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Abstract

This paper mainly discusses the pth moment asymptotic stability and the exponential
stability of nonlinear stochastic functional differential equations (SFDEs) satisfying the
local Lipschitz condition but not the linear growth condition. These new conditions
assume that the coefficients of SFDEs are polynomials or dominated by polynomials.
We establish some sufficient conditions for the pth moment asymptotic stability and
the exponential stability of nonlinear SFDEs by applying some novel techniques.
Some nontrivial examples are provided to illustrate our results.
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1 Introduction

Stochastic modeling plays an important role in describing the dynamical systems in many
branches of science and industries. Since the introduction of Itd’s formula, stochastic func-
tional differential equations (SFDEs) have been used successfully to model such systems in
many application fields such as biology, engineering, economics and finance (e.g, [1, 2]).
The stability of SFDEs, including stochastic delay differential equations (SDDEs), is the
most fundamental problem. It has received lots of attention over past years, and many im-
portant results have been established by many researchers (e.g, [1, 3-13]). In particular,
by exploiting the positivity of the solution, Appleby and Reynolds [14] studied the expo-
nential and non-exponential convergence rates of linear convolution Itd-Volterra equa-
tions. Then Appleby and Rodkina [15] discussed the stochastic stability and stochastic
asymptotic stability of a nonlinear Volterra difference equation. Mao [7] considered the
exponential stability of linear SDDEs, and he also extended it to the case of semi-linear
uncertain SDDEs [9]. Mao [8] investigated Razumikhin-type theorems on the exponen-
tial stability of SFDEs whose coefficients satisfy the local Lipschitz condition and the linear
growth condition, which was used to study the exponential stability of stochastic interval
systems [4].
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On the one hand, most of the stability criteria concentrate on the exponential stability. In
many practical uses, however, stabilizing a system exponentially fast is not economical and
sometimes unfeasible. Therefore, it is also significant to study the asymptotic stability for
SFDEs further. For example, Mao [10] obtained useful criteria on the almost sure asymp-
totic stability for SDDEs. By using Razumikhin technique, Huang and Deng [3] studied
the general pth moment asymptotic stability of SFDEs.

On the other hand, most of the stability criteria above require the coefficients of cor-
responding systems to satisfy the linear growth condition or the one-side linear growth
condition. However, many stochastic systems do not satisfy these conditions. Therefore,
it is necessary to study the stability for stochastic systems without the linear growth con-
dition or the one-side linear growth condition. Recently, Shen et al. [16] used the LaSalle
technique to study the almost sure asymptotic stability of SFDEs without satisfying the
linear growth condition. Then Luo et al. [6] established new criteria on the asymptotic
stability and the boundedness of SFDEs where the linear growth condition was no longer
needed. Liu et al. [5] studied the asymptotic stability of nonlinear SDDEs with the poly-
nomial growth condition.

If the coefficients of SFDEs are polynomials or dominated by polynomials, the existing
methods cannot be used directly (details can be found in examples in Section 6). Thus,
it is natural to ask the following questions: What happens if SFDEs obey the polyno-
mial growth condition? Is there a unique global solution? If yes, under what conditions
do SFDEs have the properties of the pth moment asymptotic stability and the exponen-
tial stability? In the following sections, we shall answer these questions. Our aims are to
establish some new criteria on the pth moment asymptotic stability and the exponential
stability of SEDEs with the polynomial growth condition and the local Lipschitz condition.

The organization of this paper is as follows. In Section 2, we give some necessary no-
tations and lemmas. In Section 3, we discuss the existence of the global solution and the
pth moment asymptotic stability of SFDEs. We find that the existence result depends only
on constants x and « but not on other constants. In Section 4, we give sufficient condi-
tions for the pth moment exponential stability and the almost sure exponential stability
of SFDEs. To make our theory more applicable, Section 5 discusses generalized theory on
the asymptotic stability of SEDEs. To show the applications of our results, some illustrative
examples are given in the final section.

2 Preliminaries

Throughout this paper, unless otherwise specified, let (2, %, {.%}:>0,P) be a complete
probability space with a filtration {#,};>¢ satisfying the usual conditions, and let B(z)
be an m-dimensional Brownian motion defined on the probability space. Let 7 > 0 and
C([-7,0]; R") denote the family of all continuous R"-valued functions ¢ on [-7,0] with
the norm ||¢|| = sup_, 4o [¢(6)|. Let C = Ci%([—t,O];R") be the family of all bounded,
Fo-measurable, C([-t,0]; R")-valued, .%;-adapted stochastic processes. Let n; be proba-
bility measures on [-7,0] which satisfy f_OT dn;(0) =1 (i =1,2,3,4). Let LY(R,;R,) be the
family of all functions & : R, — R, such that f0+°° E(t)dt < 00. We assume that x(¢) is a
continuous R-valued stochastic process on ¢ € [-7,00), x; = {x(¢ + 0) : —=t <0 < 0} for all
t > 0, which is regarded as a C([-t, 0]; R")-valued stochastic process.

Consider an n-dimensional SFDE

dx(z) = f(x;, ¢) dt + g(x,, t) dB(t) 1)
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on t > 0 with initial data {x(0): -1 <6 <0}=¢ € C;O([—I,O];R”), where
f: C([—r,O];R”) x R, — R", g: C([—t,O];R") X R, — R™"™,

Assume, furthermore, that £(0,£) = 0 and g(0,¢) = 0, so system (1) has the solution
x(£) = 0. The solution is called a trial solution or an equilibrium solution.
It is said that f, g satisfy the following local Lipschitz condition.

Assumption 2.1 For each integer k > 1, there is a positive dy such that

(0. 8) — £, 0| V |g(0.8) - g(¥,0)| < dillo - ¥
for all ¢, ¥ € C([-7,0];R"), t € R, with |@| V |¥] <k.

Replacing the linear growth condition or the one-side linear growth condition, we im-
pose the following polynomial growth condition.

Assumption 2.2 There exist constants «, K, &, &, ¥, ¥, 7,y > 0, probability measures 1; on
[-7,0],i=1,2,3,4, and positive numbers n; > 1, ny > 1 satisfying n; +1 > 2n,, and bounded
functions & (), &(t) € L'(R,;R,) such that

0
9(0) t(p,£) < —k|@(0)|"" + & / lo©)""" dmn(6) - &|@(0)[*
0
e / 0@ dna(6) + (1),
n 0 n 0
|g(0,1)| < v|0(0)] 2+ff l@(0)]"™ dn3(0) + 7|0 (0)] +g/ |@(0)| dna(6) + &x(¢)

forall ¢ € C([-7,0;R"), t €R,.

Remark 1 In this paper, the probability measures 7n;, i = 1,2, 3,4, can be weakened to any
right-continuous nondecreasing functions (see [17]). Compared with [5], Assumption 2.2
in this paper is a generalization of the case of hypothesis (H2) of [5].

Let C*1(R" x [-T,+00); R,) denote the family of all continuous nonnegative functions
V(x,£) on R" x [-1,+00) which are continuously twice differentiable in x and once dif-
ferentiable in ¢. For each V € C*!(R" x [-1,+00);R,), denote an operator £V from
C([-7,0];R") x R, to R by

LV (p,t) = Vi(9(0),£) + Va(9(0),£)f (0, £) + %trace[gT(w, )Vax (9(0), 2)8(0, 1)],

where
AV(x,t 2V(x,t
Vt(xl t) = (x ) ) Vxx(x: t) = & ’
ot 89(3,'961‘ nxn
IVi(x, t aVix,t
Vx(x,t):( &y V& )).
axl Bx,,

To obtain our main theorems, we recall a number of lemmas.
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Lemma 2.1 (Barbalat lemma [18]) Ifh(t) is a uniformly continuous function on [0, 00), and
h(t) € LN(R,;R,), then lim,_ o h(t) = 0.

Lemma 2.2 (cf. [18]) Ifh(¢) is a bounded function on [0,00), and h(t) € L*(R,;R,), then for
any B >1, f0+°° KB (t) dt < 0.

Lemma 2.3 (cf [5]) Assumea,b,q>0,b>q,a > p > 0. Ifthe following condition holds,

-

a B -
e (@ —p)BaFoeh,

then there exists a € (0,a) satisfying, for all t > 0,
a+bt*—qtf >a.

Lemma 2.4 (¢f. [12]) Assumea,f > 0.Foranyh(t) € C(R";R), if limsup, _, .. (h(£)/[£]*) = 0,
then there exists a constant H satisfying

sup{—,B|t|°‘ + h(t)} <H.

teRr"

Lemma 2.5 Let A;(t) and A,(t) be two continuous adapted increasing processes on t > 0
with A1(0) = A3(0) = 0 a.s., let M(t) be a real-valued continuous local martingale with
M(0) = 0 a.s., and let ¢ be a nonnegative Fy-measurable random variable such that
E¢ < 00. Define X(t) = ¢ + A1(t) — Ay (8) + M(¢) for t > 0. If X(t) is nonnegative, then

{ lim A (¢) < oo} C [ lim X(¢) < oo] N { lim A,(t) < oo] a.s.,
t—00 t—00 t—00

where C C D a.s. means P(C N D°) = 0. In particular, if lim,_, o A1 (t) < 00 a.s., then with

probability one,
lim X(¢) < oo, lim A,(¢) < 0o, —00 < lim M(t) < oco.
t—>00 t—>00 t—>00

This lemma is called nonnegative semi-martingale convergence theorem (see [19]),

which will play an important role in this paper.

3 pth moment asymptotic stability of SFDEs
The classical theory is not used directly to system (1), so it is necessary to establish the
following existence-and-uniqueness result.

Lemma 3.1 If Assumptions 2.1, 2.2 and « > k hold, then for any initial data § € C, there
is a unique global solution x(t, ¢) of system (1) on t > —t.

Remark 2 To ensure that a stochastic differential equation has a unique global solution
for any given initial data, the coefficients of this equation are generally required to satisfy
the linear growth condition and the local Lipschitz condition (see [1, 2, 20]) or the linear
growth condition and some non-Lipschitz condition (see [21]), which shows that the lin-
ear growth condition plays an important role. In this paper, however, we only require the
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coefficients to satisfy the polynomial growth condition and the local Lipschitz condition.
The solution of system (1) may explode at a finite time, so it is important to examine the
existence and uniqueness of the global solution of system (1). Since it is not so easy to
see this fact directly, we give the proof in the appendix. The fact that we write down our
Lemma 3.1 here is to keep our paper completely based on Assumptions 2.1 and 2.2.

Compared with the non-explosion of the global solution (Lemma 3.1), the asymptotic
boundedness in the sense of pth moment is more interesting. We also state the following

result of asymptotic boundedness and give the proof in the Appendix.

Lemma 3.2 [fAssumptions2.1,2.2 and k > k hold, then for any p > 0 and any initial data
¢ € C, there exists a constant M, > 0 such that the global solution x(t,¢) of system (1) has
the property

sup E|x(t, ;)’p <M,.

—T<t<+00
To study the pth moment asymptotic stability, we prove the following lemma.

Lemma 3.3 If Assumptions 2.1,2.2 and k > & hold, then for any p > 2 and any initial data
¢ € C, EIx(¢t, ¢) P is uniformly continuous on [0, 00), where X(¢, §) is the global solution of
system (1).

Proof For the sake of simplicity, write x(¢) = x(¢,¢), x; = xf. From Lemma 3.2, we know
that for any p > 2, sup_, ;. E[x(¢)[” < M,,. Using It6’s formula, we compute that, for any
O<s<t<oo,

[E[x@)[ - E[x()["|

- g‘E / x(n [ (2xT (NE(x,, 7) + g0 N[ + (0 = 2)|x ()|

x [x"(rg(x, r)|2) dr

< %75/ [x(r) ’piz(‘ZxT(r)f(xr,r)‘ +(p- l)yg(xr,i”)‘z)] dr
< g /tE(2|X(V) |P—2|XT(r)f(xr’ r)| + (p — l)ix(r) |p_2|g(xr, r)|2) dr. (2)

From Assumption 2.2, through simple computation we get that

!x(;’)‘pi2 ‘xT(r)f(x,, r)‘

b2 x(n[ + L X" (), )P
p-1 p-1
- -2
< p_z |x(r) |P—1 + 57 |:Kp_1 |x(r)|(n1+l)(p—1)
p-1 -1

p-1

0
+Rr! ( [ ixay dm(@)) # & ()
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o 1
+£1"1</ |x(r+9)|2d772(9))p +§‘f’1(r)],
|X(I") |p_2|g(xr: r)}z

P2

2 Jx() + §|g(xr, P

p-2

0
— 1%5’“ [yplx(r) [+ 7 ( f [x+0)[" dmw))p

0 p
+ PP |x(r)|” + ¥’ </ x(r +6)| dn4(0)> + sf(r)],

where we have used the elemental inequalities: for any ¢,b,a,8 > 0, a + 8 > 0, ¢*bP <
d 1
v T L gb* P forany ¢; > 0,i=12,...,d,0 21, ° )’ <d’ 3oL, f

By virtue of the boundedness of & (&), Sz(t) assuming & (¢) V & (¢) < ¥ and substituting
(3) into (2), we have

=

3)

EX@)]" - Ex()"|
52 D) g :
—5/ 22 Efx| 42 p_l[“"‘lfixw( W x|
0 -1 0 -1
+E1"1E( / |x(r+e)|(”““dm(9)>p +£1"1E( / |x(r+9)|2dn2(9)>p

. f*(r)] P22 DENGI + 25 1)[%15( / x4+ 6" dns(9)>p
p p T

0
+ yPE|x(r) |1’”2 + )QPE|x(r) |19 + ZPE(/ |x(r + 9)| dm(@))p + S;(r)i| dr

-2
<5 / 2’9—215 X 2 |:Kp_1E|X(V)|(n1+1)(p_l) +RPLE|x(r) [
2 p- p-1

0 0
] / Elx(r+0) " dpy9) + 2! / Efx(r+6)| "™ da(6)

0
+s{"1(r>]+ 5P o~ 1>[ / E|x(r+6)["" dns(6)

+ ypE|x r) |pn2 + )7"E|x(r) |p + Z"/ E|x(r + 9)|p dna(0) + Sf(r)] dr

_p[,p-2 57 . e
=3 [%ﬁ% 1+2 p_l(K” My ) + RP Mgyt

+ I%pile(p_l) + &pile(p_l) + \pril) + p

2

~1)M, + =5 (p-1)
p

X (prlle + Y Mpn, + VM) + ZpMp + \ij)](t -5),

which completes the proof of the uniform continuity of E|x(t)| O

In this section, our aim is to study the pth moment asymptotic stability of system (1). The

1).
following theorem establishes a new sufficient condition for the pth moment asymptotic
stability.

Page 6 of 24
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Theorem 3.1 If Assumptions 2.1, 2.2 and the following condition (4) hold,

7y 5 +y)?
(2)2’:_)2)+2(12_KJ;i21L(K_E)<1, (k —x)—L(k —ik) >0, Kk —k >0, (4)

then for any p € (0,po) and any initial data ¢ € C, there is a unique global solution x(t, ¢)
of system (1) on t > —t, and x(t, §) is pth moment asymptotically stable, namely

lim E|x(5,8)|” =0, ()
t—00
2n9 -2 1-m -\2 ();+}/)2 B
where L = (nmy — 2ny + 1)(2ny — 2) 172271 (g — 1) 1202+ pg =1 + [(2};2/:;) + Z(Q_K)_EL(K_,})] g

Proof From Lemma 3.1 and condition (4), there exists a unique global solution. For the
sake of simplicity, write x(¢) = x(¢, ¢). Moreover, from the definition of po and condition
(4), we have pg > 2. For any p € [2, po), applying It6’s formula to V(x, t) = |x(¢)|” and using

the elemental inequalities (for any ¢,b € R, 0 <6 <1, (c + b)? < f 5 ”9—2), we obtain

0
2V = xop [‘2K|x<t)|'“+1 +2i [ xte o)™ a0

0
—2k|x(@)| + 2£/ |x(2 +6)|* dn2(6)

—_ 2 2 0
+P_1(7;_|x(t)‘2"2 + ly_éf |x(t+9)‘2n2 dn3(9))
1 —01J-7

L1
+ _pml 79—2|x(t){2 +
p2(1 = p1) \ 82

p-1 2
A= o) (”}

_ -1 [p? 2 2
< 3[—2(,( ) x(e)[F - (2;2 — 2 - pi(y— + L ) Ly
2 p1-p)\ 8 1-6 p

_ -2
p-1 1 p-2, >| @[ + pp 1 <y_ + y_> |x(t)|p+2"2_2] +2k)>
1

) +26(2)

- l-py p 8 1-4
2 52
-1 )4 -1 2n _ o om+1
P kA <k 2+ pi———];
02(1—=p1)1-6; 2 pp 1-61p+2ny-2 p+m-—1
_prp=2) p p—l 1 _pp-2)
+28 2 EX(t)+ e, 2 EP(D), (6)
1 1 1= 1= py 2 2

where p1,02,81,8, € (0,1), /i = [° Ix(t + 0)P"1 71 dny(0) — [xOP™, J = [° x(t +
0)1” diy(0)— [x(£) 7, 13 = 2 Ix(E+6) P22 dn3(6) — Ix(8) P22, Ty = [ [x(£+6)1P dna(6) -

p v
|x(£)|P. Setting &; = ﬂ/, 8y = Sy We have

_ =)2
LV < g[ 2 - )|y ¢ PV T 1);’”’”) |x(t)|”*2”2‘2_<z,e_2£
1

_(P—l)()?+z)2_p—28p p- 1 p-2
p2(1 = p1) p ' o1- /01 PP

85) |x(2) |p] + 2K/,

Page 7 of 24
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_ om+1 ]+€(p—1)(37+y))7 21y +(P—1)(Z+)7)Z]
p+m—-1""2 o1 p+2m-2"° PE
_rp=2) p -1 1 _pp-2)
b
+2e, 2 EX(t)+ —e, 2 E. (7)
1 1 1o 1y 2

Let G(x(t)]) = (2(¢ ~10) ~ T2 (- 1)) + 2(c = ) x(O)1" 1 = L (y + 7)2|x(®) 2. Because

_ . 2
p € [2,po), then (p - 1) gy p- I)L) < 1. So there exists uy > 1 such that

2(k—k) 2(k—K)-2L(k -k
(y+7)* @y (y+7)? sfvi
p-1 Sies o + (p- l)m =1l Let py(u)=(p-1) T U € [1,u0), satisfying
- Y]
2k —ic) > ﬁf; (y +7)? 2(k — k) - K;}y—()u)(p —1) > 2(k — k)L. Using Lemma 2.3, we get

that there exists a constant a > 0 satisfying inf;~¢ G(|x(¢)|) > a. So we choose p, which is
sufficiently close to 1 and sufficiently small €3, &5 such that

-1 +y) _2(p-2)8f_ p-2)p-1 1 8},>

2(k — k) —
< - (1-p1)p2 p p l-pl-p *

-1 o —
P2+ 92 x|
L1

-1 -
’ >d.

+2(k — E)‘x(t)

Thus, we have

+1 -1)(y +y)y 2
LV < —E&|x(t)‘p + pic Lh + 2] + p=D+y)y 2 I3
2 p+m—-1 2 1 p+2ny—2

-Dy +7)y P2 p p-1 1 _e&2
= T w2 T EN() ——& 7 &)
1-p;m * ! ! l-pl-py * >

By virtue of the fact that fot(fi [x(s + 6) ¥ dn;(8) — |x(s)|") ds < fi [x(s)|"i ds for w; = p +
m—1,ws=p+2ny —2, wy =wy = p, respectively, we have

t 0
E[x@)" EE”‘(O)F_g&fO Elx(s)|" ds +pEan—:1—1/ E[x(s)["™" ™ ds

> > 0
L0 -DG Y 2m / ElxP ds

2 1 p+2ny -2

( (p—l)(zﬂ?)z)
+| 2k + ——————
- 1-p

T

0 fp—1 1 _rw-2 _rp-2) p
x/ E|x(s)|pds+/ [‘”——szpz EL(s)+ 26 2 gﬁ(s)}d& )
— o l1-;m1-po

From (8) and Lemma 2.2, we get that fooo E|x(s)|? ds < co. Combining with Lemma 3.3, we
claim that E|x(¢)|? is uniformly continuous on [0, 00) for any p € [2, py). Due to Lemma 2.1,

we have

lim E|x(¢)|” = 0. ©)

t—00
For any p € (0,2), using Holder’s inequality, we get

p
2

lim E|x(¢)|” < lim (E[x(8)]*)? = 0. (10)
t—>00 t—00
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Remark 3 Clearly, the key of the proof is the positive lower-boundedness of the function
G(|x(¢)]), which depends on condition (4) and the definition of pg.

4 Exponential stability of SFDEs
To study exponential stability, we slightly modify the polynomial growth condition (As-
sumption 2.2) as follows.

Assumption 4.1 There exist constants «,i,K,K,k0, Y, ¥, )9,1, Yo > 0, o, > 0, proba-
bility measures 7; on [-7,0], i = 1,2,3,4, and positive numbers n; > 1, ny > 1 satisfying
1 + 1> 2n, such that

0
0(0)7 (9, 1) < —|p(O)"™ + & f 10" dn(6) - 2 |(0)”

0
e / 10(0)[* dia(6) + koe "

0 0
|8(e, )| < v]e(0)|™ + 17/ @(0)|"™ dn3(6) + 7| @ (0)] +Z/ |@(0)| dna(6) + yoe™?*
forall ¢ € C([-7,0;R"), t €R,.
Remark 4 It is obvious that Assumption 4.1 is only a special case of Assumption 2.2.

In this section, our aim is to study the exponential stability of system (1). We have the
following theorem.

Theorem 4.1 If Assumptions 2.1, 4.1 and condition (4) hold, then for any initial data ¢ €
C, there is a unique global solution x(t, §) of system (1) on t > —t, and x(¢, ¢) is almost surely
exponentially stable and pth moment exponentially stable for any p € (0, po), namely

log(Ix(£,8)1) _ &

limsuyp————= <-—, pe€[2,po)a.s., (11)
t—00 t p
log(E|x(t, &) P
lim sup M <-gp, pel2,po)
t—00
log(E|x(t, ¢)IP
lim sup M < —ESZ» pe(0,2), (12)
t—00 t 2

where py is the same as defined in Theorem 3.1, and ¢, is a positive constant which only
depends on p but not on ¢.

Proof From condition (4) and the definition of po, we obtain (p — 1) (y”’) +(p-1)x

2(k—ic)
o2
% <1 for any p € [2, po). Then there exists at least a sufficiently small positive
V+V (y+7¢57) (P+P)(7+ye’) ¢ L) — & — (i —
constant ¢ satisfying (p — 1 SG—fe) +(p- 1) L0 Lo LT <1, (k = Lk) 5 (k.
Li)ef™ > 0,k —kef™ >0, & < ZL, ¢ < pay. So, by the continuity, define
v+ Py + 7€) 7+ +ye”) 1

’

gy, =supye>0: — + — - <
P p{ 2(k — kee) 2(K—LK)—I%£—2(£—LK)6“ p-1

e
(k — LK)—I;—(K Lic)e’™ >0,k —ike® >08<pg,8<p052}
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From Lemma 3.1 and condition (4), there exists a unique global solution. For the sake
of simplicity, write x(¢) = x(¢,¢). For any p € [2,po), applying Itd’s formula to V(x,?) =
et |x(t)I?, € € (0,¢,] and using the elemental inequalities, we have

$|x(t)|p + s|x(t) |p

0
<ex@)| + §|x(t) - [-2K Ix(8)] ™ = 2k |x(8)|* + 2k f Ix(¢ +6)|"™*" dn ()

0 -1 2 o =2 0 o
+2£/_r|x(t+9)|2dn2(0)+%<);—l|x(t)|2 + Y /:f|x(t+9)|2 dns(e))

1-8
. 2
p-1 (p* o ¥ / )
Ao\ 5 Xt = t+0)]" dna (0
+Pz(1—ﬂ1)<82 x(0)] 125, _,|x( +6)|"dna(6)
¢ p_l 22ati|
et 4 & — 2,20
’ (L-p)(1—p2)"°

-2 +1 -
513 Y P b e ) ) |x@ ™ !
2 p+m-1 p+n -1

. p-2 2, p-1 (9> ¥V® (p-2 2.
-2k -2k +—€" ) -——m | — + —= — + —¢
p p pA-p)\ 8 1-5\ p p

-2 -1 1 -2 2
_2p p p p 817 8) ’X(t)‘p

e _ _z
p ' l-pl-pp p  p
-1 2 2 -2 2 _
+P V_ + 4 p + "3 P |X(t)|p+2n2 2
Jt 6 1-5\p+2ny-2 p+2ny-2
2 _
DY A il S G o et v 2m Jepe—t L
02(1=p1)1=6 2 p1r 1-81p+2my -2 p+n—1
_pe=2) p, p-1 1 _p-2)
+2e; % (kZe 2%%) 4 e, 2 (yleret
! (o ) l-pl-py? % )
} R S
SIZ[—Z(K—EeHHx(t)\pml1—<2K—2£e”— p (y_+ = e”)
2 pmA-p)\ 8 1-6
—2 -1 1 p-2, 2 1/ 2
_oF 8f—p L4 85——8)’x(t)|p+p (y_+ Y e”)
)4 1-ppl1-p2 p P o \& 1-4
2 =2
_ -1 Y -1 2
x [x()|""*" 2]+2y2+ T L Rt v
p2(1—-p1) 1-6; 2 pp 1-81p+2nmy—-2

Pp-2) -1 1 w2

&, (yéje_p"‘zt), (13)

(Kog e‘g‘“t) + 2

_ n1+1 ] 27
+pik——J1 + 2¢
-1 ! 1-p11-p;

pt+m

Where P15 02, 51; 82 € (0! 1)! ]l = f_of |x(t + 6)|p+n1—1 d’?l(e) - ear|x(t)|p+n1_l’ ]2 = fo

O dinn(6) — e Ix(B)1P, J5 = [, Ix(t + )22 dugs (0) — € x(e)[P*2272, Jy = /S

T
0)1P dna(0) — €7 |x(2)|P. Setting &; = #, 8y = %, we arrive at

|x(t +
|x(t +

Zx@) +elx@®)]”

-V +y)7 +yeT)
p2(1-p1)

< g [—2(K - Ee”) ’x(t) }p+n1—1 - (2/2 —2ke’" —

-2 -1 1 -2 2
Yt Y 4 P=2ep —8>|x(t)|p
p 1-pl=py p p


http://www.advancesindifferenceequations.com/content/2014/1/302

Feng and Li Advances in Difference Equations 2014, 2014:302 Page 11 of 24
http://www.advancesindifferenceequations.com/content/2014/1/302

-1 Py Y ad _ m+1
N p-Dy+y)y+vy )ix(t)|19+2"2 2:| + pic 17]1 + (2K)/5
P1 -1
-DF+y)y 2 p-Dy +7)y e g
p-DF +y)7 7y I+ LEARACS) A Vo P e aont
2 01 p+2ny -2 ,02(1_101)
-1 1 _pe2

f— pl-py Tylereat, %)

Let H(x(0)]) = (26 ~2ie"" ~ PRI — Be) 421 —iee ™) (1)1 - L DT o

|x(¢)|?"272. By the same technique as the function G(|x(¢)|) in Theorem 3.1, we get that
there exists a > 0 satisfying inf,-o H(|x(t)|) > @. So we choose p, which is sufficiently close
to 1 and sufficiently small ;, €, such that

&l — e - Z¢
p2(1-p1) p ' l-pl-pp p * p

L e U

_1 % 93 ET _ _ _
(%_Zﬁeg,_(p W@+ )7 +ye ))_219 2, p-1 1 p-2, 2)

>d.

Hence, we have

Zx@) +elx@®]”

= m+1 -y +y)y 2n
5—1—96_1|X(t)|p+p1217]1 +2U2+£(p Wy +v)y 2 I,
2 p+m—1 2 01 p+2ny-2
-y +7)y =2 p 1 1 _re2
+ b 4+281 2 02 177 ot 4 &, 2 yé’efpazt.
L-p 1-p11-p

By virtue of the fact that

t t 0 0
/ eJ;ds = / e’ (/ [x(s + )" dni(6) — 7| x(s) Wi) ds<e’ / |x(s)
0 0 -7 -7

forwy =p+mn —1, ws =p+2ny — 2, wy = wy = p, respectively, and using Ito’s formula to
V(x,t) = e |x(t)I?, € € (0,¢,], we have

”|x t)|p |x(0)|p /t ”(,Z!x(s) |p + 8|X(S) |p) ds + M(t)
0

t
S|x(0)|p—‘gc:z/ el ds o LETVT T2 Z/e%ds
0

It p+2ny —

n +1 ¢ D(y +7)y
2 / ”]1d5+2/</e”]2ds+(p = / T ds
p+m—-1Jp 0 1-pm 0
-2 p [t

+2¢ K02/ elem29s g
0
-1 1 _pp-2) ¢
, y(f/ 2P 4 + M(t)
1-p1-po 0
t
< x| -2z / ¢ |x(s)|/ ds
0
+I_7(P—1)(V +y)y / |X( )|p+2n2 2
2 yot p+2n2—
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1 +1
+pELe / x(s)[” s
p+mn—1

+<2£+(p 1)(V+)/)V) /|x )W ds

1-p1
_p=2) p 1 p(p2) 1
+28 % ki & Yo ——— + M(2), 15
! 0(5011—8) 1—,011—,02 2 * (por —€) ®, a3

where M(t) = fo pe’s|x(s)|P1g(x,,5) dB(s) is a local martingale with the initial value
M(0)=0. i

(0) = 0. Applying the nonnegative semi-martingale convergence theorem (see Lem-
ma 2.5), we obtain that

limsupe”|x(t)‘p<oo a.s.

(16)
[—00
Hence, there exists a finite positive random variable E such that
sup e”’x(t)‘p < as. (17)
0<t<oo

So, letting ¢ — ¢, in the inequality above, we claim that

1 ¢
s 2EXOD _ e

<-—=, pel2,po)as,
t—00 t p

which is the required result (11).
Next, we prove the result (12). From (15), we get

Ee8t|x(t)|p = E|x(0)|p+E/£e“($|x(s)|p+e|x(s)|p) ds
0

¢ _ - —
< ExO) - ZE [ xo) ds+ L@V Y 2
2 0 2

01 p+2n;—2
0
x / E|x(s)‘p+2nr2 ds + pic
-7

+1 0 _
+pKLeﬂf E|x(s)‘p+n1 Yds
p+m-—1 -
p-Dy +7)y P2 p ]
+<2£+I4> fE|x )Wds+2e; 2 k§—
—P1 -

ET

(Gou —¢)
pol 1, 1
+ & Vo ——
l-pil-p ° % (pory — €)
S C1, (18)
where ¢ = 2@Dwy _2m

1
PR TS = piaeg e [0 EXEP 2 ds + PRy e [° Elx(s)Prtds +
(p-1)( )_ £T P 272) _pp-2)
(2&"7) f E|x(s)[P ds+2¢,

p
2 2
Ko

1
=

Bay-e) ' 1-p1 1~ “m 2
This imphes

Y sy + EIXQ)P.
Elx®)]" <ce™, Vt>o. (19)
So, letting ¢ — ¢, in the inequality above, we claim that, for p € [2, py)

log(E|x(¢)|P
imsup 2O

t—>00

—&p.
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For any p € (0,2), using Holder’s inequality, we obtain

Ex@f < Ex@)E <ciebe, (20)

where ¢, = E|x(0)|? + y”’ e”f E|x( s)|2”2ds+(2 44
2/«6“[ E|x(s)|”1*1d5+

) eff E|x s)|2ds+2/c0(a1 5+
oo m )/0 2a2 3 which ylelds the assertion, for p € (0,2),
i log(E|x())/") _ p

imsuyp———— <-—¢

= 2y
t—00 t 2

which is the required result (12). O

Remark 5 Since Assumption 4.1 implies Assumption 2.2, the conditions of Theorem 4.1

can guarantee the pth moment asymptotic stability.

As a special case of Assumption 4.1, we obtain the following corollary directly from
Theorem 4.1.

Corollary 4.1 If Assumptions 2.1, 2.2 and condition (4) hold, and the bounded functions
& (2), & () in Assumption 2.2 are 0, then for any p € (0,po) and any initial data ¢ € C,
there is a unique global solution x(t, §) of system (1) on t > —t, and x(¢, ) is almost surely

exponentially stable and pth moment exponentially stable, namely

1 £ g,
lim sup log(Ix(©.4)1) <-L, pel2,po)as.,
t—00 t p
log(E|x(z, ¢)? ,
lim up M S _gp, p = [2’p0)’

t—00 t

JOsEXEOP) b

limsu < —5f» P €(0,2),

t—00 t

where py is the same as defined in Theorem 3.1, and ¢, is a positive constant which only

depends on p but not on ¢.

5 Generalized theory on asymptotic stability of SFDEs
Under Assumptions 2.2 and 4.1, we can see from the proofs of Theorems 3.1 and 4.1 that
the positive lower-boundedness of the functions G(|x(¢)|) and H(|x(¢)|) play important
roles, while condition (4) and the definition of py are mainly used to ensure the positive
lower-boundedness of the functions G(|x(¢)|) and H(|x(£)|). So we wonder whether there
exist more general assumptions and new conditions to guarantee these results. This is
equivalent to finding more general assumptions and new conditions such that system (1)
can still have the previous results, namely there exists a unique global solution almost
surely, and the solution is asymptotically stable and, moreover, exponentially stable.

To make our theory more applicable, we replace the polynomial growth condition (As-

sumption 2.2) by the following general assumption.

Assumption 5.1 There are two functions V € C*{(R" x [-T,00);R,), W € C(R" x [-T1,
00); R, ) and three probability measures 7; on [-7, 0] with f_or dn;(0)=1(i=1,2,3), as well
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as some constants ag, a1, d, a3, k1, ko, k3 > 0, and B, > B > 1, such that

liminf  V(x,¢) = oo, (21)

|x|— 00,0<t<0c0

while for all (¢, t) € C([-1,0];R") x R,,
D%V((P, t) <ag—a; Wﬂz ((0(0), t)

0
+ky / W2 (p(0), ¢ +0) dni(0) + as W (9(0), t)

T

0
+ ko / wh (9(0), ¢ +6) dna(6) — as W (9(0), )

T

0
+ /<3/ W (p(0),t+6)dns(0). (22)

T

Remark 6 Condition (21) is known as radial unboundedness in the literature [20].

Remark 7 Compared with [22], our condition (22), different from their condition (5.4),
emphasizes that £’V is dominated by a polynomial function of W. What is more, the prob-
ability measures 7; can also be weakened to any right-continuous nondecreasing functions
(see [17]).

In the same way as [22], we can prove the following lemma.

Lemma 5.1 If Assumptions 2.1, 5.1 and a, > ki hold, then for any initial data ¢ € C, there
is a unique global solution x(t, ¢) of system (1) on t € [-t,00).

Now we examine the asymptotic stability and the exponential stability of system (1).
Theorem 5.1 If Assumptions 2.1, 5.1 and the following condition (23) hold,
ar -k >as+ky>0, as —k3 > (a1 — k)L, ag =0, (23)
except that (22) is replaced by
ZLV(9,1) < ao—am V™ (9(0),t)

0
+ky / v (@©),£+0)dni(0) +ay VA (9(0),2)

T

0
+ky / VP (@(0),t+0)dna(0) — a3V (9(0), £)

T

0
+ k3 / V(p(6),t+6)dns(6), (24)

T

then for any initial data ¢ € C, there is a unique global solution x(t, &) of system (1) on
t € [-1,00), and V(x(t, &), t) has the following properties:
(i) IfV(x(t, &), ) is uniformly continuous about t on [0, 00), then

t1~l>I£lo V(x(t,{),t) =0 as (25)
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(i) IfEV(x(t,¢),t) is uniformly continuous about t on [0,00), then

Jlim EV (x(£,£),¢) =0, (26)

where L' = (B — fu)(Bs — 1) P27 (B, — 1) a-fi

Proof The proof is similar to Theorem 3.1. From Lemma 5.1 and condition (23), there
exists a unique global solution. For the sake of simplicity, write x(£) = x(¢,¢). Applying
Ito’s formula to V(x(¢), £), we have

LV, t) < —(a1 — k) VP (x(t), t) +(ay + ko) VA (x(t), t) — (a3 — kg)V(x(t), t)

+ kil + kaJo + k33, (27)
where J = [ VA2 (x(t + 60),£+ 6) dm(0) — VP2 (x(0),0), Jo = [°. VP (x(t + 6),¢ + 6) dna(6) —
VA(x(D),0), J5 = [° V(x(t +6),t+6)dn3(60) - V(x(2), ).

Let Q(V(x(t),1)) = (a1 — k) VP21 (x(¢), t) — (ay + ko) VAL (x(2), t) + (a3 — k3). By the same
technique as function G(|x()|) in Theorem 3.1, there exists a constant Q > 0 satisfying
inf~o Q(V(x(t),£)) > Q. Hence, we have

LV (x4, 1) < -QV (x(0),£) + kiJy + koJs + ksJs.

By virtue of the fact that

t t 0 , ,
‘/0 Jids = /0 (/_r \% t(x(s+0),s+9) dn;(0) -V l(x(s),s))ds
0
< / Vv (x(s),s) ds

for w| = Ba, wh = B1, wy =1, respectively, and using Itd’s formula, we have

V(x(2), )

V(x(0),0) + fo tf\/(xs,s) ds + M;(2)

IA

ot 0
V(x(O), 0) - Q/O V(x(s),s) ds + ky / Vb2 (x(s),s) ds

0 0
+ky / VP (x(s),s) ds + ks f V(x(s),s) ds + My (), (28)

T T

where M;(t) = fot Vi(x(s),5)g(xs,8)dB(s) is a local martingale with the initial value
M;(0) = 0. Applying the nonnegative semi-martingale convergence theorem (see Lem-
ma 2.5), we obtain that

limsup V/(x(¢),£) <00 as., /OO V(x(s),s) ds < 00. (29)
0

t—00
Hence, from Lemma 2.1 and the uniform continuity of V' (x(z), £), we get the required result

(25)

lim V(x(t),t) =0 as.

t—00
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Next, we prove the result (26). From (28), we get that
t
EV(x(t), t) = EV(x(O), O) +E/ ZLV(x,s)ds
0

) t 0
< EV(x(O), 0) — QE/ V(x(s),s) ds + klE/ P2 (x(s),s) ds
0

-T

0 0
+ sz/ vh (x(s),s) ds + k3E/ V(x(s),s) ds. (30)

T T

This implies
E/ V(x(s),s) ds = / EV(x(s),s) ds < 0. (31)
0 0
Hence, from Lemma 2.1 and the uniform continuity of EV(x(¢), £), we have
lim EV(x(¢),t) = 0,
t—0o0
which is the required result (26). g
Theorem 5.2 [f Assumptions 2.1, 5.1 and condition (23) hold, except that (22) is replaced

by (24), then for any initial data § € C, there is a unique global solution x(¢,§) of system
(1) ont € [-1,00), and V(x(¢,¢), t) has the following properties:

los(Vx(6).0) _

limsu < -
t—00 t

5 log(EV(x(2,£),1))

imsup - = -
t—00

where € is a positive constant which does not depend on ¢.

Proof The proofis similar to Theorem 4.1. From condition (23), we obtain that there exists
at least a sufficiently small positive constant ¢ satisfying a; — k1e®* > ay + ko€ > 0, (a3 —
al’) — e — (ks —kiL")e’™ > 0. So, by the continuity, define

g=sup{e>0:a;—kie” > ay + ke >0, (a3 —arL') — e — (ks — kyL')e’™ > 0}.

From Lemma 5.1 and condition (23), there exists a unique global solution. For the sake of

simplicity, write x(¢) = x(¢, ¢). Applying Itd’s formula to eV (x(¢), t), ¢ € (0, ], we have
LV (x,t) +eV(x(2), 1)

0
<-aq, VP (x(t), t) +ky / 1% (x(t +0),t+ 0) dni(9)

-7

0
+a, VP (x(t), t) +ky / VA (x(t +0),t+ 0) dn,(0)

0
—(az — &)V (x(t),t) + ks / V(x(t+6),t+6)dns(0)

-7
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< —(al - kle‘”) 1% (x(t), t) + (az + kze”) vh (x(t), t)

- (613 - kge” - 8) V(X(t), t) + k1]1 + kz]z + /(3]3, (32)

where J; = [ VP2 (x(t+6),£+0) dm(0) - V2 (x(t),8), o = [ VA(x(£+6),£+6) dn(6) -
eETVA(x(2),1), 3 = fi V(x(t +0),t +0)dn3(0) — e** V(x(2), t).

Let R(V(x(2), 1)) = (a1 — ki) V2L (x(8), 1) — (ag + koe®") VAL (x(2),8) + (a3 — k3e® — ¢g).
Noting the definition of &€ and by the same technique as the function G(|x(¢)|) in Theo-
rem 3.1, there exists a constant R > 0 satisfying inf;-o R(V (x(£),t)) > R. Therefore, we have

LV (xp,t) +eV(x(8),£) < =RV (x(2),2) + kiJy + koJ> + ksJ3.

By virtue of the fact that

t t 0 , ,
/ e*J;ds = / e’”(/ Vi (x(s +0),s+ 9) dn;(0) — T Vi (x(s),s)> ds
0 0

T

0
<’ / Vi (x(s),s) ds

T

for wy = By, wy = B1, wy = 1, respectively, and using Itd’s formula, we have
t
e”\/(x(t), t) = V(x(O), O) + / e (,,S”V(xs,s) + EV(X(S),S)) ds + M(¢)
0

Y 0
< V(x(O),O) —R/ e‘”V(x(s),s) ds + kie’* / vh2 (x(s),s) ds
0

-7

0 0
+ ket / vh (x(s),s) ds + kze°* / V(x(s),s) ds + M, (), (33)

T T

where M,(t) = fot €=V, (x(s),s)g(xs,s) dB(s) is a local martingale with the initial value
M,(0) = 0. Applying the nonnegative semi-martingale convergence theorem (see Lem-
ma 2.5), we obtain that

limsupeV(x(2),t) <oo  as. (34)

—>00

By the same technique as (16) in Theorem 3.1, letting ¢ — &, we claim that

i log(V(x(®),8)) _
imsup ———— <-¢& as.
t—00

Next, we prove the other result. From (33), we get that

Ee*'V (x(8),t) < EV(x(0),0) — I_QE/t eV (x(s),s) ds + kle”E/O VP2 (x(s),s) ds
0

-7

0 0
+ kze”E/ vh (x(s),s) ds + kge”E/ V(x(s),s) ds

T T

< (4, (35)

Page 17 of 24
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where ¢; = EV(x(0),0) + kie" E [° VF2(x(s),5) ds + koe""E [ VF1(x(s),5) ds + ke "E x
S ,o, V(x(s),s) ds. This implies

EV(x(£),t) <cse™, Vt>0. (36)

So, letting ¢ — ¢ in the inequality above, we claim that

. log(EV(x(2),2)) _ _
limsup ———= < -¢. m
t—00 t
6 Examples
In this section, we shall discuss some examples to illustrate our theory.

Example 1 Consider the scalar generalized stochastic logistic differential system of pop-
ulation extinction as follows:

dx(t) = x(£)(=2 — x(£)) ¢ +x(2) (1 + x3 (£)) dB(2) (37)

with initial data x(0) > 0, x(0) € C, where B(¢) is a scalar Brownian motion.

Similar to the proof of Theorem 2.1 of [23], using the Lyapunov function V(x) = x —
1 —log(x), we claim that the solution of system (37) is not only positive but also will not
explode to infinity at any finite time; and we compute that

xTt(x;, £) < =|x(8)] = 2|x(0) ",

|g(x, )] < [x(6)] + |x(t)|%.

So, the parameters used in Assumption 2.2 are k =1,k =0,k =2,k =0,y =1,y =0,
y=1,7 =0,m =2, ny = 4/3. Through a simple computation we obtain that L = (n; — 2n, +

B % % 4 (y+)7)2 (17*')’)2 -1 iy
1)(2ny =2) =212 (py = 1) =203 = %, po =1+ [2(:<—f?) + 2(:?—5)—5L(K—/?)] = 2.3, and condition
(4) is satisfied.

Through Theorem 3.1, we claim that the solution of system (37) is pth moment asymp-

totically stable for any p € (0,2.3), namely
lim E|x(t,¢)|” = 0.
t—00

Through Corollary 4.1, we claim that the solution of system (37) is almost surely expo-
nentially stable and pth moment exponentially stable, namely

1 L, e,
lim sup M <2 pe(2,23)as,
t—00 p
. log(E[x(z, £)IP) ,
hiiigp — <-¢, PE [2,2.3),
log(E|x(t, &) P
limsup EEXKEON) _ Py 0,9),
t—00 t 2

where ¢, is a positive constant which only depends on p but not on initial data x(0). Figure 1
shows a stochastic trajectory generated by the Euler scheme for time step A = 107> for
stochastic system (37) on [0, 1] with initial data ¢ = 10.
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0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 1 Generalized stochastic logistic differential system. The red curve shows a stochastic trajectory
generated by the Euler scheme for time step A = 107 for one-dimensional stochastic system (37) on [0, 1]
with initial data ¢ = 10 in Example 1.

Example 2 Let us consider the scalar SFDE as follows:

dx(¢) = (—4x5(t) —6x(t) + 2Df (x¢) + 2D5(x;) + é(t)) dt + %(xz(t) +x(£)

+D3(x;) + Da(x;) + £(2)) dB(2) (38)

with initial data {x(0): -t < 6 < 0} = ¢ € C, where B(t) is a scalar Brownian motion.
Moreover, D; are bounded linear operators from C([-7,0];R) to R satisfying |D;(x;)| <
fi |x(¢ + 0)| dn;(0), where n;(-) are probability measures on [-7,0],i=1,2,3,4.

(1) If the function £ (¢) is defined by

1 1
£(t) = 1-4"t-mn|, teln-g,n+5xl,n=123,...,
0, others,

then it is easy to show that £(¢) is bounded, and fowo &(t) dt = 1. We compute that
xTE(x;, £) = —4[x(2)|° + 2x(®) D} (x;) - 6[x(®)|” + 2x(1) T D5 (x,) + x(1) TE(2)

0
< —4fx()|° +f |x(¢ +6)|° din (6) - §|x(t)|2

0
. / Ixte ) dna(0) + 280,

80 0)] = 5 (XA + [x@)] + [D3x) [ + [Daxo)] + £(0)

1 2, [ 2d ’ d
5§(|x(t)| . / I+ ) ) + x(0] / e+ n4(9)+§(t)>.

2n9-2 1-n
So, we obtain that L = (1 — 25 + 1)(2115 — 2) 1527 (11 — 1) 27T = (5— 4 +1)(4 - 2)3 (5 —

-4 7)? (+y)? _ ‘e )2
)7 = i, po=1+ [(2’2;’:2) + 2(27@7&(“@] 1= % > 2, and condition (4) becomes (21:—1’,:) +
G+)? 1 _ 19 ~ Sy_5_3
2e—)—2Lk—%) ~ 20— t 53 @ <L(k-k)-Llk-k)=35-7>0.
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Through Theorem 3.1, we claim that for any initial data ¢ € C, the solution of system

61

(38) is pth moment asymptotically stable for any p € (0, 35), namely

lim E|x(t,¢)|” = 0.
t—>00

(2) If £(¢) = e7%, then it is also easy to show that &(¢) is bounded, and f0+°o E@)de=1.

Through Theorem 3.1, we claim that for any initial data ¢ € C, the solution of system

61

(38) is pth moment asymptotically stable for any p € (0, 35), namely

lim E|x(t,¢)|" = 0.
t—00

Through Theorem 4.1, we claim that for any initial data ¢ € C, the solution of system
(38) is almost surely exponentially stable and pth moment exponentially stable, namely

I t, 61
lim sup M < —e—p, pE |:2, —) a.s.,
p

=00 19
liggpw <-g&, PpE [2,%),
h?li‘.fp M < —%982» p€(0,2),

where ¢, is defined by
1+¢€" 1+¢€ 1

= O: ’
& sup{£> a—en +10_%8_36” <p—1

10 - é8 -3¢ >0,4-¢7>0,¢ <p}.
p
Appendix
Proofof Lemma 3.1 For any given initial data ¢ € C, by [1], Assumption 2.1 and conditions
£(0,t) = 0 and g(0, ¢) = 0 guarantee a unique maximal local solution x(z, ) to system (1)
ont € [-7,04), where 0 is the explosion time. Let ko > 0 be sufficiently large satisfying
Il < ko. For each integer k > ko, define the stopping time 7 = inf{t € [0,0) : |#(¢)| > k}.
Obviously, 7 is increasing as k — 00. Let T = lim;_, o0 Tk, SO Too < 0o a.5. If we can obtain

that 7o, = 0o a.s., then 0, = 00 a.s. For the sake of simplicity, write x(¢) = x(z, {). Using It6’s
formula to V(x,t) = |x(¢)|%, we obtain

LVxt) = 2xT(Of(x;, £) + |g(xi, )|

0
52(—K|x(t)|””1+;z/ Ix(2 +6)[" dm(6) — & |x(2)|”
0
v [ yx<t+e)|2dnz(e)+sl<t))
0
+5<y2|x(t)|2n2 +;72/ |x(2 +0)|" dns(6)

0
+ P2 |x(@)|* + ZZ/ Ix(2 +6)|” dna(6) + gf(r))
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< =20k - ©)x@O"" +5(y% + P2 x@O" + (5(7% + y?) - 2% - ©))|x ()|
+2ic)y + 2]y + 57°J5 + 5y *Ja + 261 (2) + 55 (),
where J; = f,of Ix(t + 0)"*dni(0) — |x(&)"*, T = f,or Ix(t + 0)dna(0) - Ix(®)% J5 =
St + )12 s (0) — X012, Ja = [, Ix(t +0)[ dya(6) — x(2) 2.

Noting « > i, 1 + 1 > 2n; > 2 and |x(¢)| > 0 for any ¢ > 0, by Lemma 2.4, R;(|x(¢)|) =
=20k =) X(B) 1 +5(y2 + P2)x(E) "2 + (5(7? + y?) — 2(k — 1)) |x(£)[*, as a function of |x(t)],
has a positive upper-boundedness, i.e., there is a positive constant R; such that

Ri(|x(®)]) = =20 =) |x(®)]™" +5(y2 + 7)™ + (5(9? + ¥2) - 2(& - ) |x(0)|*

(This technique has been used by many researchers, for example, [12].)

From Lemma 2.2, we have f0+°°(5§22(s) + 2&1(s)) ds < co. In view of the fact that

fomrkjt ds= /ow (/:|X(s + Q)IW; dni(0) - |x(s)|W;> = /jX(S)

for wi = m + 1, wy = 2my, Wy = w), = 2, we have that, for £ > 0,

/
Wi

17973

E|x(t A)|” = E[x(0)|? +Ef [2x7 (5)f(x,5) + |g(xs,8)|]” ds
0
5 EATE ~ ~ ~ ~
< E|x(0)|" + E/ [Ri +2&]1 +26]5 + 5775
0
+5y T4+ 281(s) + 585 (s) ] ds
0 0
< E’x(O)’2 + RiE(t A T) + 2k / ’x(s)‘"”l ds + 2&/ ’x(s)‘2 ds
0 9 0 2 o0
+ 5;72/ |x(s)[ " ds + 5)/2/ [x(s)|” ds + f [2£1(s) + 5&5(s)] ds
-7 1 0
< 1_21 + f?lt,

where R; = E|x(0)|? + 2k f_oz |x(s)|"1*1 ds + 2£f_or |x(s)|>ds + 572 f_or Ix(s)[*"2ds + 5y % x
f_ot x(s)[?ds + [~ [2&1(s) + 567 (s)] ds. Noting that

E|x(t A w)|* = E(|x(¢ A w)[*Ig=n) = K*Plr < 8},

we get that
. . 1_31 + f?lt
P(rs =)= lim Plr <1} < lim ——- = 0.
Since ¢ is arbitrary, we must have that 7., = 0o a.s. and this completes the proof. d

Proofof Lemma 3.2 Since k > k, the existence and uniqueness of the solution follows from

Lemma 3.1, and there exists at least a sufficiently small positive constant ¢ satisfying « >
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€°7. So, by the continuity, define ¢” = sup{e > 0 : k > ice’” }. For the sake of simplicity, write
x(t) =x(t,¢), x; = xf. For any p > 2, applying Itd’s formula to V(x, £) = e**|x(¢)|?, ¢ € (0, "],
we arrive at

LV 1) = e (ZLx@) +e|x)])

<e

[ x(6) " (2xT (NE(x, 1) + (0 - 1)| g(x,, 7)] )+s|x(t)|”]
0
§|x(t)|" [ (—K|x(t)|nl+l+/2/ Ix(2+6)["™" dm (6) - |x(2)|*
0 2 2n
v [ xer ) dn2<e>+sl<t>)+s<p—1>(yzyx<t>\ :
0 2, 2
+ 77 f Ix(t + )" dns(6) + 92 |x(0)

+ 2/0|x(t+9)|2d (9)+E2(t)) + zz9|x(t)|2j|
Z . N4 2 »

< ‘ge”[—2(/< — ke’ |x(t) ‘p+n1—1 +o(|x(2) ’p+n1—l)] +2ke’ ],

2n m+1
+5(p -1y s+ 2 550-D7 72e“13+pkl—e%
2}’12—2 p+n1—1

+ 2e”sf (t) +5(p — 1) 5 (2),

where /i = [, [x(¢ + )P dm(8) - & Ix(0) P, Jo =[5, [x(t + O) dna(6) - &7 X )P,
J3 = [ Ix(t + 0)P*2272 dng(6) — &7 Ix(@)P*2122, Jy = [, [x(t + )17 dna(6) — & Ix ()12

Noting that « > ke®™ and |x(£)| > O for any ¢ > 0, by Lemma 2.4 and the same technique
as (39), G(Ix(®)]) = =2(k — ke |x(&)[P*~1 + o(|x(¢)[P*™1), as a function of |x(¢)|, has a
positive upper-boundedness, i.e., there is a positive constant Q such that

G(|x(®)]) = -2(x —e”™) x| +o(|x()]" ™) < Q (40)

In view of the fact that

¢ ¢ 0 0
/ eSJ;ds = / e (/ [x(s +0)[" dn;(6) - € Wi) ds < e’ / x(s)|"" ds
0 0 -7 -7

forwi=p+m -1, ws=p+2n—2, w, = wy = p, we get that, for £ > 0,

0
Ee£t|x(t)|19 <E|X(O)|p+ Q/ SSdS+pKL16”\/ } |17+n1—1 ds
p+n -1

+2ke’” /!x |pds+ 5(p l)y /!x( ’p+2n22

F5-Dy%e [ |xo ds + e”[zsf (5)+5(p - DELE)]ds.  (41)
0

By virtue of the boundedness of & (£), & (¢), there is a constant W > 0 such that & (¢) v & (¢) <
W, which implies that

t
Ee‘”|x(t)|p <c+ [2\IJ§ +5(p—1)llf”+‘gQ]/ e* ds,
—J1Jo

Page 22 of 24
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where ¢ :pEp’:il—Il_le” i [x(s)[P*m-1ds+ §5(p—1))721H§+§_26’3’ i |x(s)[P*2272 ds + 2k €T x

fi x(s)P ds + 5(p — 1)y %" fi |x(s)” ds + E|x(0)|?. This implies

. 205 +5(p -1 +2Q

&

Elx(®)] <ce (1-e). (42)
From the boundedness of initial data ¢ € C, we claim that for any p > 2, there exists a
constant M, > 0 such that sup_,_;_, . E|x(£,)[P < M,. When p € (0,2), using Holder’s
inequality, we claim that

(S~}

sup E|x(t)|p§< sutp E|x(t)|2> SMzg' O
—T<f<00

—T<t<00
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