang and Feng [13, 14] improved Theorem A as follows.

Theorem B [13,14] Let Aj(z) (£ 0) (j = 0,1,...,n) be entire functions such that there exists
an integer [, 0 <l < n, such that

p(A;) > max p(A)).
0<j<n,#l
Suppose that f (z) is a meromorphic solution to
AyR)f(z+n)+---+A1(2)f (z+1) + Ao(2)f (2) = O,

then we have p(f) > p(A;) + 1.

Recently in [15], Peng and Chen investigated the order and the hyper-order of solutions
of some second-order linear differential equations and proved the following results.

Theorem C [15] Suppose that A;(z) (# 0) (j = 1,2) are entire functions and p(A;) < 1. Let
a1, oy be two distinct complex numbers such that ayoy # 0 (suppose that |oq| < |aal). If
argoy #w or oy < —1, then every solution f(z) # 0 of the equation

1" + e—Zf/ + (Aleoqz +A2€azz)f =0
has infinite order and p,(f) = 1.

Moreover, Xu and Zhang [16] extended the above result from entire coefficients to mero-
morphic coefficients.

It is well known that Af(z) = f(z + ¢) — f(2) is regarded as the difference counterpart
of f'. Thus a natural question is: Can we change the above second-order linear differen-
tial equation to the linear difference equation? What conditions will guarantee that every
meromorphic solution will have infinite order when most coefficients in such equations
are meromorphic functions?

Li and Chen [17] considered the following difference equation and obtained the follow-
ing theorem.

Theorem D [17] Let k be a positive integer, p be a nonzero real number and f(z) be a
nonconstant meromorphic solution of the difference equation

A 2)f (z+n) + -+ Ax(2)f (2 +2) + (Al(z)e’pzk +Bi(2))f (z +1)

+ (Ao(2)e” + By(2))f(2) = 0,
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where Aj(z), Bo(2), Bi(2) (£ 0) (j=0,1,...,n) are all entire functions and max{p(4;), p(Bo),
p(B1)} =0 <k, then we have p(f) > k + 1.

The main purpose of this paper is to investigate the growth of meromorphic solutions
of certain linear difference equations with meromorphic coefficients. The remainder of
the paper studies the properties of meromorphic solutions of a nonhomogeneous linear
difference equation. In fact, we prove the following results, in which there are still some

coefficients dominating in some angles.

Theorem 1.1 Let k be a positive integer. Suppose that Aj(z), Bo(z) (#0) (j=0,1,...,n) are
all entire functions and max{p(4;), p(Bo) : 0 <j <n} = a < k. Let ap, Bo be two distinct
complex numbers such that oy By # 0 (suppose that |ag| < |Bol). Let oy be a strictly negative
real constant. If argoy # w or oy < o4, then every meromorphic solution f(z) # 0 of the
equation

A2)f(z+n)+---+Ax(2)f (2 +2) +A1(z)e°’12kf(z +1)

+ (Ap(2)e™™ + By(2)e"™)f(2) = 0 (L1)
satisfies p(f) > k + 1.

Theorem 1.2 Suppose that Aj(z), Bo(z) (#0) (j=0,1,...,n) are all meromorphic functions
and max{p(4;), p(Bo): 0 <j <n} =a <1. Let ag, Bo be two distinct complex numbers such
that oy By # 0 (suppose that |ag| < |Bol). Let oy be a strictly negative real constant. If arg oy #
7T or o < oy, then every meromorphic solution f(z) # 0 of the equation

Au)f (z+n)+ -+ Ax(2)f (2 + 2) + A1 (2)e*f(z + 1)
+ (Ao(2)e™ + By (2)e™*)f (z) = 0 1.2)
satisfies p(f) > 2.

Theorem 1.3 Under the assumption for the coefficients of (1.1) in Theorem 1.1, if f(z) is a
finite order meromorphic solution to (1.1), then A(f —z) = p(f). What is more, either k +1 <
o(f) < max{k(f),k(fl)} +lorp(f)=k+1> max{)»(f),)»(%)} +1.

Theorem 1.4 Under the assumption for the coefficients of (1.2) in Theorem 1.2, if f(2) is a
finite order meromorphic solution to (1.2), then A(f — z) = p(f). What is more, either 2 <
p(f) < max{k(f),k(fl)} +1lorp(f)=2> max{k(f),k(}%)} +1.

Liu and Mao [18] considered the meromorphic solutions of the difference equation
ar(2)f(z+ k) +- -+ a1(2)f (z + 1) + ao(2)f () = 0, (1.3)
one of their results can be stated as follows.

Theorem E [18] Let aj(z) = A,(z)epi(z) (j=0,1,...,k), where Pj(2) = oj,z" + --- + tjo are
polynomials with degree n (> 1), Aj(z) (# 0) are entire functions of p(A;) < n. If a;, (j =
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1,2,...,k) are distinct complex numbers, then every meromorphic solution f (# 0) of Eq.
(1.3) satisfies p(f) > maxo<j<x{p(a;)} + 1.

In this paper, we extend and improve the above result from entire coefficients to mero-
morphic coefficients in the case where the polynomials P;(z) are of degree 1.

Theorem 1.5 Leta;(z) = Aj(2)e"* (j = 0,1,...,n), aj aredistinct complex constants, suppose
that Aj(z) (# 0) are meromorphic functions and p(A;) = a < 1, then every meromorphic
solution f (5 0) of the equation

an@)f(z+n)+ - +a(2)f(z+1) + ap(2)f(z) =0 (1.4)

satisfies p(f) > 2.

Theorem 1.6 Let aj(z) = Aj(z)e”* + Dj(2) (j = 0,1,...,n), j are distinct complex constants,
suppose that Aj(z) (# 0), Dj(z) (£ 0) are meromorphic functions and p(A;) = a <1, p(D;) =
B <1, then every meromorphic solution f (£ 0) of Eq. (1.4) satisfies p(f) > 2.

Next we consider the properties of meromorphic solutions of the nonhomogeneous lin-
ear difference equation corresponding to (1.4)

ay,(2)f(z+n)+- -+ a(2)f (z+1) + ap(2)f (2) = F(2), (1.5)

where F(z) (# 0) is a meromorphic function.

Theorem 1.7 Leta;(z) (j = 0,1,...,n) satisfy the hypothesis of Theorem 1.5 or Theorem 1.6,
and let F(z) be a meromorphic function of p(F) < 1, then at most one meromorphic solution
fo ofEq. (1.5) satisfies 1 < p(fy) < 2 and max{)»(ﬁ)),)n(fio)} = p(fo), the other solutions f satisfy
p(f) = 2.

2 Some lemmas
In this section, we present some lemmas which will be needed in the sequel.

Lemma 2.1 [13] Let f(z) be a meromorphic function of finite order p, € be a positive con-
stant, n; and 1, be two distinct nonzero complex constants. Then

m(f)f(z + 7)1)) _ O(rp—1+e),

fz+m)

and there exists a subset E; C (1,00) of finite logarithmic measure such that, for all z satis-
fying |z| =r ¢ [0,1] U Ey, and as r — oo,

—1+e f(Z + 771)
exp{-r" < flz+m2)

< exp{r‘”1+E }

Lemma 2.2 [19] Let f(z) be a meromorphic function of finite order p, then, for any given
€ > 0, there exists a set E; C (1, 00) of finite logarithmic measure such that, for all z satisfying
|z| =r ¢ [0,1] U E,, and as r — o0,

exp{—r”“} < V(z)‘ < exp{r”“}.
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Lemma 2.3 [20] Suppose that P(z) = (a +iB)z" + - - - («, B are real numbers, |a| + |B| # 0)
is a polynomial with degree n > 1, A(z) (& 0) is an entire function with p(A) < n. Set g(z) =
A(2)e’?, z = re?, §(P,0) = a cosnb — Bsinub. Then, for any given € > 0, there exists a set
E; C [0,27) that has linear measure zero such that for any 0 € [0,27)\(Es U Ey), there is
R > 0 such that for |z| = r > R, we have

(i) ifé(P,0)>0, then

exp{(l - 6)5(P,9)r”} < |g(rei9)| < exp{(l + e)S(P,G)r”};
(i) if8(P,0) <0, then
exp{(l + E)S(P,Q)r”} < \g(rei6)| < exp{(l - E)S(P,Q)r"},
where E, = {0 € [0,27) : §(P,60) = 0} is a finite set.
Lemma 2.3 applies in Theorem 1.1 where A(z) (£ 0) is an entire function.
Lemma 2.4 [15] Suppose that n > 1 is a positive integer. Let Pj(z) = aj,z" + --- (j = 1,2)

be nonconstant polynomials, where aj; (q = 1,...,n) are distinct complex numbers and
a1,a2, # 0. Set z = re”, aj, = |a;,|e, 6; € [-Z,32), 8(P;,0) = |aju| cos(6; + nb), then there is

2772
asetEs C [-3-, 2—2) that has linear measure zero. If 0, # 0, then there exists a ray argz = 0,
0 € [-3., 3.)\(E5 U E¢) such that

8(Py1,6) >0, 8(P,0) <0
or

5(1)1)9) <0, S(PZ)O) >0,

3
2n

where Eg = {0 € (-3, 5) : (P}, 0) = 0} is a finite set, which has linear measure zero.

In Lemma 2.4, if 6 € [-3-, 7-)\(E5 U E¢) is replaced by 6 € [ 3T\ (E5 U Eg), then we

21’ 2n

have the same result.

Lemma 2.5 [19] Consider g(z) = A(z)e™, where A(z) (& 0) is a meromorphic function with
0(A) = a < 1, a is a complex constant, a = |ale® (¢ € [0,27)). Set E; = {6 € [0,27) : cos(p +
0) = 0}, then E; is a finite set. Then, for any given € (0 < € <1 — ), there exists a set Eg C
[0,27) that has linear measure zero, if z = re? , 6 € [0,27)\(E; U Eg), then we have (when r
is sufficiently large):

(i) if 8(az,0) >0, then

exp{(l - e)S(az,G)r} < \g(rei9)| < exp{(l + E)S(az,e)r};
(ii) ifd(az,0) <0, then
exp{(1 + €)8(az,0)r} < |g(re”)| < exp{(1 - €)8(az,0)r},

where 8(az,0) = |a|cos(¢ + 0).
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Lemma 2.5 applies in Theorem 1.2 where A(z) (£ 0) is a meromorphic function.

Lemma 2.6 [3] Let fi(z) (j = 1,2,...,1n, n > 2) be meromorphic functions and gi(z) (j =
1,2,...,n, n > 2) be entire functions such that
(i) Zleﬁ(z)e&'(z) =0,
(ii) gi(z) — gx(2) are not constant functions for 1 <j <k < n,
(i) T(r,f;) = o(T(r,e%%)) (r — oo, r ¢ E), where E is an exceptional set of finite linear
measure,1 <j<mnandl<h<k<n.
Thenfi(z)=0(j=1,2,...,n).

Lemma 2.7 [18] Let G(z) = Z]]leBj(z)eP/(Z), where Pj(z) = aj,2" + - - + @jo are polynomi-
als with degree n (> 1), B; (# 0) are meromorphic functions of order p(B;) < n. If w,
(j=1,2,...,k) are distinct complex numbers, then p(G) = n.

3 Proofs of the results
3.1 The proof of Theorem 1.1
Suppose that (1.1) admits a nontrivial meromorphic solution f(z) such that p(f) < k + 1,

then by Lemma 2.1, for any given € such that 0 < € < min{k+1-p,k—«, :ﬁg‘l::zg: }, we have
exp{—rp(f)_l“} < "w < exp{rp(f)_“‘}, j=0,...,n, (3.1)
/(@)
for all r outside of a possible exceptional set E; with finite logarithmic measure.
Applying Lemma 2.2, we have
expl-r) <[40 <exp{r*], =0, 62
exp{-r**} <|Bo(2)| < exp{r**}, (3.3)

for all r outside of a possible exceptional set E, with finite linear measure.
Therefore from (1.1) we can get that

Au(2)f (z +n) P Ax(2)f (z+2) . Al(z)e"‘lzkf(z +1)
f(@) f(2) f(2)

+ Ao(z)e"‘ozk + Bo(z)eﬁ"zk =0,

|A0(z)e"‘°zk + By (z)eﬁozk }

_ ‘A,,(z)f(z +n) s
f(2)

Ay(2)e? f(z +1)

7 (3.4)

Ar(2)f (z+2) }
" ‘ f(2) *

Setting oo = |ato|e™, Bo = |Bole™ (6o, @0 € [-%, %))

Case 1. argag # 7w, which is 6y # 7.

Subcase 1.1. Assume that 6y # 9. By Lemma 2.4, for the above ¢, there is a ray argz = 0
such that 6 € [-7, 77)\(E1 U E3 U E5 U Eg) (where E5 and Eg are defined as in Lemma 2.4,
E; UE, UEs U Eg is of linear measure zero) satisfying 8(oz,0) > 0, 8(Boz%,6) < 0 or
8(ctoz*,0) < 0, 8(Boz*,0) > 0 for a sufficiently large .
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Since Aj(z), Bo(2) (#0) (j = 0,1,...,n) are entire functions and max{p(4;), p(By) : 0 <j <
n} = a < k, then when 8(ctoz*,6) > 0, 8(Boz",6) < 0 for a sufficiently large r, by Lemma 2.3,

we have
|A0(z)e"‘ozk| >exp{(1- e)é(aozk,é’)rk}, (3.5)
|Bo(z)eﬁozk| < exp{(l - 6)8(,302/‘, G)rk} <1 (3.6)

By (3.5) and (3.6), we have

’Ao(z)e"‘ozk +Bo(z)eﬁozk| > ‘Ao(z)e"‘ozk| - ’Bo(z)eﬁozk|
> exp{(l - e)8(aozk,9)rk} -1
= (1 - 0(1)) exp{(l —¢)8 (aozk, 9)7"}. (3.7)

Since 0 € [-3, 3z)\(E1 U E3 U Es U Eg), we know that coskf > 0, then | =
elalXcoskd 1 Therefore, by (3.2) we obtain

’Al(z)e‘“zk’ < exp{rCHE } (3.8)
Substituting (3.1), (3.2), (3.3), (3.7) and (3.8) into (3.4), we obtain
(1-o(1)) exp{(1 - €)8(eto2",0)r*} < mexp{r**e + rrD-1re . (3.9)

By 8(ctoz%,0) > 0, o + € < k and p(f) — 1 + € < k, we know that (3.9) is a contradiction.

When 8(coz*,0) <0, S(ﬁozk,e) > 0, using a proof similar to the above, we can get a con-
tradiction.

Subcase 1.2. Assume that 6y = ¢y. By Lemma 2.4, for the above ¢, there is a ray argz = 0
such that 6 € [-7, 77)\(E1 U E3 U E5 U Eg) (where E5 and E are defined as in Lemma 2.4,
E; UE, UE5 U Eg is of linear measure zero) satisfying 8(ctgz*,0) > 0.

Since |ag| < |Bol, @0 ¥ Bo, and 6y = @o, then |ag| < |Bol, thus 8(Boz~,0) > 8(apz~,6) > 0.
For a sufficiently large r, by Lemma 2.3, we get

|A0(z)e°‘°Zk| < exp{(l +€)s (aozk, G)Vk}, (3.10)

|Bo(z)e‘3°zk| > exp{(l - e)S(ﬁozk, G)rk}. (3.11)
By (3.10) and (3.11), we get

’Ao(z)e"‘ozk + Bo(z)eﬂozk| > ‘Bo(z)eﬂozk| - {Ao(z)e"‘ozk|
> exp{(l - 6)8(,60zk,9)rk} - exp{(l + E)S(aozk,Q)rk}
= Myexp{(1 + €)8(o2",0)r"}, (3.12)

where M; = exp{[(1 — €)8(BoZ", 0) — (1 + €)8(eo2~, 0)]7F} — 1.

Since 0 < € < min{k+1-p,k—a, ‘lggt‘lzg} }, we see that (1—€)8(8o25,0) — (1 +€)8(ao2~, 0) >

0, then exp{[(1 — €)8(Boz~,8) — (1 + €)8(cto2X,0)]rF} > 1, M, > 0.

Page 7 of 13
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Since 0 € [~3z, 3x)\(E1 U E3 U Es U Eg), we know that coskf > 0, then |e"‘12k| =
e-leal®coskd o 1 Therefore, by (3.2) we obtain

|A1(2)e?" | < exp{r**). (3.13)
Substituting (3.1), (3.2), (3.3), (3.12) and (3.13) into (3.3), we obtain
Myexp{(1+¢€)s (aozk, O)rk} <nexp{r** + pPU)-1re }. (3.14)

By 8(ctoz%,0) > 0, a + € < k and p(f) — 1 + € < k, we know that (3.14) is a contradiction.

Case 2. ag < a1, whichis 0y = 7.

Subcase 2.1. Assume that 0y # ¢, then ¢y # 7. By Lemma 2.4, for the above ¢, there is
aray argz = 6 such that 6 € [-3, 52)\(E1 U E; U E5 U Eg) (where E5 and Eg are defined as
in Lemma 2.4, E; U E; U E5 U Eg is of linear measure zero) satisfying 8(Boz~,0) > 0. Since
cos kB > 0, we have 8(cgz~,0) = |ato| cos(6p +kB) = —|ag| cos k6 < 0. For a sufficiently large r,

by Lemma 2.3, we get

Ao(2)e™? | < exp{(1 - €)8(ao2k,6)rF ) <1, (3.15)
| | <expf (

|B0(z)e’3°Zk| > exp{(l - E)S(ﬁozk, G)rk}. (3.16)
By (3.15) and (3.16), we get

{Ao(z)e"“’zk + Bo(z)eﬂozkf > |Bo(z)e’302k| - {Ao(z)e"“’zk|

> exp{(1- e)S(ﬂozk, Q)rk} -1 (3.17)

Using the same reasoning as in Subcase 1.1, we can get a contradiction.

Subcase 2.2. Assume that 6y = ¢, then 6y = ¢y = 7. By Lemma 2.4, for the above ¢, there
is a ray argz = 6 such that 6 € [, %)\(El U E; U E5s U Eg) (Where Es5 and Eg are defined
as in Lemma 2.4, E; U E, U E5 U Eg is of linear measure zero), then cos k6 < 0, 8(agz*,0) =
larg| cos(B + kB) = —|ag| cos kO > 0, 8(BozX,0) = | Bo| cos(go + kO) = —|Bo| cos k8 > 0.

Since |ag| < |Bol, @0 # Bo, and 6y = @o, then |ag| < |Bol, thus 8(Boz~,0) > 8(aezX,0) > 0.
For a sufficiently large r, we get (3.10), (3.11) and (3.12) hold.

Using the same reasoning as in Subcase 1.2, we can get a contradiction. Thus we have
p(f) >k +1.

3.2 The proof of Theorem 1.2

Since A;(z), Bo(2) (£ 0) (j = 0,1,...,n) are meromorphic functions and max{p(A;), p(Bo) :
0 <j < n} =a <1, then when §(xoz,0) > 0, B(apz,0) < 0 for a sufficiently large r, by
Lemma 2.5, we have

|A0(z)e”‘°z| > exp{(l - e)6(aoz,0)r}, (3.18)

|Bo(2)efo?| < exp{(1 - €)8(Boz,0)r} <1. (3.19)

Then, using a similar argument to that of Theorem 1.1, we obtain a contradiction.

Page 8 of 13
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3.3 The proof of Theorems 1.3 and 1.4

Suppose that f(z) is a nonconstant meromorphic solution of (1.1) such that p(f) < co. We

first prove that A(f — z) = p(f). Submitting f(z) = g(z) + z into (1.1), we get
Au(2)g(z+n)+---+Ax(2)g(z +2) + Al(z)e"‘lzkg(z +1)

+ (Ap(2)e™” + By(2)e")g(2) = D(2),
where

D(z) = —z{A,,(z) +--+Ay(2) +A1(z)e"‘12k + (Ao(z)e‘)‘ozk + Bo(z)eﬁozk)}
—{1AL(2) + -+ 24(2) + A1 (2)e™ ™} £ 0.

Since max{p(4;), p(Bo) : 0 <j < n} = a < k, we have p(D) < k.

Now, for any given € > 0, applying Lemma 2.1 and Theorem 1.1, we can deduce that

()

'g(2)
_ m<r ARgztm) + -+ ARz +2) + AR gle + 1) + (Ao(@)e™ + Bo<z>eﬂozk)g<z>>
BN D(z)g(2)

< - m(r, gf:(:)j)> + Z T(r,Aj(z)) + T(r, e"‘llk) + T(r,Bo(z))

J= Jj=0

+T(r, e"“’zk) +T(r, eﬂ"zk) + T (r,D(z)) + O(logr)
= O(r”‘“é) =S(r,g).

This implies that

N(r, L) :N(r, l) =T(r,g)+S(r,g) =T(r.f)+S(r.f),
f-z g

then A(f — z) = p(f) follows.

Next, we assert that either k +1 < p(f) < max{k(f),k(})} +1or p(f) =k + 1. If the asser-
tion does not hold, we have max{k,k(f),)»(})} +1<p(f) < oo.

Assume that z = 0 is a zero (or a pole) of f(z) of order m. Applying the Hadamard fac-

torization of a meromorphic function, we write f(z) as follows:

m Pi(z) Q@
Py(2)

’

fl@)=z

where P;(z), Pi(z) are entire functions such that p(P;) = A(f), p(P2) = A( %) and Q(z) is a
polynomial such that deg Q(z) = g > max{k, A(f), k(})} +1.
Now, we obtain from (1.1) that

> hiz)e?= ) < 0, (3.20)
j=0
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where
- o2k ozt mPl_(Z) _ T mP1z+1)
ho = (Ao (2)e™°% + By(2)e"* )z @ h = A1(2)e"? (z+1) XTSI
and
p .
hi(z) = Aj(z)(z +j)m% <j<n+1).

Notice that deg(Q(z + /) — Q(z +1)) =q—1> p(h)) for 0 <h <l <mand 0 <j < n. Thus,
Lemma 2.6 is valid for (3.20), hence we get that /1j(z) = 0 for j = 1,2,...,n + 1, a contradic-
tion to our assumption. This completes our proof.

The proof of Theorem 1.4 is similar to that of Theorem 1.3.

3.4 The proof of Theorem 1.5

Let f (s 0) be a meromorphic solution of (1.4). Suppose that p(f) < 2, then by Lemma 2.1,
for any given € > 0, there exists a subset E C (1, 00) of finite logarithmic measure such that
for all z satisfying |z| = r ¢ [0,1] U E, and as r sufficiently large, we have

Setz =re?, o; = |aj|e" and 8(a;z,0) = |oj| cos(@;+6) (= 0,1,...,k). Then Ey = {6 € [0,27) :
8(ajz,0) = 0,j=0,1,...,n} U {0 € [0,27) : 8(ejz — @iz,0) = 0,0 < i <j < n} is a set of linear
measure zero.

Consider that a;(z) = A;(z)e%*, A;(2) (3 0) are meromorphic functions and p(4;) =« < 1,
by Lemma 2.5, for the above € > 0, there exists a set F; € [0,27) of linear measure zero
such that for any z = re” satisfying 6 € [0,27)\(E; U F)), and as r — 0o, we have

(i) if 8(cjz,0) > 0, then

exp{(1 - €)8(ajz,0)r} < |a;(re”)| < exp{(1 + €)8(cjz,0)r}; (3.22)
(ii) if 8(ejz,0) < 0, then
exp{(l +€)d(uyz, Q)r} < |a,- (rei9)| < exp{(l - €)8(0yz, Q)r}. (3.23)

Set E; = U;I:o F;, then E; is a set of linear measure zero.

Since q; are distinct complex constants, then there exists only one / € {0,1,...,n} such
that 8(oyz,6) = max{é(ejz,0) :j = 0,1,...,n} for any 6 € [0,27)\(E; U E3). Now we take a
ray argz = 6 € [0,2m)\(E; U E;) such that §(z,6p) > 0.

Let &, = 8(az,60), 82 = max{d(a;z,6p) : j = 0,1,...,1,j # I}, then &; > §,. We discuss the
following two cases.

Case 1. §; > 0. We rewrite (1.4) in the form

) =Y gL

G#D. (3.24)
s flz+1D)
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By (3.21), (3.22) and (3.24), we get for z = re® and sufficiently large r ¢ [0,1] UE,

n

exp{(l - 6)81r} < }a;(rei9°)’ < Z exp{(l + 6)(3(0[}'2,9)7’} exp{rp(f)_l“}
j=0,#

< nexp{(1 + €)8r} exp{r71r}. (3.25)

When 0 < 2¢ < min{3=%2,2 — p(f)}, by (3.25), we get

81+82

61—6
exp{ ! 5 2r} Snexp{rp(f)’l“}.

This is impossible.
Case 2. 8, < 0. By (3.21), (3.23) and (3.24), we get for z = re’® and sufficiently large r ¢
[0,1]UE,

n

exp{(1 - €)8ir} < |ai(re™)| < Z exp{(1 - €)8(cyz, 0)r} exp{r°)1+<}
j=0,1

<n exp{r”(f)’l“ }
This is a contradiction. Hence we get p(f) > 2.

3.5 The proof of Theorem 1.6
Considering a;(z) = A;(z)e”* + Dj(2) (j= 0,1,...,n), Aj(2) (£ 0), Dj(2) (# 0) are meromor-
phic functions and p(4;) = @ <1, p(D)) = B <1, by Lemmas 2.2 and 2.5, we know that for
any given € > 0, there exists a subset E C (1,00) of finite logarithmic measure such that,
for all z satisfying |z| = r ¢ [0,1] U E, and as r — 00, we have

(i) if 8(cjz,0) > 0, then

exp{(l - €)é(ajz, 9)r} - exp{rﬁ“}

< ‘aj(rei9)| < exp{(l + e)S(ajz,G)r} + exp{rﬁ“}

<(1+0(1)exp{( + €)d(cxjz, O)r}; (3.26)
(ii) if 8(ejz,0) < 0, then
‘a}- (rei9)| < exp{(l - e)8(a,»z,9)r} + exp{rﬁ”} < (1 + 0(1)) exp{rﬁ* } (3.27)

Then, using a similar argument to that of Theorem 1.5 and Theorem 1.1 and only replacing
(3.22) (or (3.23)) by (3.26) (or (3.27)), we can prove Theorem 1.6.

3.6 The proof of Theorem 1.7
Let f(z) # 0 be a meromorphic solution of (1.5). Suppose that p(f) < 1, then by Lemma 2.7,
we obtain p(F) = p(Z}l;O aj(2)f (z + j)) = 1. This contradicts p(F) < 1, therefore we have
p(f) = 1.

Suppose that there exist two distinct meromorphic solutions f; # 0, f> # 0 of Eq. (1.5)
such that max{p(f;), p(f2)} < 2, then fi — f5 is a meromorphic solution of the homogeneous
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linear difference equation corresponding to (1.5) and p(f; — f2) < 2. By Theorem 1.5 or
Theorem 1.6, we get a contradiction. So Eq. (1.5) has at most one meromorphic solution
fo satisfying 1 < p(fp) < 2.

Next we prove max{k(ﬁ)),A(J%)} = p(fo) in the case p(fy) = 1. Suppose that max{A(fy),
A f%)} < p(fo), then by the Weierstrass factorization, we obtain

_ Pi(2) Q@
Py(2)

Jo(@) . (3.28)

where P;(z), P1(z) are entire functions such that p(P;) = L(P1) = A(fo), p(P2) = A(P2) = A( J%)
and Q(z) is a polynomial of degree 1.
In the case a;(z) = Aj(z)e”*. Substituting (3.28) into (1.5), we get

n

o P1e ) @z +Qe ) _
;A,(z) Bt ) = F(2). (3.29)

Since «; are distinct complex numbers, by Lemma 2.7, we obtain that the order of the
left-hand side of (3.29) is 1. This contradicts p(F) < 1.

For a;(z) = Aj(z)e®* + D;j(z), by using an argument similar to the above, we also obtain a
contradiction.

It is obvious that max{A(fp), A(j%)} = p(fo) provided that 1 < p(fo) < 2. Therefore we have

max(A(fo), A1)} = p(fo).
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