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Abstract

The nth twisted Daehee numbers with g-parameter are closely related to
higher-order Bernoulli numbers and Bernoulli numbers of the second kind. In this
paper, we give a p-adic integral representation of the twisted Daehee polynomials
with g-parameter, and we derive some interesting properties related to the nth
twisted Daehee polynomials with g-parameter.
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1 Introduction
Let p be a fixed prime number. Throughout this paper, Z,, Q,, and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, and the
completions of algebraic closure of Q,. The p-adic norm is defined |p|, = 5

When one talks of g-extension, g is variously considered as an indeterminate, a complex
q € C, or a p-adic number g € C,. If g € C, one normally assumes that |g| <1.If g € C,,
then we assume that |g - 1], < pilﬁ so that g* = exp(xlog g) for each x € Z,. Throughout
this paper, we use the notation

R

Note that lim,_.1[x], = x for each x € Z,.

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Z,),

the p-adic invariant integral on Z, is defined by Kim as follows:

I(f) = f(x) duo(x) = hm — Zf (see [1-3]). 1.1)

Let f; be the translation of f with fi(x) = f(x + 1). Then, by (1.1), we get

df )

dx lx=0

I(fi) = I(f) +f'(0), where f'(0) = (1.2)
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As is well known, the Stirling number of the first kind is defined by
@ =a(x—1) - (x—n+1) =Y Si(n D, (1.3)
1=0

and the Stirling number of the second kind is given by the generating function to be
(¢ -1)" =m! ZSz(l,m)E (1.4)
I=m

(see [4-6]).
Unsigned Stirling numbers of the first kind are given by

n
xﬂzx(x+1)~~-(x+n—1)=Z|Sl(n,l)‘xl. (1.5)
1=0
Note that if we replace x to —x in (1.3), then

(=) = (=1)"x = Y Si(n, )(-1)''

1=0
= (-1)" Y |S10m, D). (1.6)
1=0
Hence S;(1,1) = |S1(n, )| (=1)".

For r € N, the Bernoulli polynomials of order r are defined by the generating function to
be

( ! )re“=Zij>(x)t—': (see [1, 4, 7-18]). 1.7)

When x = 0, Bi,r) = Bﬁ,r)(O) are called the Bernoulli numbers of order r, and in the special
case, = 1, BY (x) = B, (x) are called the ordinary Bernoulli polynomials.
For n € N, let T, be the p-adic locally constant space defined by

T, = U Cpn = ,}E{}O Cors
n>1

where Cpn = {w|w?" =1} is the cyclic group of order p”.
We assume that ¢ is an indeterminate in C, with |1 - g, < piﬁ. Then we define the
g-analog of a falling factorial sequence as follows:

@)ng=x(x-q)x-2q) - (x—(n-1)q) (m>=1),  (x)og=1

Note that

n
. _ _ !
;Ln}(x)n,q = (x)n = ;SI(H; l)x .
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Recently, DS Kim and T Kim introduced the Daehee polynomials as follows:
D)= [ (we5adun) (n=0) see [2,9,19). (18)
Zp

When x = 0, D,, = D,(0) are called the nth Daehee numbers. From (1.8), we can derive the

generating function to be
log(1 +¢ - t"
( og(l+ )>(1 +1) = ZD”(x)_ (see [9]). (1.9)
t — n!

In addition, DS Kim et al. consider the Daehee polynomials with q-parameter, which are

defined by the generating function to be

= t" x  log(1+gqt)
Dyg— =(1+qt)1 —————— (see [20, 21]). (1.10)
Z; "l q((1+qt)7 -1)

When x =0, D,,; = D, 4(0) are called the Daehee numbers with q-parameter.
From the viewpoint of a generalization of the Daehee polynomials with g-parameter, we

consider the twisted Daehee polynomials with q-parameter, defined to be

log(1 + g&t)

- , (1.11)
q((1+g&t)1 -1)

it t" x
ZDn,Erq_, =(1+g&0)1
o n!

where ¢,q € C, with |¢], < |q|pp_1ﬂ%1 and £ € T),.

In this paper, we give a p-adic integral representation of the twisted Daehee polynomials
with g-parameter, which is called the Witt-type formula for the twisted Daehee polynomi-
als with g-parameter. We can derive some interesting properties related to the nth twisted

Daehee polynomials with g-parameter.

2 Witt-type formula for the nth twisted Daehee polynomials with g-parameter

First, we consider the following integral representation associated with falling factorial

sequences:
S"/ (X +Y)ngduoy), whereneZ,=NU{0}and & € T,. (2.1)
ZP
By (2.1),
= n tn - n_n x + y tn
DE | G Dugduo)= =Y &g | (—=) o)
n=0 Zp n: n=0 Zyp q n n

= | (Q+qEr) T duoly), 2.2)

Zyp
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1

where ¢,q € C, with ||, < |q|,p 7~ P .Fort € C, with [t], < |ql,p 7T, put f(x) = (1+q§t)%.
By (1.1), we get

X+y x 1
(1+qE07 duoly) = (1 + geti 2L D

Z (1 + ggD)T —1)

00 o
= D)= 2.3)
n:
n=0

By (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1 For n > 0, we have

Dyegx)=&" | (x+y)ngdiio(y).

Zp
In (2.3), by replacing ¢ by giq(e‘?’ —1), we have

n ¢n

Et n &t S
)Y NG LS A o WAL (2.4)

non l !
n=0 ‘é’: n eq—l n=0 ql’l

and

oo oo

%) Dn,E, (x) 1 " Dn,é, (x) . P
Y € ) = R Y s

n=0 n=0 m=n

ZZ ; Dnea® e, ). (25)

m=0 n=0

By (2.4) and (2.5), we obtain the following corollary.

Corollary 2.2 For n > 0, we have

Bu(®) =) Dyg )& " q" " Ss(n, m).

m=0

By Theorem 2.1,

D) = £ /Z (5 + g d10()

=5"q"Z%sl(n,z) /Z (& + ) dpto0). 2.6)

1=0

By (1.2), we can derive easily that

t t"
f et duo(y) = . et = ZBn(x)_'
Z e -1 s n!
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and so
Bw) = [ ()" dualy)
Zp
By (1.6), (2.7), and (2.8), we obtain the following corollary.

Corollary 2.3 For n > 0, we have

Dy g(®) = €" Y q"'S1(n, DBi(x) =£" Y _|S1(m,1)|(~q)" "' Bi(x).

1=0 =0

(2.8)

From now on, we consider twisted Daehee polynomials of order k € N with q-parameter.

Twisted Daehee polynomials of order k € N with g-parameter are defined by the multi-

variant p-adic invariant integral on Z,:
k
D) =87 [ oo [ s i) ditos),
Zp Zp

where 7 is a nonnegative integer and k € N. In the special case, x = 0, D ® = ph

m&.q m&.q

called the Daehee numbers of order k with q-parameter.

From (2.9), we can derive the generating function of p* (x) as follows:

néq

) L
K.
ZD,,,S,,,(?C)—,

n=0

Xt X +X
S e / / ( g )duom) - dpo(e)t”
n= 0 ZP ZP

K]+ XK
:/ / (L+g&t) 7 duo(x)--- dpolorr)
z, Jz,

~ (1+ )t / / 1+ dproler) - dol)
Zp Zp
k
gt
q((1+gét)1 -1)

Note that, by (2.9),

S1(n,
D W=eg'y 1(; ) /Z [ o) diolan)

m
m=0

Since

/z,, /Z A ) - dpo () = ( ) ZB o

we can derive easily

B¥(x) = / / (1 + - + 25 +2)" dptoler) - dptolce).
Zp Zp

(2.9)

(0) are

(2.10)

(2.11)

(2.12)
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Thus, by (2.11) and (2.12), we have

S
DY =gy 1(;’ S0 1) i) 0y

m=0

=& Z q"7"S1(n, m)Bg? (%)
m=0

=" [Si(m,m)|(~q)" "B (x). (2.13)
In (2.10), by replacing ¢ by qis(e‘“ —1), we get
@ -1 o TN S e
ZD =ed ( . ) =y = (2.14)
Tengngl §t n 1
q n. ed —1 =0 q n.
and
o p ) 1 L p¥ (x) & A
Y (- ) = Y e Y S
n=0 § 1 " n=0 § 7" I=n
0 m DR (x) o
=Z E’"Zi&(m,n) —. (2.15)
m=0 pr AU m!

By (2.13), (2.14), and (2.15), we obtain the following theorem.

Theorem 2.4 For n > 0 and k € N, we have

Dyl (x)=¢" Zq” ™S, (1, m)B® (x) = £" Z|Sl(n,m)|( q)"" B (x)

m=0 m=0

and

n

BP@) =Y D, (®)E"q" Sy (n, m).

m=0

Now, we consider the twisted Daehee polynomials of the second kind with q-parameter

as follows:

A

Dn.é,q(x) = 5" (_y + x)n.q dig ()’)
Zp

(n=>0). (2.16)

In the special case x = 0, Dngq(O) =D, , are called the twisted Daehee numbers of the
second kind with q-parameter.
By (2.16), we have

Do g) = £"g" /Z (%’C) dpto(y),
‘» n

(2.17)
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and so we can derive the generating function of ﬁy,,;,q(x) by (1.1) as follows:

> A - —-y+x t"
> Duslory =20 [ () dua)ly
n=0 e » 9 n n

S [ (5 )amor

=fZ 1+ g£0) 7 duoy)

« log(l+ qé t)

= (1+g&t)a 1+ qgt)q. (2.18)
q( +q$t)q -1)

From (1.3), (1.6), and (2.17), we get

bn,é,q( )=q"E" <—yq+x) dﬂO(Y)

e [ ZSI(”’Z) —y+) dyualy)

P [=0

=€) SinDEY | =)' dpo)g™
=0 »
—gn ZSI n,1)(=1)'B)(~x)q""

= (=&)Y |Su(n, )[By(-x)q"". (2.19)
1=0

By (1.10), it is easy to show that B,(—x) = (-1)"B,(x + 1). Thus, from (2.19), we have the
following theorem.

Theorem 2.5 For n> 0, we have

Dyeg®) =" Si(m )(-1)'Bi(~x)q"" = £" Y _[$1(n,D)|Bi(x + 1)(-q)"".

1=0 =0

By replacing ¢ by qig(eét —1) in (2.18), we have

(eft 1)" o) g e~ E"Balx+1) 2"
ZDnsq(x) —eqW_4 3 P (2.20)
n=0 '

and

> . 1 (eét_l)n _ > Dn,&,q(x) = (é:t)m
;Dn,s,q(x)w o HX:O: W ZSZ(WI, n) e

= Z <Z bm,g,q(x)Sz(n, m)q_mén_m> % (2.21)

n=0 \m=0

By (2.20) and (2.21), we obtain the following theorem.
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Theorem 2.6 For n > 0, we have

Byx+1)= ) q""E " Dypg g(x)Sa(n, m).

m=0

Now, we consider higher-order twisted Daehee polynomials of the second kind with
q-parameter. Higher-order twisted Daehee polynomials of the second kind with g-
parameter are defined by the multivariant p-adic invariant integral on Z,:

DL =g [ o [ e g i) o), (222)
Zp Zp

where 7 is a nonnegative integer and k € N. In the special case, x = 0, IA)(nkéq =L ;Ifé,q(O) are

called the higher-order twisted Daehee numbers of the second kind with q-parameter.
From (2.22), we can derive the generating function of lA);k; q(x) as follows:

SN RN
ZDn,S,q(x)E

n=0

= I i/ .2
e [ f () ot duotne
) / B / d+ qét)w dpo(xr) - - - dpo(xr)
Zp Zp
x+k( log(1 + g&t) )k
IR s e (2.23)
q(( +g€r)a —1)
By (2.22),
bﬁqk,;,q(x)

n

Si1(n,m m
=&"q" l(m )/ o | (= x+ x) " dpo () - dpo (%)
q Zy Zp

m=0

n

I R R T R e
0 (-q) Zp Zp

m=

- Sl (l’l, m)

BY (—x)
¢ (—q)™

3

n

=" " q"7"|S1(n,m)|BY) (). (2.24)

m=0

From (1.10), we know that Bﬁqk)(—x) = (—1)"quk) (k + x). Hence, by (2.24), we obtain the

following theorem.

Theorem 2.7 For n > 0, we have

DL @) =" (1) q" Sy (n, m)BYR) (—x) = £ " (=1)"q""|S) (1, 1) | B (x + k).
m=0 m=0
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In (2.23), by replacing ¢ by q%(egt - 1), we get

and

o st n &t k (k) n
NN Gt VAR T N E"Bi'(x+ k) ¢
ZDn,E,q(x) Engnnl =e1 & = Z o (2.25)
n=0 qn e1 -1 n=0 9 !
o Hk *) 1 o pHk (x) & p
Y € ) = Y sy
n=0 9 o n=0 1 I=n ’
0 n_ Hk (x) £
604
= ey S (n,m) | —. (2.26)
2\ 2 e S

By (2.25) and (2.26), we obtain the following theorem.

Theorem 2.8 For n > 0 and k € N, we have

BR@+k) =Y DY, (0)Eq" S (1, m).
m=0
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