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Abstract
We investigate global dynamics of the following systems of difference equations:

X _ wa%
n+1 = 5. .27
AL n=0,1,2,...,
_ @+0Yn
Yol = =5
n

where the parameters by, a,, Ay, ¢; are positive numbers and the initial condition yg is
an arbitrary nonnegative number and xg is a positive number. We show that this
system has rich dynamics which depends on the part of a parametric space. We find
precisely the basins of attraction of all attractors including the points at co.
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1 Introduction
In this paper we study the global dynamics of the following rational system of difference

equations:
x blx%,
n+l = 27
A, 20,1,2,..., 1)
_ axtayy,
yVl+l - x2 )
n

where the parameters by, a,, Aj, ¢, are positive numbers and the initial condition ¥, is an
arbitrary nonnegative number and %, is a positive number.
The related system of difference equations
Prxu o + Y2)n

, =———, n=0,1,..., 2
A1+_yn Yn+1l x, ( )

Xn+l =

where the parameters A;, 81, @, and y; are positive numbers and the initial conditions x >
0, y0 > 0, was considered in [1], where it was shown that this system has simple dynamics.
Precisely, it was shown that system (2) has no equilibrium points if 8; < A; and that it
has a unique equilibrium point if B; > A;, in which case this equilibrium point is a saddle
point. Furthermore, the following result describes the global dynamics of system (2).
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Theorem 1 Counsider system (2).

(1) Assume that B, > Ay and y,A, # ay. Then there exist a set C C 'R which is invariant
and a subset of the basin of attraction of E. The set C is a graph of a strictly increasing
continuous function of the first variable on an interval (and so is a manifold) and separates
R into two connected and invariant components, namely

W_:i={xe R\C:ye Cwithx <.y} and W, :={xeR\C:3JyeC withy <, x},
which satisfy:

nli)rgo(x,,,yn) =(0,00) forevery (x9,y0) € W_,
and

lim (x,,,y,) = (00,0) for every (x9,y0) € W,.

n—00

(2) Assume that y,A1 = ay. Then system (2) can be decoupled as follows:

pix; 1

_ = Aq + y 1’120,1,.“,
Arxy + By It ,31yn( 1+ 7)

Xn+l =
and every solution of this system (depending of the choice of the initial condition (x9,y0))
is either bounded and converges to an equilibrium point, or increases monotonically to
infinity.

(3) Assume that p1 < Ay and y,A; # ay. Every solution {(x,,y,)} of system (2), with xo > 0,
¥o > 0, satisfies

lim x,=0 and lim y, =o0.
n—o0 n—o0
Thus every solution of system (2) either converges to the unique equilibrium point or
is asymptotic to one of the points at infinity, precisely to either (0, c0) or to (00, 0). In all
cases, either solution is eventually monotonic or the subsequences of even indexed and
odd indexed terms are eventually monotonic. Introduction of quadratic terms into the
system will substantially change the dynamics by introducing new equilibrium points (up
to three) with different local character and minimal period-two solutions (up to 11). Again,
most of the solutions of system (1) will be asymptotic to (oo, 0) or (0, 00), but the separatrix
between the two basins of attraction may consist of several global stable manifolds of either
saddle point equilibrium points or non-hyperbolic equilibrium points or minimal period-
two solutions. In one case, when there exists a unique non-hyperbolic equilibrium point,
it is possible that this point will have a basin of attraction of positive Lebesgue measure.
System (1) is a competitive system, and our results are based on recent results about
competitive systems in the plane, see [2, 3]. System (1) can be used as a mathematical
model for competition in population dynamics. The first systematic study of a specific

competitive system with quadratic terms was performed in [4] where system of the form

Xn IYn

Y n+l = 77 o :071,'”7 3
a+y? Yn+l b n 3)

KXn+l = )
+o2
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where the parameters «, b > 0 and the initial conditions xg, yo > 0, was considered. It was
shown that the dynamics of system (3) is very similar to the dynamics of the corresponding
linear fractional system

Xn Yn
’ Yl = 77—
a+yy b+x,

Xnsl = n=0,1,...,

with the same conditions on parameters and initial conditions. Both systems have nine
parametric regions with different dynamical behavior.

As noted, the introduction of quadratic terms in system (2) dramatically changes the dy-
namics. The techniques used to study system (2) were straightforward calculations, while
the techniques which will be used to study system (1) are a combination of techniques
for studying real algebraic curves and implicit function theorem as neither equilibrium
points nor period-two solutions are explicitly computable. Some of our calculations are
performed by using Mathematica and outputs are included in the Appendix.

The paper is organized as follows. Section 2 contains some necessary results on com-
petitive systems in the plane. Section 3 provides some basic facts about the equilibrium
points and injectivity of the map associated with system (1). Section 4 contains local sta-
bility analysis of both equilibrium solutions and minimal period-two solutions. Section 5
gives global dynamics in different cases.

2 Preliminaries

A first-order system of difference equations
Fast = dn 610 (4)
YVn+l =g(xnyyn)y

where S C R?, (f,g) : S — S, f, g are continuous functions, is competitive if f(x,y) is
non-decreasing in x and non-increasing in y, and g(x,y) is non-increasing in x and non-
decreasing in y. If both f and g are non-decreasing in x and y, system (4) is cooperative.
Competitive and cooperative maps are defined similarly. Strongly competitive systems of
difference equations or strongly competitive maps are those for which the functions f and
g are coordinate-wise strictly monotone. Competitive and cooperative systems have been
investigated by many authors, see [2, 3, 5-14]. Special attention to discrete competitive
and cooperative systems in the plane was given in [2, 3, 5, 6, 9, 10, 14—23]. One of the rea-
sons for paying special attention to two-dimensional discrete competitive and cooperative
systems is their applicability to mathematical models in biology and economics, the for-
mer involves competition or cooperation between two species. Another reason is that the
theory of two-dimensional discrete competitive and cooperative systems is very well de-
veloped, unlike such theory for three and higher dimensional systems. Part of the reason
for this situation is de Mottoni-Schiaffino theorem given below, which provides relatively
simple scenarios for possible behavior of many two-dimensional discrete competitive and
cooperative systems. However, this does not mean that one cannot encounter chaos in
such systems as has been shown by Smith, see [14].

If v = (u,v) € R?, we denote by Q,(v), £ € {1,2,3,4} the four quadrants in R? relative
tov,ie, Q1(v) = {(x,9) e R :x > u,y > v}, Qo(v) = {(x,9) € R? :x < u,y > v}, and s0 on.
Define the south-east partial order <, on R? by (x,¥) <s (s,¢) ifand only ifx <sand y > ¢.
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Similarly, we define the north-east partial order <,, on R? by (x,7) <, (s, £) if and only if
x <sand y < t. For A C R? and x € R?, define the distance from x to A as dist(x, A) :=
inf{||x —y|| : y € A}. By int A we denote the interior of a set A.

It is easy to show that a map F is competitive if it is non-decreasing with respect to the

south-east partial order, that is, if the following holds:

1 2 1 2
Nz ) = F(F)=eE(Y)
Yy Yy Yy Yy

For standard definitions of attracting fixed point, saddle point, stable manifold, and re-
lated notions, see [8, 24].

We now state three results for competitive maps in the plane. The following definition
is from [14].

Definition 1 Let S be a nonempty subset of R2. A competitive map T : S — & is said to
satisfy condition (O+) if for every x, y in S, T'(x) <, T(y) implies x <, ¥, and T is said to
satisfy condition (O-) if for every x, y in S, T'(x) <. T(y) implies y <, .

The following theorem was proved by de Mottoni and Schiaffino [19] for the Poincaré
map of a periodic competitive Lotka-Volterra system of differential equations. Smith gen-

eralized the proof to competitive and cooperative maps [12].

Theorem 2 Let S be a nonempty subset of R2. If T is a competitive map for which (O+)
holds, then, for all x € S, {T"(x)} is eventually component-wise monotone. If the orbit of x
has compact closure, then it converges to a fixed point of T. If instead (O-) holds, then, for
all x € S, {T*'(x)} is eventually component-wise monotone. If the orbit of x has compact

closure in S, then its omega limit set is either a period-two orbit or a fixed point.

The following result is from [14], with the domain of the map specialized to be the carte-
sian product of intervals of real numbers. It gives a sufficient condition for conditions (O+)
and (O-).

Theorem 3 Let R C R? be the cartesian product of two intervals in R. Let T : R — R be
a C* competitive map. If T is injective and detJr(x) > O for all x € R, then T satisfies (O+).
If T is injective and detJ7(x) < O for all x € R, then T satisfies (O-).

The following result is a direct consequence of the trichotomy theorem of Dancer and
Hess, see [2] and [25], and is helpful for determining the basins of attraction of the equi-

librium points.

Corollary 1 If the nonnegative cone of < is a generalized quadrant in R", and if T has no
fixed points in [uy, uy]| other than uy and u,, then the interior of [uy, us] is either a subset

of the basin of attraction of u, or a subset of the basin of attraction of us.

The next result is a well-known global attractivity result which holds in partially ordered

Banach spaces as well, see [25].
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Theorem 4 Let T be a monotone map on a closed and bounded rectangular region
R C R2. Suppose that T has a unique fixed point & in R. Then & is a global attractor of
T onR.

The following theorems were proved by Kulenovi¢ and Merino [3] for competitive sys-
tems in the plane, when one of the eigenvalues of the linearized system at an equilibrium
(hyperbolic or non-hyperbolic) is by an absolute value smaller than 1, while the other has
an arbitrary value. These results are useful for determining basins of attraction of fixed

points of competitive maps.

Theorem 5 Let T be a competitive map on a rectangular region R C R?. LetX € R be a
fixed point of T such that A :=" R Nint(Q;(x) U Q3(X)) is nonempty (i.e., X is not the NW or
SE vertex of R), and T is strongly competitive on A. Suppose that the following statements
are true.

(2) The map T has a C* extension to a neighborhood of X.

(b) The Jacobian J7(X) of T at X has real eigenvalues A, u such that 0 < |\| < u, where

|A| < 1, and the eigenspace E* associated with A is not a coordinate axis.

Then there exists a curve C C R through X that is invariant and a subset of the basin of
attraction of X such that C is tangential to the eigenspace E* at X, and C is the graph of a
strictly increasing continuous function of the first coordinate on an interval. Any endpoints
of C in the interior of R are either fixed points or minimal period-two points. In the latter
case, the set of endpoints of C is a minimal period-two orbit of T.

The situation where the endpoints of C are boundary points of R is of interest. The

following result gives a sufficient condition for this case.

Theorem 6 For the curve C of Theorem 5 to have endpoints in 9'R, it is sufficient that at
least one of the following conditions is satisfied.
(i) The map T has no fixed points nor periodic points of minimal period two in A.
(i) The map T has no fixed points in A, detJr(X) > 0, and T(x) = X has no solutions
x € A.
(i) The map T has no points of minimal period two in A, detJ7(X) <0, and T(x) =X
has no solutions x € A.

The next result is useful for determining basins of attraction of fixed points of compet-

itive maps.

Theorem 7 (A) Assume the hypotheses of Theorem 5, and let C be the curve whose existence
is guaranteed by Theorem 5. If the endpoints of C belong to R, then C separates R into

two connected components, namely
W_:={xeR\C:TyeCwithx <.y} and W,:={xeR\C:3yeC withy =< x},
such that the following statements are true.

(i) W_ is invariant, and dist(T"(x), Q2(X)) — 0 as n — oo for every x € W_.
(i) W, is invariant, and dist(T"(x), Q4(X)) — 0 as n — oo for every x € W,..
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(B) If, in addition to the hypotheses of part (A), X is an interior point of R and T is C* and
strongly competitive in a neighborhood of X, then T has no periodic points in the boundary
of Q1(X) U Qs(X) except for X, and the following statements are true.

(iii) For every x € W_, there exists ng € N such that T"(x) € int Q,(X) for n > ny.

(iv) Forevery x € W,, there exists ng € N such that T"(x) € int Q4(X) for n > ny.

If T is a map on a set R and if X is a fixed point of T, the stable set VW*(X) of X is the set
{x € R: T"(x) — X} and unstable set VW*(X) of X is the set

{x € R : there exists {x,,}g:_OO C R s.t. T(x,) =Xui1,%X0 =%, and  lim x, = i}.

n——-00

When T is non-invertible, the set JV*(X) may not be connected and made up of infinitely
many curves, or YW¥(X) may not be a manifold. The following result gives a description
of the stable and unstable sets of a saddle point of a competitive map. If the map is a
diffeomorphism on R, the sets WW*(X) and W*(X) are the stable and unstable manifolds

of x.

Theorem 8 n addition to the hypotheses of part (B) of Theorem 7, suppose that i > 1 and
that the eigenspace E* associated with i is not a coordinate axis. If the curve C of Theorem 5
has endpoints in OR, then C is the stable set W*(X) of X, and the unstable set W*(X) of x is a
curve in R that is tangential to E'* at X and such that it is the graph of a strictly decreasing
function of the first coordinate on an interval. Any endpoints of W*(X) in R are fixed points

of T.

The following result gives information on local dynamics near a fixed point of a map
when there exists a characteristic vector whose coordinates have negative product and
such that the associated eigenvalue is hyperbolic. This is a well-known result, valid in a
much more general setting: we include it here for completeness. A point (x, y) is a subso-
lution if T(x,y) < (x,), and (x,7) is a supersolution if (x,y) <s T(x,y). An order interval

[(a,b),(c,d)] is the cartesian product of the two compact intervals [a, ¢] and [b,d].

Theorem 9 Let T be a competitive map on a rectangular set R C R? with an isolated
fixed point X € R such that R Nint(Qy(X) U Q4(X)) # 3. Suppose that T has a C' extension
to a neighborhood of X. Let v = (v(V,v®) € R? be an eigenvector of the Jacobian of T at X,
with associated eigenvalue 1 € R. IfFvOV? < 0, then there exists an order interval T which
is also a relative neighborhood of X such that for every relative neighborhood U C T of X the
following statements are true.
(i) If u>1, thenU Nint Qy(X) contains a subsolution and U N int Q4(X) contains a
supersolution. In this case, for every x € I Nint(Qz(X) U Q4(X)), there exists N such
that T"(x) ¢ Z for n > N.
(i) If <1, then U Nint Q,(X) contains a supersolution and U Nint Q4(X) contains a

subsolution. In this case T"(x) — X for every x € I.
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3 Some basic facts
In this section we give some basic facts which will be used later. The map T associated to

system (1) is given by

bix*  ay +cy? ) )

A1 +y2, x2

T(x,9) = (fx,9),g(x,)) = (
Let
R=R2\{(0,5):y > 0}.

3.1 Equilibrium points
The equilibrium points (¥, ) of system (1) satisfy the equations
blﬁ_CZ 62512 + dy

i a2 6
5/2+A1 * x2 Y ( )

By eliminating X # 0 from (6), we get

P + 24157 — blcyy* + A2y —axb? = 0. (7)
Similarly, we can eliminate variable y from system (6) to obtain

b — Ajx* — b — 2bicy(ag — Area)x — (az — Arcy)* = 0. 8)
Lemmal Let

A1 =-7,500a5A1b} c; + a5 (555047 b} c; + 256A3)

— 4a,(283A3bicy + 12847 ¢y — 27b5c3) + 3,125a5 b} — 27ATbic; + 256A]c;
and
Ay = —460ayAcy +250a3A, + 20243 c5 — 27b; c;.

Then the following statements hold:

(a) Consider equation (7). Then all its real roots are positive numbers. Furthermore,
equation (7) has one, two, or three real roots.

(b) If A1 > 0, then equation (7) has one real root and two pairs of distinct conjugate
imaginary roots.

(c) If A1 <0, then equation (7) has three distinct real roots and one pair of conjugate
imaginary roots.

(d) If Ay =0and Ay #0, then equation (7) has one pair of conjugate imaginary roots
and two real roots, one real root of multiplicity one and other one of multiplicity two.

(e) If Ay =0 and A, =0, then equation (7) has one pair of conjugate imaginary roots

and one real root of multiplicity three.
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Proof The proof of (a) follows from Descartes’ rule of signs.
Let

F0) =9 +2A15° - blery® + Aly — axb}.

The following matrix, called the discrimination matrix of f (y) and f'(y) in [26], is actually
the Sylvester matrix of f(y) and f(y) with some permuted rows.

1 0 24, -be A2 —ap? 0 0 0 0
0 5 0 64 -2, A? 0 0 0 0
0 1 0 24, -be A —abh? 0 0 0
00 5 0 6A,  —2b2c, A2 0 0 0
. 7 0 0 1 0 2A1 —b2C2 A2 —ﬂ2b2 0 0
Diser(f)={4 o o 5 0 6A,  —2btc, AP 0 0
00 0 1 0 24, by A2 —ab? 0
00 0 0 5 0 6A,  —2b2c, A2 0
00 0 0 1 0 24, By A2 —ayb?
00 0 0 0 5 0 6A;,  -2bkc, A?

Let Dy denote the determinant of the submatrix of Discr(f), formed by the first 2k row
and the first 2k columns, for k =1,..., m. So, by a straightforward calculation, one can see
that

D, =5,
D, =-204,,
D3 = —16A3 - 45b;c3,
Dy =2b} (-460a2A7cy + 250a3A, + 20247 c; — 27bfcy) = 2b} A,
Ds = b (~7,500a3A1 b} c; + a3 (555047 bi c + 256A3)
— 4ay(283A3b{c3 + 128A5c, - 27bc3)
+3,125a5b1 — 27A1b}c; + 256A]c3) = bl Ay
Assume that D5 > 0. The sign list of the sequence {D;, D, D3, D4, D5} is given by
[1,-1,-1,sign(Dy), 1], )
from which it follows that the number of sign changes of the revised sign list of list (9) is
two. Now, statement (b) follows in view of Theorem 1 [26]. Assume that D5 < 0.If D4 > 0,
then we obtain that f(y) has three pairs of conjugate imaginary roots, which is a contra-
diction. Hence, D, < 0. The sign list of the sequence {D;, Dy, D3, D4, D5} is given by
[1,-1,-1,-1,-1], (10)
which implies that the number of sign changes of the revised sign list of (10) is one. Now,

statement (c) follows in view of Theorem 1 [26]. Similarly, one can prove statements (d)
and (e). O
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3.2 Injectivity, (O+) and (0-)

Lemma 2 Assume that (x,) is an equilibrium of the map T. Then the following hold:
(1) If ay # A1ca, then T is injective.
(2) If ay = A1cy, then the curve

b? = 56(A1 +y2)

is invariant under the map T. Furthermore, the following holds:

bix? — Aix Ax
T(x, /M) = (%)) forx> ﬁ
x b,

(3) IfAicy > ay, then T satisfies (O+), in which case {T"(xq,y0)} is asymptotic to either
(0,00) or (00,0), or to an equilibrium point, for all (x,y) € R.

4) If Aicy < ay, then T satisfies (O-), in which case {T"(x0,0)} is asymptotic to either
(0,00) or (00, 0), or to a period-two point, for all (x,yo) € R.

Proof (1) Assume that T'(x1,y1) = T(x2,5,). Then we have

(Alblxl Arbix3 + bix3ys — bixsy? —asx? + asxs — coxlys + cyc%yf) 0,0, ()
(A1 +97) (A1 +93) ’ x2x3 ’

Equation (11) is equivalent to

x% (Albl + bly%) —Alblx% - blx%yf = 0, (12)

%7 (=az — c2y3) + arxs + caxsy; = 0. (13)
Equation (12) implies

2 A 2
2= B ) (14)

A1 + }/%
By substituting this into equation (13), we obtain

xz()ﬁ J’z )as — A1c))

=0,
A+ y2

from which it follows that y; = y, since a; # Ajc;. From (14) we have x; = x,, which com-
pletes the proof of statement (a).
(2) One can see that

T(, /blxz_—Ala_c)_(a_c’)_]):( bicy - xy)
X x

Since a; = Ajcy, equations (7) and (8) become

(7 + A1) (AJ+5 — b)) =0 (15)

Page 9 of 32
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and
¢ — X (-A1%* + b1 - bic3) = 0. (16)
2. =3
From (15) we have A; = blc2Ty. By substituting this into (16) we get

(xy — b1c2) (b1 (c2y + X%) + X7%)

— ’

Y

which implies xy — byc; = 0, from which the proof follows.
(3) The Jacobian matrix of the map T has the form

2xb1 2x2yb1
2 T 021A2
= yo+A1 (0% +A1) 17
I ) 2yco (17)
x3 x2

The determinant of (17) at any point is equal to

4b1x*y(Arco — az)

Jr(x,y) = EEIYRE

The proof of (3) and (4) follows from Theorem 3. O

4 Linearized stability analysis
The determinant of (17) at the equilibrium point is given by

4b1y(Aicy — ay)

Q_C()_/z + A1)2 (18)

det/r(x,y) =

The trace of (17) at the equilibrium point is given by

2¢yY
tr)r(%,5) = x—jy +2.

The characteristic equation has the form

)\2 _a 2C251 +2 4'b1)_/(A1C2 - 612) _
2 X(72 + Ap)?

Equilibrium curves Cr = {(x,y) € R : f(x,¥) = x} and Cg = {(x,y) € R : g(x,y) = y} can be
given explicitly as functions of y:

Al +9?
G i) = S,
1

X+ () = +,/ “—”ymz, y>0,
Cy:

xg—(y):—,/@, y>0.

Note that x,-(x) is always negative. Let x,(y) denote x,+(y). We consider only x/(y) and
xg(y). Let

x(y) = % (y) — %5 (y)-
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Lemma 3 Let T = (f,g) be the map defined by (5). Then f(x,y) > 1, and the following is

true:
sign(%(y)) = sign(y® + 241)° — bjcoy® + A}y — axb7).
Proof The first derivative of x¢(y) is given by

Lo Hwy) 2y
KUY R

Since fy/ (%) < 0, we get f,(x,y) > 1. Further,

50) = x () — x (y):A1+y2 ~ as + cyy? ) VYA + %) = biy/ay + c2)?
f 4 bl y bl\/y :

Now, the proof follows from

(A1 +57))" = (biy/as + 23?)? = 5 + 2415 = Bleyy? + Aly — anb?. O

Lemma 4 Let T be the map defined by (5), and let

o b
hmw=C J (19)

be the Jacobian matrix of T at a fixed point (x,y). Then the Jacobian matrix (19) has real
and distinct eigenvalues hy and hy such that |M| < Ay and Ly > 1. Furthermore, the following
holds:

sign(¥'(y)) = sign(1 — Ay).
Proof Implicit differentiation of the equations defining C; and C, at (%, y) gives

£&3) o 1-g(&))

0)= &3

e 20

x(y) =
The characteristic equation associated with the Jacobian matrix of T at (,y) is given by

p0) =32 =[£G + G + [ &I E ) £ E )]
=22 —(a+d)A+ (ad - bc).

Since the map T is competitive, then the eigenvalues of the Jacobian matrix of the map T’
at the equilibrium (%, ) are real and distinct and |A1| < A;. By (20), we have
f&y)  1-g/(x5)
%/_):x/()_/)—x/ —): Yy M Ji_
V=05 TR T w )
b 1-d -1+(a+d)-(ad-bc)
T 1-a c c(1-a)

_o-p(1) (1-21)0-2)
Tl-a) cla—-1)
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From tr/7(X,y) = A + Ay > 2 we get Ay > 1. The map T is competitive, which implies
¢ =g.(%%) < 0. In view of Lemma 3, we get a = f;(x,y) > 1, from which it follows that
sign(x'(y)) = sign(1 — A1). O

Theorem 10 Assume that Ay > 0 and A and A, are eigenvalues of J1(x,7). Then there
exists the unique equilibrium point E = (x,y) and the following hold.:

(@) Ifas < Aicy, then E is a saddle point and 0 < Ay <1, Ay > 1.

(b) Assume that ay > Aicy. Let

I'() = 5c29* + 2 (9A1¢s — a3) + 3asA;.

(bl) IfT'(y) > 0, then E is a saddle point. Furthermore, the following hold:
—1<A1<0,Ay>1.

(b2) IfT(y) <0, then E is a repeller. Furthermore, the following hold: Ay < -1, A, > 1;
[A1] < 2z

(b3) IfT'(y) = 0, then E is a non-hyperbolic equilibrium point. Furthermore, the
following hold: & = -1, Ay > 1.

Proof In view of (7) and Lemma 1, we have that the function
f(y) =y +241° - b2eyy* + Ay — ayb?

has one zero y of multiplicity one. In view of Lemma 1, the map T has a unique equilibrium
point. Since f(0) = —ayb? < 0 and limy_Hoof(y) = +00, we have f(y) < 0 for y < y and f(y) >
0 for y > y. By Lemmas 6 and 7 from [27], the equilibrium curves Cr and C, intersect
transversally at (x,%), i.e., ¥'(¥) # 0. In view of Lemma 3 and by the continuity of function
%(y), there exists a neighborhood UJ; of y such that X'(y) > 0 for y € U5, which implies

%) =%/5) - %,5) > 0. 1)

From (21) and Lemma 4 we obtain A; <1 and A, > 1.
If a; < Ajcy, then detJ7 (X, y) = 1A > 0, which implies that A, € (0,1).
Now, assume that a; > A;c;. By using

¥ +A Y +
p =2t gl (BB
x Y

one can see that

I _ 5625/4 +5/2(9A1C2 - ﬂz) + 3612141
1) =1+det/r(%,7) +t \y) = _ _
p(-1) =1+det/r(x,y) + trr(%,) 52+ A0 + a2)
TG

(72 + A1) (c2y?* + a2)

and

4b1y(Aicy — as)

detJr(x,y) = AMAy = —= )
etJr(%,y) = Az 352+ A
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where p(A) = (A — A1)(A — X2). In view of (18) and p(~1) = (A; + 1)(A; + 1), we obtain state-
ment (b) of the theorem. O

Lemma 5 Suppose that all the assumptions of Theorem 10 are satisfied. Let

\/az —9A,cy £ \/-78ayA ¢y + a + 81422
Y= :
10C2

Then the following statements are true.
(@) T'(y) >0 ifand only if one of the following inequalities holds:

9A1¢cy —ay > 0,
9A1cy —ay <0 and -78arAicy + a% + 81A%c§ <0,
9A1cy —ar <0 and -78axAicy + a% + 81Afc§ >0 and

(F-) >0 or f(y,) < 0);
(b) T'() <0 if and only if the following hold.:
9A1co—ay <0 and —78aAic, +a§ +81Afc% >0 and (f(y_) <0 andf()q) > 0);
() T'(y) =0 ifand only if
9A1ch—ay <0 and —78arA ¢y +a§ +81Afc§ >0 and (/;(y_) =0 orf(y+) = 0).

Proof The function f(y) has one simple zero 7, which implies f(y) < 0 for 0 < y < and
f() >0 fory>7. Then

j>a ifandonlyif f(a)<O0,
while
y<p ifandonlyif f(8)>0

for some a, B € [0, 00). Now the proof follows from the fact that f(y) = 0 has real roots

’

ay — 9A ¢y £ \/-78azA1cy + a2 + 81A%c
1062

ay —9A ¢y £ /-78azA1c) + a2 + 81A%c
10C2

if and only if

9A1cy —ay <0 and —78ayAicy + a% + 81Afc§ > 0. O
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Theorem 11 Assume that Ay < 0. Then there exist three distinct equilibrium points in the
positive quadrant: Ey = (%1,%1), Ea = (X2,¥,) and E3 = (%3,y3) such that Ey <,e Ey <Kye E3
and the following hold:
(a) Ei and Es are saddle points. If)\Y) and )L(zi) are the eigenvalues of J7(E;), i = 1,3, then
0<2?<1,2951.
(b) The equilibrium point E, is a repeller. If)f) and )\(22) are the eigenvalues of Jr(Ez),
then1< A(lz) < A(Zz).

Proof In view of Lemma 1, equation (7) has three positive roots of multiplicity one. Since

A1 + 5/2
— 7 50,
b

X =

then by (a) of Lemma 1 we obtain that the map T has three equilibrium points that we

denote by Ej, E; and Es. Given points lie on the increasing curve

Ay +9?
xf(y): b )

1

which implies that the points are in the north-east ordering. Descartes’ rule of signs and
(8) imply that detJ7(x,y) > 0 when a; < A;c,. In view of (7) and Lemma 1, we have that the

polynomial
f(y) =y5 + 2A1y3 - bfczyz +Afy - azbf

has three zeros y;, i = 1,2, 3, of multiplicity one. Since £(0) = —ayb} < 0 and limy._, o f) =
+00, we have f(y) < 0 for y € (0,%) U (35, 73) and f(y) > 0 for y € (J1,72) U (73, +00).

By Lemmas 6 and 7 from [27], the equilibrium curves Cr and C, intersect transversally
at Ey, Ey and Es, e, ¥ (¥;) #0, i = 1,2,3. By this and Lemma 3 and by the continuity of
function x(y), there exists a neighborhood L[y(? of ¥; such that ¥'(y) > 0 for y € U&(? for
i=1,3and¥'(y)<0forye Llj(,iz). Using this we get

X()>0 fori=1,3 and Xx'(3;)<0 fori=2.

Let

JT(Ei)=(“i b"), i=1,2,3.
Ci di

In view of (18), we have det J7(E;) = /\5")/\(2") >0,i=1,2,3. By Lemma 4 we obtain 0 < A?) <1
and k(zi) >1 for i =1,3. Since ¥'(y2) < 0, by Lemma 4 we have 1 < /\9 < )»(22). This completes
the proof. d

Theorem 12 Assume that Ay = 0 and Ay # 0 Then there exist two distinct equilibrium
points in the positive quadrant Ey = (x1,y1) and Es = (%3,y3) such that Ey <, E3. Let /\ﬁi)
and Ag) be the eigenvalues of J1(E;), i = 1,3. Then the following hold:

(a) Exactly one of the roots y; or y3 of (7) has multiplicity two.
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(b) Ify1 is a root of (7) of multiplicity two, then the equilibrium point E; is
non-hyperbolic and Ej3 is a saddle point. Furthermore, )»?) =1, A(21> >1and
0<A¥ <129 51

(c) Ifys is a root of (7) of multiplicity two, then the equilibrium point Es is
non-hyperbolic and E, is a saddle point. Furthermore, )»f;) =1, A(;) >1and
0<2M <12l 51,

Proof Inview of Lemma 1, equation (7) has two positive zeros, one of multiplicity one and
another one of multiplicity two, which implies statement (a). Since x = (4; + ¥*)/b; > 0, we
obtain that the map T has two equilibrium points that we denote by E; and Es. Descartes’
rule of signs and (8) imply that a; < A1c; = detJr(x,y) > 0. Now, we prove statement (b).
Similarly as in the proof of Theorem 11, one can see that E5 is a saddle point. In view of
Lemmas 6 and 7, from [27] we have that X' (y1) = 0, since ¥, is the root of (7) of multiplicity
two. By Lemma 4 we obtain )»51) =1, )L(;) > 1. The proof of statement (c) is similar and we

will skip it. 0

Theorem 13 Assume that Ay = 0 and Ay = 0. Then there exists one equilibrium point in
the positive quadrant E, = (x1,y1) which is non-hyperbolic. If kﬁl) and A(zl) are eigenvalues of
Jr(Ey), then 2P =1, 2 > 1.

Proof Inview of Lemma 1, y; is zero of (7) of multiplicity three. In view of Lemmas 6 and 7,

from [27] we have that ¥'(y;) = 0. The rest of the proof is similar to that in Theorem 12
and we skip it. d

4.1 Period-two solution

Let

T*(x,y) = T(T(x,9)) = (F(x,9), G(x,)),
where

b8
F(x,y) = !
(:3) (A1 +92)%(2azco)? + ab + Aix* + c3y*)
and
(A + 97’ axc3y” + ajey + arx® + c3yt)

G )
(:3) bx®

Period-two solution {(®, ¥), T(®, V)} satisfies the system
F(O,¥) =9, G(P,¥) =V,
which is equivalent to

D7 — A4 (A + W2)? - (A + W2) (a2 + 6, 0%)’ = 0,
(22)
b%qf(bs - (12<D4(A1 + \112)2 - C2(A1 + ‘112)2(42 + C2‘I’2)2 =0.
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The Jacobian matrix of the map 7?2 at (x, y) has the form

4-x7b:f(A1x4+2(czy2+a2)2) 4xsybf'(A1x4+(czy2+a2)(ﬂ2+(2y2+A1)52))
_ 02 +AD2 (A1xt +(c29? +a)?)? - 02 +A13 (A1xt+(c292 +a)?)?
]T2 (x’y) - 4(y2+A1)2(ZC%y‘*+2a%c2+a2(x4+4y2c%)) 4y(yz+A1)(yz(2y2+A1)c§+a%cz+a2(x4+(3y2+A1)C%))
- xgh% xgbf
(23)
The determinant of (23) at (x, ) is given by
16b1x3y(ay — A1c2)*(ay + c2y?
det/p (x,y) = 1x°y(as 162)°(as + coy )'
(A1 +y2) (@2 + c29%)? + Arxt)?
The trace of (23) at (x,y) is given by
b5x15(2(a2+c2y2)2+A1x4) 5
o) e+ 831+ Ve + 377 + 51)
r)r2(X,Y) =
b2x8(A; + y2)?
. 4(azcry(Ar + 923 + 33 (A1 + 29 (Ar + %)) 24)

bix8(A; +y2)?

Lemma 6 Let Cr := {(x,7) : F(x,y) = x} and Cg := {(x,y) : G(x,) = y} be the period-two
curves, that is, the curves the intersection of which is a period-two solution. Then, for all
y > 0, there exist exactly one xp(y) > 0 and exactly one xg(y) > 0 such that F(xp(y),y) = x
and G(xg(y),y) = y. Furthermore, xp(y) and x(y) are continuous functions and xr(y) > 0.

Proof Since F(x,y) = x and G(x,y) = y if and only if

bx’ —A1x4(A1 +y2)2 - (A1 +y2)2(a2 + C2y2)2 =0,

by® — arx* (Ar +92)” — 2 (A1 +92) (a2 + 29%)” = 0,

respectively, in view of Descartes’ rule of signs, we have that for all y > 0 there exist exactly
one x£(y) > 0 and exactly one xg(y) > 0 such that F(xz(y),y) = x and G(xg(y),) = y. Taking
derivatives of F(x,y) = x with respect to y, we get

Lo By
O R

3.7
From F(x,y) = x we have that (A; +y?)? = W;ylz%, which implies

Fl(x) 4x7 b3 (Arx* + 2(cy? + ay)?) 4A;x*

x,9) = =8- >

VT G T A At + () + a2 (@ + c2p?)* + Ayt

Since F)(x,y) < 0, we get xz(y) > 0. d

Theorem 14 Ifa; < Aicy, then T has no minimal period-two solution. If a, > Aycy and T
has a minimal period-two solution {(®, V), T(®, W)}, then {(P, V), T(P, W)} is unstable. If
w1 and py (1 < o) are the eigenvalues of Jr2 (@, W), then 11 > 0 and py > 1. All period-two
solutions are ordered with respect to the north-east ordering.

Page 16 of 32
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Proof If a; < Ajcy, the statement follows from Lemma 2. If a5 > A;c;, then from the first

equation of (22) we have that

~ b3 @7
T (ay + caW2)? + A D4

(4, + w?)°

By substituting this into (24) we obtain

AW(A; + W) (a(cA (A +3W2) + @) + alcy + S W2 (A +2W2))

)2 (P, W) = s
1

44,4

— 4,
(@ + caW2)2 + A, D% g

+8

The rest of the proof follows from the fact that trJ;2(®, W) = w1 + uy > 4, detJ;2(®, V) =
M1y >0 and Lemma 6. O

Theorem 15 Ifthe map T has a minimal period-two solution {(®1, V1), T(P1, 1)}, which
is non-hyperbolic, then D(p) = 0, where D(p) is the discriminant of the polynomial

PO) = pny” + puy* + -+ p1y + po,

where the coefficients p;, i = 0,...,22, are in the Appendix. If {(P1, V1), T(P1,V1)} and
{(Dy, W), T (Do, Vy)} are two minimal period-two solutions such that T has no other min-
imal period-two solutions in [(®1, V1), (P2, ¥2)] = {(x,9) : (1, ¥1) Zpe (%) Ze (P2, Wo)}
and D(p) # 0, then one of them is a saddle point and the other is a repeller.

Proof Period-two solution curves Cr = {(x,y) € R : F(x,y) = 0} and Cg = {(x,y) € R :
G(x,y) =0}, where

Fwy) =0 — A (41 +5") = (41+5) (@2 + 2”)" and

Glx,) = biy® - (A1 +9°)” = ea (A1 +7) (a2 + e2p?),

are algebraic curves. By using software Mathematica, one can see that the resultant of the

polynomials F(x, y) and G(x, ) in variable x is given by

R(F,G) = -b° (A1 +y2)14(a2 + 02y2)8(—a2bf + 24197 + Aly — b2 cyy? +y5)p()/)

= —B8(A1 +97)" (a2 + %) FO)P ).

Suppose that {(®;, V1), T(P1, ¥;)} is a non-hyperbolic minimal period-two solution. This
implies that E(®y,¥;) =0, G(d;, W) = 0. By Theorem 9.3 [28], F and G have a common
non-constant factor if and only R(E,G) = 0, which implies that system F(x, y) =0, Glx, y) =
0 has a solution if and only if R(F,G) = 0. Since_f(\lll) # 0, it must be p(¥;) = 0. Similarly
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as in Lemma 4, one can see that

, F (P, W) 1-G)(d1, W)
xp(Wy) — (W) = 1 _yF;(th U G;(yq)h )
_ A 1-m _ oL+ (e1 +g1) — (et —fig)
1-¢ & al—e)
_ -p1(1) _ (1= pa)(X = p2)
a(l-e) &i(e-1)

where p; () is the characteristic equation of the matrix

Jr2 (P, W) = (el fl) .
81 n

From Theorem 14 we have that 0 < 41 < 5 and py > 1. Since {(®y, V1), T(®P4, W)} is non-
hyperbolic, we obtain that 1; = 1, from which it follows that x(¥;) — x;;(¥;) = 0. Since
R(F,G) # 0, we have that Cr and Cg have no common component. By Lemmas 6 and 7,
from [27], the curves Cr and Cg intersect transversally at ($;, ;) (i.e., y%(\lll) —y’G(\Ifl) #0)
if and only if W, is zero of p(y) of multiplicity one. By Theorem 9.4 [28], p(y) has zeros of
multiplicity greater than one if and only if the discriminant D(p) of the polynomial p(y) is
equal to zero, which proves the first statement of the lemma.

Assume that {(®3, 1), T(P, ¥1)} and {(Dy, ¥3), T(P,, ¥;)} are two minimal period-two
solutions such that T has no other minimal period-two solutions in [(®y, ¥1), (P2, ¥2)] =
{(x,9) 2 (D1, V1) Zpe (,Y) Zpe (P, Wy)} and D(p) # 0. From the previous discussion we
have x7(¥;) — x5 (¥;) #0, i = 1,2. Since xr(¥;) —x(¥;) = 0, i = 1,2, it follows that (x(¥;) -
X (W1))(xp(V2) — x5(W7)) < 0. Indeed assume, for example, that x(¥;) — x5 (¥;) < 0 and
K (W) —x- (W) < 0. Then there exists € > 0 such that xg(y) —xg(y) < 0 for y € (¥;, ¥ +¢€)
and xr(y) —xg(y) > 0 for y € (¥, — €, W,). Since x¢(y) — xg(y) is a continuous function, this
implies that there exists ¥ € (W, ) such that xp(¥) — xg(¥) = 0, which is a contradic-
tion. The rest of the proof follows from the fact thate; >4 and g; <0, i=1,2. O

Notice that

1 /
D(p) = -—R(p,P'),
P22
where R(p,p’) = detSyl(p,p’), the determinant of the Sylvester matrix Syl(p,p’), see [28,
29], and

§22%) 2200 . p1 Po 0 . 0

0 p22 p21 e pl po e 0

Syl(p p/) _ 0 e b2 bn P20 T P Po
’ 22p21 21p20 R P1 0 0 cee 0

0 22pyn 2lpy )2} 0o -~ 0

0 O 22]721 21p20 20p19 e P1
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Theorem 16 Ifa; > Aicy and I'(y) < 0, then T has one equilibrium point E(x,y), which is a
repeller, and there exists at least one minimal period-two solution {(Vr, ), T(V, ¢)} which
is non-hyperbolic or a saddle point. If T has no minimal period-two solutions which are
non-hyperbolic, then (Y, ¢) Kpe E Kne T(Y, $).

Proof By Theorem 10 we have that T has one equilibrium point E(x,y), which is a re-
peller. This and Lemma 2 imply that 7" (x, yo) is asymptotic to either (0, 00) or (00, 0), or
a minimal period-two solution, for all (x9,y) € R. Let B(0, 00) be the basin of attraction
of (0, 00), and let (o0, 0) be the basin of attraction of (0o, 0). By using Theorem 9 one can
prove that int(Q,(E)) C B(0, 00) and int(Q4(E)) C B(00,0). Let S; denote the boundary of
B(oo,0) considered as a subset of Q;(E), and let S, denote the boundary of B(co,0) con-
sidered as a subset of Q3(E). It is easy to see that E € S, E € S; and T(R) C int(R). Now

we prove the following claim.

Claim 1 Let S, and S, be the sets defined as above. Then
(@) If (x0,¥0) € B(00,0), then (x1,y1) € B(oo,0) for all (xo,y0) <se (%1,91).
(b) 1f (x0,30) € S1 U Sy, then (x1,31) € int(B)(0c, 0) for all (xo,y0) <se (31,1).
(©) S1Nint(Q1(E)) # 0 and S, Nint(Q3(E)) # @.
d) T(S1US) S S US,.
(e) (x0,%0), (x1,71) € S1US2 = (%0, 50) Kne (¥1,91) 07 (x1,91) Kne (%0, Y0)-

Proof (a) The statement follows from T (x¢, o) <se T"(%1,1) =<se (00,0) and T"(x¢,yo) —
(00,0) as n — oo.

(b) The claim (b) follows from the observation that there exists a ball centered at
(%0, y0) with the property that all its points (x, y) satisfy (x,y) <. (%1,1). But one of these
points necessarily lies in 5(o0,0), so by (a) there exists (x1,y1) € B(o0,0). Furthermore,
there exists a ball centered at (x;,7;) with the property that all its points (x,y) satisfy
(%, y) € B(oo,0), which implies (x1, y;) € int(53)(c0, 0).

(c) Take y' > y arbitrary (but fixed). Since T is strongly competitive, we have T'(%,) <
T (x,y), which implies T'(k,y’) € int(Q,(E)). This implies that there exists a ball B(T'(x,y"))
with the property B.(T'(%,5)) C int(Qa(E)). Since T is a continuous map on a set R? \
{(0,y) : y > 0}, then there exists a ball Bj (X,y') such that T(Bs (%,y)) C B.(T(%,y")) C
int(Qz(E)), which implies T"(x,y) — (0,00) as n — oo for all (x,y) € By, (%,5). Similarly,
one can prove that then there exists a ball B, (X + 6,/2,%) such that T"(x,y) — (00, 0) as
n— oo forall (x,y) € Bs,(x + 61/2,9). Let y" = sup{y : lim,,_, oo T"(x + 61/2,) = (00,0)}. It is
easy to see that (¥ + 81/2,7") € S Nint(Q (E)). The assertion concerning S; is proved in a
similar fashion.

(d) Take (x,9) € 51 U S,. Assume that T'(x,y) ¢ S U S;. Since §; U Sy = 9B(00,0) =
B(oo,0) \ int(B(co, 0)), then either T'(x,y) € int(B(c0,0)) or T'(x,y) ¢ B(co,0). Assume that
T(x,y) € int(B(co,0)). This implies that there exists a ball B.(T(x,y)) with the property
B:(T(x,y)) C int(B(c0, 0)). Since T is a continuous map on the set R? \ {(0,y) : y > 0}, then
there exists a ball Bs(x, y), § > 0 such that T'(Bs(x,y)) C B:(T(x,y)), which implies Bs(x, y) C
B(0o,0). This is in contradiction with (x,y) € $1 U S, = d8(00,0). Hence T'(x,y) € S$1 U S,
in this case. Similarly, one can prove that T(x,y) € S;US, if T(x, y) ¢ B(c0,0). This implies
that T(S; US,) C(S1US,).
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(e) Assume that (xo, ¥o), (%1, 1) € S1USy = (%0, ¥0) =se (%1,¥1) and (x0,y0) # (x1,71). Since
T is strongly competitive, we get T'(x0,Y0) <Kne T'(#1,1). This contradicts (e) and (b), which
completes the proof. O

In view of Claim 1, we have that (51 U S;, <) is a totally ordered set which is invariant
under 7. If (x, yo) € S; US,, then {T@ (xo, o)} is eventually component-wise monotone.
Then there exists a minimal period-two solution {(®, V), T(®,¥)} € S; US, C Qi(E) U
Qs(E) such that T®"(xg,y,) — (®,¥) as n — 00. By Theorem 14, {(®, ¥), T(®, ¥)} is
a non-hyperbolic or a saddle point. Assume that 7' has no minimal period-two solu-
tions which are non-hyperbolic points and, for example, that (®, ¥), T(®, ¥) € S; such
that £ <y (®,V¥) <o T(P, V). Since {(P, V), T(P, W)} is a saddle point, in view of
Theorems 6, 7 and 8, we have that the global stable manifolds W*({(®, ¥), T(®, ¥)})
are the union of two curves W*(®, W) and W*(T(®, ¥)) whose endpoints are repeller
points such that T(W?*(®, ¥)) = WH(T(®, ¥)) and E K, WP, W) e WH(T (P, W)). If
Py and P, (P; <, P;) are endpoints of W*(®, V), then T(P;) and T(P,) are endpoints
of TIW*(®,W¥)) and either T(Py) <, T(P;) or T(P;) <. T(Py). Assume, for example,
that P e WP, V) e Py K T(P2) Ke W(T (P, W) Ky T(P1). By Theorem 15 be-
tween two repellers P, and T'(P,), there exists a saddle point S; where its stable manifold

is the union of two invariant curves W*(S;) and W*(T'(S;)) whose endpoints are repellers
such that Py e W5(S1) e T(P5). Continuing in this way, we obtain that 7 has infinitely
many minimal period-two solutions {P;, T'(P;)}, which is in contradiction with the fact that
T has at most eleven minimal period-two solutions. Hence (®, V) <o E Kye T(P, W).

O

Corollary 2 Assume that a, > Aicz, T'(Y) < 0 and D(p) # 0. Then there exists one equi-
librium point E which is a repeller. Further, the set int(Qy(E)) U int(Qs(E)) contains an
odd number of minimal period-two solutions {(;, W), (D, W)}, i=1,...,2n + 1, such
that (Pp1, Vis1) e (Piy Vi) e E and E Kye (4, ¥7) e (i1, Wisa), where (&, ;) =
T(®;,V;). Furthermore, odd indexed period-two points are saddles and even indexed

period-two points are repellers.

Proof By Theorem 10 we have that T has one equilibrium point E(%,y), which is a re-
peller. By Theorem 15 all minimal period-two solutions are hyperbolic and the number
of minimal period-two solutions is finite. In view of Claim 1, T has at least one min-
imal period-two solution which is a saddle point. Let {P;, T(P;)} be a minimal period-
two solution which is a saddle point such that P; <. E <. T(P;) and T has no minimal
period-two solutions in [E, T(P;)] and [Py, E]. Such a minimal period-two solution exists
in view of Theorem 15. The map T? satisfies all conditions of Theorems 6, 7 and 8, which
yields the existence of the global stable manifolds WW* ({Py, P,}) which are the union of two
curves W¥(P;) and W*(P)) that have a common endpoint E. If T has minimal period-two
solutions in int(Qy(T'(P,))) U int(Q3(Py)), let {Py, Py} (Py <ye P2) denote minimal period-
two solutions such that 7 has no other minimal period-two solutions in [T(Py), T(P,)]
and [P;, P;]]. Then W*(P;) has the second endpoint at P, and W*(T(P;)) has the second
endpoint at T(P;) and Py K¢ P1 Ky E Kpe T(P1) Ky T(P;). Furthermore, a minimal
period-two solution {P,, T(P,)} is a repeller. Similarly as in Theorem 16, one can prove
that int(Q,(7'(P,))) Uint(Qs3(P;)) contains at least one minimal period-two solution which
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is a saddle point. Since the number of minimal period-two solutions is finite, continuing
in this way, we will end with a minimal period-two solution which is a saddle point, from
which the proof follows. d

Corollary 3 Ifa; > Aicy and T'(y) > 0, then there exists one equilibrium point E which is a
saddle point. If D(p) # 0, then int(Q,(E)) U int(Qs(E)) contains an even number of minimal
period-two solutions {(®;, ¥,), (P, W)}, i =1,...,2m, such that (Pi1, Vis1) Kpe (Piy W) K e
Eand E <pe (P4 V) e (Pis1, Vinr) and (B, ;) = T(D;, ;). Furthermore, even indexed
period-two points are saddles and odd indexed period-two points are repellers.

Proof The proof is similar as the proof of Corollary 2 and it will be omitted. O
Based on a series of numerical simulations, we propose the following conjecture.

Conjecture 1 System (1) has at most one minimal period-two solution.

5 Global behavior

In this section we present global dynamics of system (1) in different parametric regions.
We have five parametric regions with different dynamics which will be characterized by
the following five theorems.

5.1 The case where the equilibrium points and period-two solutions are
hyperbolic points (A1 # 0 and D(p) #0)

Theorem 17 Assume that Ay < 0. Then system (1) has three equilibrium solutions Ey <,
E; K, E3, where E; and Es are saddle points and E, is a repeller. In this case there exist
four invariant continuous curves W*(E1), W*(Es), W*(E1), W*(Es), where W*(E1), W*(Es)
have end points at E,, and are graphs of increasing functions. The curves W*(E;), VW*(E3)
are the graphs of decreasing functions. Every solution {(x,, y,)} which starts below VWW*(E;) U
WH(E3) in the south-east ordering is asymptotic to (0, 00), and every solution {(x,,y,)} which
starts above W*(E1) U W*(Es) in the south-east ordering is asymptotic to (00,0). The first
quadrant of initial condition Qy = {(x0,¥0) : %o > 0,yo > 0} is the union of five disjoint basins
of attraction, i.e.,

Q1 = B(0,00) U B(o0,0) U B(E;) U B(E3) U B(Ey),
where B(Ez) = {Ez}, B(El) = WS(El), B(E3) = WS(E3) and

B(O’ OO) = {(x;y)|(x»y) 556 (560,5/0)f07" some (560:5’0) S WS(EI) U WS(ES)}r
B(0,0) = {(x,9)1G1,71) =se (x,9) for some (%1,51) € W*(E1) UW’(E3)}.

Proof Theorem 11 implies that there exist three equilibrium points, namely E;, E; and E3,
such that £, <. Ey <, E3. In this case, E; and E3 are saddle points and Ej is a repeller. In
view of (17), the map T is competitive on R and strongly competitive on int(R). It follows
from the Perron-Frobenius theorem and a change of variables [14] that at each point the
Jacobian matrix of a strongly competitive map has two real and distinct eigenvalues, the
larger one in absolute value being positive, and that corresponding eigenvectors may be
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chosen to point in the direction of the second and first quadrant, respectively. Also, one
can show that if the map is strongly competitive, then no eigenvector is aligned with a
coordinate axis.

Since A; < 0 implies a; < Ajcy, we have that det/r(E;) > 0, i = 1,3. Hence, all condi-
tions of Theorems 6, 7 and 8 are satisfied, which yields the existence of the global sta-
ble manifolds W*(E;), W*(E3) and the global unstable manifolds W*(E;), W*(Es3), where
WH(E1), W*(E3) are passing through the point E; and are graphs of increasing functions.
The curves W*(E;), W*(Es) are the graphs of decreasing functions. Let

W~ = {(x,9)1(x,9) < (Fo,Jo) for some (Xo,50) € W*(E1) UW(Es)},
W' ={(x ))& 51) Zse (&) for some (%1,51) € W*(E1) UW?(Es)}.

Take (x0,y0) € W~ N R. By Theorem 7 we have that there exists ny > 0 such that
T"(x0,y0) € int((Q2(E1) U Q2(E3)) N'R), n > ny. In view of Theorem 9, since E; and Ej3 are
saddle points, we obtain that for all (xo, yo) € int((Q2(E1) U Q2(E3)) N'R), there exists a sub-
solution (u,vo) such that (xo,y0) =<se (%0, Vo). By monotonicity we have that (0, 00) =<,
T"(x0,¥0) <se T"(uo,v0) <K Es if (x0,90) € int(Q2(E3) N R) and (0,00) <5 T"(x0,%0) =se
T"(up,vo) <K E if (x9,%0) € int(Qo(E1) N R). For the sequence (u,,v,) = T"(up,vo), we
have (#41, Vis1) <se (Uu> Vi) <se (40, v0). The sequence {u,} is monotone decreasing and
bounded from below and {v,} is monotone increasing. Since T has no other equilibrium
point except Ej, E; and Ej3, this implies that the sequence {u,,} has finite limit and v,, — +00
as n — 00. From u,,; = (b1u?)/(A; + v2) we obtain that u, — 0 as n — oo. This implies
T"(x0,90) — (0,00) as n — oo. If (x9,y0) € W* N'R, the proof is similar and we skip it.
Another way of completing the proof is by using (3) of Lemma 2. O

Theorem 18 Assume that Ay > 0. If
as <A1y
or
ay > Aicy and T'(y) > 0 and T has no minimal period-two solution,

then system (1) has one equilibrium solution E(x,y), which is a saddle point. There exists the
global stable manifold W*(E) which is the graph of a continuous increasing function and the
global unstable manifold VW*(E), which is the graph of a continuous decreasing function.
Every solution {(x,, y,)} which starts below W*(E) in the south-east ordering is asymptotic
to (0,00), and every solution {(x,,y,)} which starts above W*(E) in the south-east ordering
is asymptotic to (00, 0). The first quadrant of initial condition Qy = {(xo,y0) : %0 > 0,59 > 0}
is the union of three disjoint basins of attraction, Q; = B(0,00) U B(oo,0) U B(E), where
B(E) = WS(E) and

B(O! OO) = {(x;y)|(x;y) fse (560;5/0)f07"50me (560'5’0) S WS(E)};
B(00,0) = {(%,9)|(%1,51) =Zse (x,) for some (%1, 51) € W (E)}.
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Figure 1 (a) Visual illustration of Theorem 17. (b) Visual illustration of Theorem 18.

Proof The conditions of this theorem and ay # A;c, imply all assumptions of Theorems 6,
7 and 8 for R. The proof of this theorem in this case is similar to the proof of Theorem 17
and will be skipped.

Now, we assume that g, = Aj¢y. In view of Lemma 2, the set

—— -
I{<x /blxifhx);xZ /zﬂ}
X bl

is invariant and contains equilibrium E, and T'(x,y) = E for (x,y) € Z. In view of the unique-
ness of the global stable manifold, we conclude that W#(E) = Z. Let

W = {(x,2)|(%,7) Zse (%0, ¥o) for some (%0,50) € WH(E)};
W+ = {(x,y)|(561,5’1) =se (x,y)for some (561’5)1) € WS(E)}

Take any point (xg,y0) € W*(E). Then there exists the point (x;,y;) € Z such that
(1, y1) Kse (%0,¥0)- Since the map T is strongly competitive, then E = T (x;, ;) <se T (%0, Y0)-
This implies T'(xo,y0) € int(Q4(E) N R). If (x9,¥0) € W~(E), then there exists the point
(¢, yr) € Z such that (x9,%0) <se (%r,9,). Since the map T is strongly competitive, then
T (x0,Y0) Kse E = T(x,,y,). This implies T'(xo,y0) € int(Q2(E) N R). Similarly as in Theo-
rem 17, one can prove that 7" (xy, yo) — (0,00) as n — o0 if (x, y0) € int(Q2(E) N'R) and
T"(x0,90) — (00,0) as 1 — oo if (x0, yo) € int(Q4(E) N'R), from which the proof follows in
this case. O

See Figure 1 for visual illustration of Theorems 17 and 18.

Theorem 19 Ifa; > Aic; and I'(y) < 0, then there exists one equilibrium point E which is a
repeller. If D(p) # 0, then int(Q: (E)) Uint(Qs(E)) contains an odd number of minimal period-
two solutions {(®;, ¥;), (d~>,«, \i/i)}, i=1,...,2n+1, such that (®;1, Vi) <ne (P, V;) e E
and E K, (&Di, \i’i) Kne (CT)HI, \ilm) and (CID,', \ili) = T(®;, V;). Furthermore, the odd indexed
period-two points are saddles and the even indexed period-two points are repellers. The
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global stable manifolds are given by

W ({( @41, Wars1)s (Paat, Wars1) }) = W Dais1s Waa1) U WS (Popsr, Wagenn),

k=0,...,n,

where WS (@41, Yors1) and W (®ogs1, Uors1) are the graphs of a continuous strictly in-
creasing function such that Ws(d~>2k+1,\i/2k+1) = TOWV*(Daks1, Vors1)) With endpoints at
(Pok, Uot), (Pakszs Worsa) and (Pogya, Worsa), (Pox, Wor), k = 0, ..., n —1, respectively, where
(Do, Wo) = (Do, Wo) = E. The curve

C =W (@ass1, Wars1) UWF (Pasesr, Wakan) U {(Pots Wak), (s Pk) )
k=0

separates R into two components W~ and VW*, which are basins of attraction of (0, 00) and

(00, 0), respectively, where

W~ = {(x:y)|(x:y) =se (560!5/0)](07507”3 (560!5/0) € C},
Wt = {(xry)l(;clrjll) =se (x»J’)fOV some (9’2175/1) S C}

Further, for k = 0,...,n, we have

B({(Paks1 Wass1)s (Poksrs Yai1) }) = W Patst, Waks1) U W (@it Wkt )s

B({(@ar, ¥oi)s (Porr Uai)}) = {(Pokr Wak), (Pos, Poi) }-
The global unstable manifolds are given by

W ({(@ars1, Waks1)s (Passt, Wars1) }) = WA Dasa1, Waks1) U W (@ass1, Paia),

k=0,...,n,

where W*(®op41, Yors1) and Wu(éf)zkﬂ, \f/2k+1) are the graphs of continuous strictly decreas-
ing functions such that W Dops1, Wois1) = TOVH(Dopr1, Yors1)) with endpoints at (0,00)
and (00,0).

Proof In view of Corollary 2, the set int(Q;(E)) U int(Qs3(E)) contains an odd number of
minimal period-two solutions {(®;, ¥;), (®;, ¥,)},i =1,...,2n+1, such that (®;,1, Wis1) Kye
(D, V) e E and E e (Ps, V) Ko (Piz1, Uinr) and (P, ;) = T(d;, ;). Furthermore,
the odd indexed period-two points are saddles and the even indexed period-two points
are repellers. The map T? satisfies all conditions of Theorems 6, 7 and 8, which yields the
existence of the global stable and unstable manifolds with the above properties. In view of
Theorem 7, for (xg,y0) € W~ N'R, there exists ng > 0 such that

n

T"(x0,0) € U(iﬂt(Qz(q)zku, Wase1)) Uint(Qa(Poksr Uars1))) NR, 11> mg,
k=0
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Figure 2 Visual illustration of Theorem 19.

T ol = e = e e T T T iy

and for (xg,y0) € W* N'R, there exists n; > 0 such that

n

T"(x0,y0) € U(int(QlL(q)zkﬂy Woii1)) Uint(Qa(Posr, Uakan))) VR, 11> my.
k=0

Similarly as in the proof of Theorem 17, one can prove that

n

U(int(Q2(¢2k+1, Wots1)) Uint(Qa(Pots1, Wari1))) N'R C B(0, 00)
k=0

and

n

U(int(Q4(<I>2k+1, Wats1)) Uint(Qu(Pats1, Wars1))) N'R C B(oo,0),
k=0

which completes the proof. d

See Figure 2 for visual illustration of Theorem 19.

5.2 The case where at least one of the equilibrium points is non-hyperbolic and
all minimal period-two solutions are hyperbolic (A; = 0 and D(p) #0)

Theorem 20 Assume that Ay = 0, Ay # 0. Then there exist two equilibrium points
Ey(x1,%) and Ey(%3,y,) such that Ey <K, E,, and the following hold:

(a) If E, is non-hyperbolic, then there exist two invariant curves C{ and C; that are con-
tained in Q1(E,) with endpoint in dQ,(E,), which are the graphs of continuous strictly in-
creasing functions. Further, there exists the global stable manifold VW*(E,) with endpoint
at E,, which is a graph of a continuous increasing function and the global unstable mani-
fold WH(E,), which is a graph of a continuous decreasing function. Every solution {(x,,,)}
which starts below W*(Ey) U C{ in the south-east ordering is asymptotic to (0,00), and ev-
ery solution {(x,,y,)} which starts above W*(E,) U C; in the south-east ordering is asymp-
totic to (00,0). The first quadrant of initial condition Q; = {(xo,y0) : %0 > 0,y¢ > 0} is the
union of four disjoint basins of attraction, Q; = B(0,00) U B(c0,0) U B(E;) U B(E,), where
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B(E1) = WA (Ey) and

B(EZ) = {(x:)’) eR: (561’5’1) =se (x’y) =se (5&2:5’2)
Jfor some (%1,y1) € C{ and (%2,7) € Cg},
B(0,00) = {(%,9)|(x,) Zse (%0, o) for some (%o,50) € W*(E1) UC] },

B(00,0) = {(%,9)|(%1,51) Zse (x,) for some (%1, 51) € W*(E1) UCs }.

(b) If E is non-hyperbolic, then there exist two invariant curves C{ and C; that are con-
tained in Qs(E;) with endpoint in dQs(E;), which are the graphs of continuous strictly in-
creasing functions. Further, there exists the global stable manifold W*(E,) with endpoint
at Ey, which is a graph of a continuous increasing function, and the global unstable mani-
fold WH*(E,), which is a graph of a continuous decreasing function. Every solution {(x,, y,)}
which starts below W*(E3) U Cy in the south-east ordering is asymptotic to (0,00), and ev-
ery solution {(x,,y,)} which starts above W*(E,) U C5 in the south-east ordering is asymp-
totic to (00,0). The first quadrant of initial condition Q; = {(x0,y0) : %0 > 0,y¢ > 0} is the
union of four disjoint basins of attraction, Q; = B(0, 00) U B(0c0,0) U B(E;) U B(E,), where
B(E,) = WH(E,) and

B(El) = {(x!_y) S R : (561:5’1) fse (x»)/) fse (562!5}2)
for some (%1,51) € C{ and (X3,52) € CZ_},
B(O! OO) = {(x’y)|(x:y) 556 (560;5/0)f07"50me (560'5’0) S WS(EZ) U Cl_}’

B(OO, 0) = {(xvy)|(52175’1) =se (x’y)for some (56115/1) € WS(EZ) U C;}

Proof We will prove statement (a). The proof of statement (b) is similar. By Theorem 12
we have that T has two equilibrium points E; and E; such that E; <. E>. Then either E;
is non-hyperbolic and E; is a saddle point or E; is non-hyperbolic and £ is a saddle point.
Assume that E; is non-hyperbolic. From Descartes’ rule of signs applied to (8) we have
that a; < Aj¢;. Lemma 2 implies that 7" (x, o) is asymptotic to either (0, 00) or (oo, 0) or
to an equilibrium point for all (x9, y9) € R. Let B(0, o) be the basin of attraction of (0, 00),
and let B(00, 0) be the basin of attraction of (0o, 0). By using Theorem 9 one can prove that
int(Qz(E2)) C B(0,00) and int(Q4(E3)) C B(oo,0). Let C; denote the boundary of B(0, 0o)
considered as a subset of Q;(E;) and C; denote the boundary of B(c0, 0) considered as a
subset of Q; (E»). It is easy to see that E € C{ and E € C;. Now Theorems 6,7 and 8 yield the
existence of the global stable manifold YW*(E;) and the global unstable manifold W*(E;),
where WW*(E;) has an endpoint at E; and it is a graph of an increasing function. Similarly

as in the proof of Theorem 17, one can see that

W™ ={(%9)1(%,5) Zs (%o,70) for some (%0, 0) € W¥(E1)} C B(0,00),
W = {(x,9)|G1,51) =< (x,9) for some (%1,51) € W*(E1)} € B(o0,0),

and B(El) = WS(EI)

Similarly as in Claim 1, one can prove the following claim.
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Claim 2 Let C; and C; be the sets defined as above. Then we have the following:
(a) If (x0,0) € B(00,0), then (x1,y1) € B(0o,0) for all (x0,0) Zse (x1,71);
(b) If (x0,30) € B(0, 00), then (x1,y1) € B(0,00) for all (x1,y1) Zse (¥0,¥0);

(c) If (x0,y0) € Cy, then (x1,91) € int(B(0, 00)) for all (x1,y1) Kse (%0, ¥0) and
(1, 1) € B(0,00) for all (x0, y0) <se (x1,91);

(d) If (x0,90) € C5, then (x1,y1) € int(B(00, 0)) for all (x0,y0) Kse (¥1,y1) and
(1, 91) & B(00,0) for all (x1,y1) Kse (%0,Y0);

(e) Cf Nint(Q1(E2)) # 0 and C3 Nint(Qy(E,)) # 0;

(f) T(C)CCand T(C3) € C5;

(8) (x0,50), (x1,91) € Cf = (x0,¥0) Ke (x1,71) 07 (%1, 1) K (%0,¥0);

(h) (x0,90), (x1,91) € C3 = (%0, Y0) Kne K1, 51) 07 (X1, ¥1) Ke (X0, Y0).

Proof We prove statement (f). Since W*(E;) U C{ is the boundary of 3(0, 0o) similar as in
the proof of statement (d) of Claim 1, we have that T(V*(E;) U C) € W*(E;) U C . Take
(%0,%0) € Cf \ Ez. If T'(x0,50) € W¥(Ey), then T"(x9,y0) — Ei as n — 00, which is in con-
tradiction with B(E;) = W¥(E;) and B(E;) NC{ = {E»}. Hence, T(x0,y0) € C; which implies
that T(C{") € C{. The corresponding assertion for Cj is proved in a similar fashion. [

Now, we prove that C and C; are the graphs of continuous strictly increasing functions.
Let ] be the projection of ] onto the first coordinate. From (g), no two distinct elements of
C; can be weakly related nor can they have the same projection onto the first coordinate.
Further, J contains [x, x,] whenever x; < x; belong to J. Indeed, if x; < x, belong to J, then
there exist y; and y, such that (x1,1), (%2,¥2) € C{. From (c), we have that int(Q2(x3,2)) C
int(B(0, 00)) and int(Q4(x1,71)) C int(B(c0,0)). By using this it is easy to see that (x,7) € C;
ifand only if y = inf{y : y € [y1,¥2] and (x, ) € int(B(0, 00))}, where x € [x1,x5]. This implies
that J contains [x1,%2]. By (e), C{ Nint(Q:(Ey)) # 0. From this it follows that J is an interval
such that int(J) # ¥ and C; is a connected set. Since points on C; are non-comparable, C;
is the graph of a strictly increasing function f(x) of x € J. If there is a jump discontinuity at
x0 € J,lety_and y, respectively be the left and right (distinct) limits of f (x) as x approaches
%0, respectively. The points (xo,y-) and (xo,y,) are comparable in <,.-ordering, which is
in contradiction with (g). Thus f(x) is a continuous function. Since T has no equilibrium
points in Q;(E;), similarly as in the proof of Theorem 1 [3], one can prove that C; has its
endpoints in dQ;(E3). The proof that considers C; is similar and will be skipped.

Take (x1,91) € Cf and (x3,%2) € C;. Since E, is the only equilibrium point in Q;(E;) and
(0,00),(00,0) ¢ Q1(E;) we have that T"(xy, y1) and T"(x,,y,) converge to E; as n — oo. If
(®1,91) =Zse (%,9) Zse (X2,72) for some (X1,51) € C; and (x3,2) € C;, since T is competitive,
we get T"(%1,71) <se T"(%,¥) <se T"(X2,%), which implies 7"(x,y) — E; as n — 00. O

Based on a series of numerical simulations, we propose the following conjecture.

See Figure 3 for visual illustration of Theorem 20.

Conjecture 2 Suppose that all assumptions of Theorem 20 are satisfied, then the following
hold:

(@) BEy)=C; =C;;

(b) B(E)=Cy =C5.

Theorem 21 Assume that A1 =0, Ay =0 and ay < Aicy. Then there exist the unique non-
hyperbolic equilibrium point E(X,%) and two invariant curves C~ and C* with endpoint in
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Figure 3 Visual illustration of statements (a) and (b) of Theorem 20.

Figure 4 Visual illustration of Theorem 21. Lo

e.8F
0.5

B(Oj:a)

04

0.0k

AR, which are the graphs of continuous strictly increasing functions. Every solution {(x,, y,)}
which starts below Cy in the south-east ordering is asymptotic to (0,00) and every solution
{(xy, yn)} which starts above C, in the south-east ordering is asymptotic to (00, 0). The first
quadrant of initial condition Qv = {(x0,Y0) : %0 > 0,50 > 0} is the union of three disjoint
basins of attraction, Q; = B(0,00) U B(00,0) U B(E), where

B(E) = {(x,9) € R: (%1,71) Zse (%,) Zse (2, 72) for some (%1,51) € C1 and (%, 52) € Ca};
B(0,00) = {(x,9)|(%,7) s (%o,50) for some (%0, 50) € C1};

B(00,0) = {(x,9)|(E1,51) Zse (%,) for some (%1,1) € Ca}.
Proof The proof is similar to the proof of Theorem 20 and will be skipped. O

Based on a series of numerical simulations, we propose the following conjecture.
See Figure 4 for visual illustration of Theorem 21.
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Conjecture 3 Suppose that all assumptions of Theorem 21 are satisfied, then the following
holds:

B(E) =C, =Cs.

Appendix: Values of coefficients p; fori=0,...,22

po = asbi (A7 — 4ar AL + 6a563A1° + a3 Al + a3 (bic) — 4A]c)),

p1 = mATbE (AP + axes (3bics — 4AY) AT + 2a5¢5 (3A3 — 8bc3) AT + 7ajbicr AT
+ay (A - 24A3b13) + a3 (c)by” + B0ATCbY — 4A]c,)),

P2 = AL +2a,03 (bic; — 2A3) A} + ajer (c5b)* — BAT b} — 8AD by — 4A7) A}
+2a3(7A1 30} + 4A]bY) - 2a3 (1361 A} + 1873 A7) + a3 (6A1 5 — 4A1'bic)
+ay(5¢5b1° + 30A7¢5 b} + 28A7 c3bt + Ap?),

p3 = A0} (AP + axes (3c3bt + 247)A] + ajcy (c3b} — 6A3 by — 22A9) A7
+4ascy(cshy® — 9AScIbY + 11A7) Ay + 7aS (A1c3 b} + 6ATcrb})
+a;(10AT - 123b{ A} — 8bYc5AT) + a3 (2c,b)” + 120A%c3bT — 3547 ¢y)),

pa =3 (c3bt +8A3)A} + axc (b} + 4ATc3bT — 32A%) AT
+ay (4cy b} + 23A3 3D} + 8AT) A3
+a5c5(3cSb? — 24A3c3 b} — 32A9c3bT + 48A7) AT + 28aSbi (2¢5b1 + A3 )A]
- a3(95A1 3B} + 64A]crbY)
+a3(10cy b1 + 4ATc) b + 58AL 3 bY + 40A] cabt — 32A1%¢,),

ps = bi (5 (30} + 6A3) AL + arcy (2¢3 55 + 245 c3by — 17A9)AS
+3a303 (265} + 24330} — 13A7c3b1 — 8AT) A}
+2a5c5(4cSb* + 20Ac3b} + 57A7)A; + 7a3(2A16365 + 15A1 cby)

+ a3 (3943 - 234b} AT + 1973 AT)
+ay (cobi* — 4047 b} +125A%c3bT — 11847 c,)),

Pe =3 (3B} + 4ATC3bT + 28A0) A} + 2a3 (-107¢3bY — 52A3c3b} + 14AT7) AT
—ayc3 (-3c5b)* + 16A3c;bY + 16A7 by + 112A7) AT
+2a505(3¢5b1> + 86ATc3 b} + 7TAASCi b — 56A7)AT + ab (84ATc3bY + 52A7b})
—4a;3(5A}c3b} +13A0c,b7)
+2a305(563b1° + 6A3CSbi* — 3AScs by — 16A] by + 84A7%),

p7 = b (—A3ba) + 7(c3b} + 2043 crbt)as + (62A1¢565 — 16541 c3b} + 80AT)a;
— (197¢2AY + 906 3 A7 + 1065 3 A7) ay

+ (4c3b}* — B0AT B + 135A%c; b1 +100A]c)a;
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+Aic; (12¢5b1 + 15A7¢5 b5 + 8247 )a;
+ A3 cs (4cSb® + 12433} — 21A5c3bT — 76A7) as
APcy (3} + 24331 +11AY)),

ps = (56A1c§b§ +53A1b})a5 + 2(75A3 630 + 26A5 ¢y by )a;
+4(14A7 - 65b{ SA} - 74bS 3 AT ) s
+4A103(c3b)° + Ajcs by + 26ATc3by — 56A7)a;
+Ajc3(18c5by* + 132475 b} + 101A%cob + 33647 )a)
+3 (5651 + 12A3cSb* — 38A0c3 b} — 5247 c5bi — 224A1)ay

Ajcs (c3hy* + 2A5¢3b7 + 5647),

po = b? (—2A1b;*a§ +98ATbicaal +5(7c3 by + 12A5c5b1 +19A%)a;
- 5(-204163b% + 45ATc3 b} + 32A]cy)ay
—2(43c3A8 +15b} 3 A} + 45b5 cSAT)al
+2(3c3b)* - 30A3c)bY + 63A%cb} +134A7c3)a;
+A1c5 (8c5bi? + 3043 cyb} — 24A0c3 b — 11347 as
+A7cy (b + 6A3C b} — BAY bt — 4A7)),

pio = 14(c3b + 2A3b})ai + 2(80A163b7 + 67ATcrb )
+2(35A% - 92b{3A] - Tbic3 A7) a;
+(c3by* — 264433} — 184A0 by — 280A]cy)a)
+4A1c3(3c5b)> + 34A3cybT + 58AL b} +105A7)a;
- 24363 (-9¢5by* + TASc3bi + 14047 )ay
+¢5(Sbi® + 4A3CS b2 — 4ASci b — 1247 c3b7 + 70A}?),

pu = b} (=bial + 28A1b}cra + 6(1147 + 25b 3 AT )a;,
+ (706365 — 20A3c3bT — 29A%¢c)ay
+ (60A41c5b% - 271A 3 bf - 264A]c3)a)
+2(153c3A% + 42b S A} - 55b7c}AT)a)
+ (4cy’by + 38ACSbT — 34A]c3)ay
+ A (263!)%2 +15A3¢5b% — 8AScoby — 45A?)),

p12 = 6A2bTaS + (49c§b§ + 96A§C2bf)ag + (164A1c3b§ +43A7c2b} + 56AZ)613
-2(1126,A7 +164b{ 3 A + 67b5 3 A7) a;

+ (3c5h12 — 56A3cSbE + 96AT by + 336A]c3)a;
+A1c3(12¢5b) + 33A3c3 b5 + 104AScobT — 22447 a,
+A3c3 (6¢5b* — 17AT by + 56A7),

pi13 = b} (cy' by” + 12A7 )b} + 2A5 )by — 74A]c;
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+2a5c3(c3b} + A7) (35b1 c; — 113A7)
+5a5(5A7 +12bc5A1) +10a3 (5¢,43 +16b1c3AT)
+2a3(-2A:c5b5 - 63A%cgbf + 64Afc§)
+a3(97¢3 A} + 60by 5 AT — 43b3 3 AT)),
pu = 24A3b}cral + 2(35c§bi3 + 54Ai’c§b‘f +14A%)a;
- 28(-3A1c30} + 5AT b} +4A]cy)as
+6(28c3A7 — 22b} 3 AT — 13D} S AT )a;
+ (3c3by2 — 1243 c) b8 + 132A55b7 — 11247 ¢3) as
+2A1¢5 (2c5b1 + BAJ 3B + 4AT b + 1447),
pis = b} (=ATbYcy + 12A5b1c] — 59ASC; + 4a3 AT + as (37c, A} + 80bTc3A:)
+ a3 (70A3bicy - 76A3c3)
- 2a}(-18c}b} + 72A7c3b} +17A5¢3) + 2a, (-7A1 b ¢ — 9ATHI ¢S + 64A]c3)),
P16 = 4(247 + 9b{3AT)a; + 4cr (14c3 b5 + TA by — 8AY)ay
+4(7A1c508 - 3341y bt +12A]c3)a;
—4(8c3AY - 9bI S AT + T} AT)ar + ¢ (c3b) + 32A%cobT + 8A7),
P17 = bicy (241635 + 2A1b} S - 24A] c; + 60a3A,b{c) + 8ay A}
— 6a3(8c3A7 + bi3AT) + ax(9cib} — 56ATc3b} + 64A%c3)),
Pis = a3 A} — daser (A - 6b1c3) AT + 5 (—4cy b} + 24A5c5b} + AD)AT
—daycs (—cgbf +6ATbY + A) A + a3 (28¢3b} — 24433} + 6A%c3),
p1o =bic3 ()b} — 8AT b} + 4a3AT — 4AScy —12a3A,¢5 (AT - 2bic3)
+4a; (SAfcg - 4Afbfc§)),
P20 = 2174 (302A4 + 3a2A2 +ay (4b4c2 6A302))
po1 = 4A1D8 S (ar - Arcy),

_18.8
P2 =bjc;
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