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Abstract

In this paper, a fractional differential model of HIV infection of CD4" T-cells is
investigated. We shall consider this model, which includes full logistic growth terms
of both healthy and infected CD4" T-cells, time delay items, and cure rate items.

A more appropriate method is given to ensure that both equilibria are asymptotically
stable for T > 0 under some conditions. Furthermore, the dynamic behaviors of the
fractional HIV models are described by applying an Amads-type predictor-corrector
method algorithm.
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1 Introduction

Mathematical models have played an important role in understanding the dynamics of
HIV infection; there are several papers introducing the Human Immunodeficiency Virus
(HIV) [1, 2]. When HIV infects the body, its target is the CD4* T-cell. In these years,
mathematical models have been proven valuable in the dynamics of HIV infection. Mean-
while, there are only some works for the dynamics of HIV infections of CD4* T-cells
(3, 4].

The consideration of the cure (or recovery) rate of infected cells is significant in the
modeling for viral dynamics. The covalently closed circular (ccc) DNA of Hepatitis B viral
has been shown to be eliminated from the nucleus of infected cells in the absence of hep-
atocyte injury during transient infections [5]. In 2010, Wang et al. [6] built and studied an
improved HBV model with a standard incidence function and ‘cure’ rate. Inspired by the
HBV dynamic model with cure rate, Zhou et al. [7] firstly introduced the cure rate into the
HIV infection model. In recent years, the HIV model with cure rate has received a great
deal of attention (see e.g. [8—11]).

In 2011, Liu et al. [12] considered a new model frame that included full logistic growth
terms of both healthy and infected CD4* T-cells:

T'(t) = s —aT(t) + rT(6)(1 — Z220) — kT(6)V(2) + pI(2),

I'0) =KTOV(©) + ri) 1 - Z19) - (8 + p)10), GBY
V'(¢) = NBI(t) — dV(p).
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Fractional differential equations have been widely used in various fields, such as physics,
chemical technology, biotechnology, and economics in recent years (see e.g. [13-16]). As
is well known, the boundary value problem is an important topic, there is a great deal of
attention for this (see [17-26]).

We introduce the fractional calculus into the HIV model for the memory property of
fractional calculus. Both in mathematics and biology, fractional calculus will be more in
line with the actual situation. It is particularly of significance for us to study the fractional
HIV model.

Recently, Yan and Kou [2] have introduced fractional-order derivatives into a model of
HIV infection of CD4* T-cells with time delay:

DUT(t) = s - urT(0) + rT(OA - T250) =  T(O)V (@),
DIt =k Tt-7)V(t—1)— (@), (1.2)
D*V(t) = Nupl () - kn T(6)V(£) = oy V (2),

with the initial conditions:
T(0) = Ty, 1(0) = 0, V)=V, 6c¢c[-1,0]. (1.3)

Motivated by the works mentioned above, we shall consider this model, which includes
full logistic growth terms of both healthy and infected CD4* T-cells, time delay items,
and cure rate items; a more appropriate method is given to ensure that both equilibria
are asymptotically stable for t > 0. In this paper, we establish the mathematical model as

follows:
D*T(t) =s - urT(t) + rT(6)(1 - T2LD) —kT(6) V(1) + pI(2),
DUI() = KTt —T)V(E-7) + i) (1 = TLLD) — () + p)I(), (1.4)
DV(t) = Nupl(t) — j1, V(2),
with the initial conditions:
T(Q) = TO: [(0) = 0» V(e) = vOr 0e [_T,O]) (1'5)

where D* denotes the Caputo fractional derivative of order « with the lower limit zero.
T(t),1(t), V(t) represent the concentration of healthy CD4* T-cell at time ¢, infected CD4*
T-cells at time ¢, and free HIV virus particles in the blood at time ¢, respectively. The posi-
tive constant 7 represents the length of the delay in days. A complete list of the parameter
values for the model is given in Table 1 (see [3]).

Furthermore, we assume that 7(t) > 0, I(¢t) > 0 and V(¢) > 0 forall t > —7.

This article is organized in the following way. In the next section, some necessary defi-
nitions and lemmas are presented. In Section 3, the stability of the equilibria is given. In
Section 4, we will give the numerical simulation for the fractional HIV model. Finally, the

conclusions are given.

2 Preliminaries
In this section, we introduce some definitions and lemmas, which will be used later.
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Table 1 Parameters and values of model (1.4)

Parameter  Description Value

T Uninfected CD4* T-cell population size 1,000 mm™3

/ Infected CD4* T-cell density 0

v Initial density of HIV RNA 107 mm™

To CD4™" T-cell population for HIV-negative persons 1,000 mm™3

wr Natural death rate of CD4* T-cell 0.02 day™’

W Blanket death rate of infected CD4* T-cell 0.26 day ™’

Ly Death rate of free virus 24 day™

b Lytic death rate for infected cells 0.24 day™

k Rate CD4* T-cell become infected with virus 24 %107 mm?® day™
K Rate infected cells become active 2 % 107° mm3 day™’
0 Rate of each infected cells reverting to the uninfected state  Varies

r Growth rate of CD4™ T-cell population 0.03 day’1

N Number of virions produced by infected CD4* T-cell Varies

Trmax Maximal population level of CD4 T-cell 1,500 mm™3

s Source term for uninfected CD4* T-cell 10 day”' mm™

Definition 2.1 ([13, 14]) The fractional (arbitrary) order integral of the function f :
[0,00) — R of order p > 0 is defined by

PPf(x) = Fi(p) /0 (x —s)P7f (s) ds.

Definition 2.2 ([13]) Let o > 0, n = [a] + 1, n — 1 < @ < n, where [«] denotes the integer
partof number «. If f € AC"[a, b], the Caputo fractional derivative of order « of f is defined
by

A0
CD*F(t) = d a1 .
1@ F(n—a)/ﬂ (t — s)rl-n S >0,n—-1l<a<n
Lemma 2.1 ([27, 28]) The equilibrium point (Xeq, yeq) of the fractional differential system

Dax(t) =ﬁ(x’y)7 Da}’(t) =fz(x’y)7 [CAS (O,l],
x(0) =x0,  (0) =)0

is locally asymptotically stable if all the eigenvalues of the Jacobian matrix
MM
ox )
A= (m ﬁ)
ox ay
evaluated at the equilibrium point satisfy the following condition:

o7

’arg (eig(A)) ’ >

The stable and unstable regions for 0 < o <1 are shown in Figure 1 [27, 29, 30].

3 The stability of the equilibria

In this section, we investigate the existence of equilibria of system (1.4).
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Figure 1 Stability region of system (1.4) with order

Im(eig(A))
O<a=<1.
Stable
Stable Unstable
on/2
an/2 Re(eig(A)
Unstable
Stable Stable
In order to find the equilibria of system (1.4), we put
&1wTGM4T®O—Z%%%—kﬂﬂV@+pHﬂ:Q
KT(E-)V(t-1)+ri(t)1 - T92D) — () + p)I(2) = 0, (3.1)
Nppl(t) — u, V(¢t) = 0.

Following the analysis in [12], we find that system (3.1) has always the uninfected equi-
librium Eq = (T, 0,0), where

Tmax ( )2 4rs
—\\ - + r— + .
2r Hr Homtor

max

T

We define the parameter N as
Hnv s
Nyjt=— —+ sy —pur+
crit k’H«ITO (To Hr— KT p)

Ty

and we also find that, if N > N, system (3.1) has a unique positive equilibrium,

, system (3.1) has a unique positive equilibrium E*(T*, I*, V*),
where

T 2 4rs
T* = m‘“[2(m+p)—r—m+\/[r+pw—2(m+p)] +4p(r— - p)+ ]
2r Tmax
I*:/’LVV* V*_r_l’”_p
Ny ' k '

Next, we shall discuss the stability for the local asymptotic stability of the viral free equi-
librium E, and the infected equilibrium E*.

To discuss the stability of system (1.4), let us consider the following coordinate transfor-
mation:

x@)=T)-T, y(t) =1(t) -1, 2t)=V(E)-V,


http://www.advancesindifferenceequations.com/content/2014/1/298

Liu and Lu Advances in Difference Equations 2014, 2014:298
http://www.advancesindifferenceequations.com/content/2014/1/298

where (T,1,V) denotes any equilibrium of (1.4). So we see that the corresponding lin-
earized system of (1.4) is of the form
“x(t) = 1) (- +r - 2L V) + y(t)(p - £L) - kT2(),
D"‘y(t) =k'Vax(t-1)+ k/Tz(t )
3O - T2 (4 )
“2(t) = Npy(t) — mvz(2).

(3.2)

The characteristic equation of system (3.2) at (7,1, V) is given by

A— <—MT +r— _2;:7;::7 - /d_/> —-p+ Tn;x kT
—KVe ™ + #{,x A — <V— (1 +p) — rT+2rI) K Te |~ 0.
0 ~Nup Aty

For the local asymptotic stability of the viral free equilibrium Ey, we have the following

result.

Theorem 3.1 If N < N, the uninfected state Eq = (T}, 0,0) is locally asymptotically sta-
ble for t > 0.

Proof The associated transcendental characteristic equation at Ey = (T},0,0) = (T,1, V) is
given by

2rT, T,
. O)((A+Mv)(?»—r+m+p+ ro ) —Nubk/Toe“) =0.
TmﬂX Tmax

Obviously, the above equation has the characteristic root

()\+/LT—V+

2r T()
Tinax

M=r—pr— <0,

where Ty = %(r—;ﬁ +/(r—pr)? + A

Tmax

Next, we consider the transcendental polynomial

rT rT
22 +>»(uv—r+m+p+ ° ) ey =y +pvp + = Nk Toe = 0.
Tmax Tmax
For v =0, we get
rTo rTouny /
k2+k(uv—r+m+p+ )+M1MV—VMv+Mv,0+ ~Nupk'To =0
max Tmax

Then we note that

rTo  up( s
Hr—=T+p+ =—\ = +(-pnr)+p)>0,
Tmax Hr TO

Page 5 of 20
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we easily see that

}"T()
—r+p+
mv\ U1 0

max

> = Ncrit,u'bk, To.

We have

—(v =T+ P+ ) i\/(uv—H jr+ p + F2)% = 4(Nesie — N) pk' To

Al = )

’

if N < Nit, the characteristic roots have negative real parts for 7 = 0.
For t #0, we get

rTopy

5 VT() / —AT _
M+ puy—r+ur+p+ + Uy — Py + Ly p + — Nupk'Toe™" = 0.

max max

Assume that the above equation has roots A = a)(cos +isin 82X ), for w >0 and 7 > 0;

we get

) ﬁni,_ﬂn2 ,Bni,,ﬂn rTo
w COS — IS1In — + w| COS — rS1in — —-r+ + +
2 5 ) ) ny Hrt p T

rTopy _ BT tiin b1
F Uy — Py + Ly P + _Nﬂbk/TOe tw(cos ~3-Fisin 55-) =0.

max
Separating the real and imaginary parts gives

2 B

rT() )

wz(cos2‘6—”—sin )+wcos‘3 (y =T+ +p+ 7

i .
+ Uy — Ty + P + rTO“V — Nupk' Toe 7@ T cos(:Fta) sin ’37”) =0, (3.3)
o .
%)

Tmax

+20? smﬂ—”cos :l:a)smﬂ (,uv—r+m+,o+

— sin(Frwsin —)N,ubk’T e ~tweos - _ 0.

From the second equation of (3.3), we have

. Brm
sin— =0,
2

thatis 2% =k, k=0,1,2,.
For £ 7 =km,k=0,2,4,..., substituting into the first equation of (3.3), we have

rTo rTopy

Tmax

602+60<MV—V+M1+,0+ >+M1Mv—fﬂv+ﬂvp+

max

= Nupk' Toe ™. (3.4)

For the parameter values given in Table 1, we take any N < N, the infected equilibrium
Ey = (1,000,0,0), and we find that the above equation is unequal for @ > 0. Therefore,
B>2>a.

According to Lemma 2.1, the uninfected equilibrium E* is locally asymptotically stable.
The proof is completed. d
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Remark 3.1 ([2]) The stability region of a system with fractional order « € (0, 1) is always
larger than that of a corresponding ordinary differential system. This means that a unstable
equilibrium of an ordinary differential system may be stable in a fractional differential
system.

Next, for the sake of convenience, at E* = (T*,I*, V*), we define the following symbols:

2rT* + rl* N rT* + 2rl*
Mi=pur—-r+ —— +kV*%, My=-r+u+p+———,
max dex
r’rTr prl*
A=py + M+ M, B=Mpy + Mapy + MiMy — —— + ,
Tmax Tmﬂx
rT*k'v*
C=-Nupk'T* + ——— — pk'V*,
Tmax
NupkT*rl* T*rl* T*
D=MMpy - SAS Mvr2 TRy
Tmax Tmax Tmax
K'V*uyrT*
E =K V*NupkT* — NMyupk'T* — oy ok’ V* + Y AvrE
Tmax
Then the characteristic equation of the linear system is
A+ AN+ (B+Ce* )L +D+Ee* = 0. (3.5)

Using the results in [31], we get
DA =23+A 2+ (B+C)A+D+E
and
D'(A) =322 +24)1 + (B+ C).

Denote

1 A B+C D+E 0
0 1 A B+C D+E
D(A)=-|3 24 B+C 0 0
0 3 24 B+C 0
0 O 3 24 B+C

=18A(B+ C)(D+E)-4A3(D+E)-27(D+E)*> -4(B+C)*> + A2(B+ C)2.

Theorem 3.2 Let1+ %2 >0,(1+ CTIZ)(B +C—-E1)>0,D+E>0andN > Ny, then the
infected equilibrium E* is asymptotically stable for any time delay Tt > 0 if either

(i) D(A)>0, A>0, D+E>0, AB+C)>D+E,
or

(i) D(A) <O, A>0, B+C=>0, 05<a<2/3.
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Proof According to (3.5).
For 7 = 0, we have

B 1+A2+B+CAr+D+E=0.

Using the result in [31], the infected steady state E* is asymptotically stable if the Routh-
Hurwitz condition is satisfied, i.e.

(i) D(A)>0, A>0, D+E>O0, AB+C)>D+E,
or
(i) D(A) <O, A>0, B+C=>0, 05<a<2/3.
For t #0, we get
A+ AN+ (B+Ce*)A+D+Ee* =0.

Assume that the above equation has roots A = a)(cos +isin £X ) for w >0 and t > 0;
we get

3 2
»° cosﬁ—niisinﬂ—n + Aw? cos'B—n:I:isinﬂ—n
2 2 2 2

a)(B + CeTeleos 3 B isin B )) (cos % +isin '87”)

ﬂﬂ)

_ Br
+D+ Ee Tw(cos - Eisin =0.

Separating the real and imaginary parts yields

? cos® ’S — 303 sin? ‘3" cos BX + Aw? cos2 — Aw? sin® ’32”
B Br 4 C /3_” —twcos BX B
+wBcos 5- £ wCcos 5-e 2 cos(:Ftwsm )

N I s BT . . Brm
F sin %Ce TS sin(Frwsin 57) + D

B .
4 Eg~t@cos b cos(Frwsin %”) =0 (3.6)
2/-‘5_” ﬂ_”:FwBSin?’ﬂ—”:i:Zszsinﬁ—”cosﬁ” .
B

B
+ wBsin £X 4+ wsin ﬂ” Ce "2 cos(Frwsin 7)

+3w? cos

_ pr
+ wCe TP o sm(:Fta)sm —)cos 5

pr
+ Ee ¥ 7 sm(:{:twsm—) 0.

From the second equation of (3.6), we have

B

sin— =0,
2

thatis,%”:kn k=0,1,2,.

For &% - =km,k=0,2,4,..., substituting into the first equation of (3.6), we have

@ + Aw® + a)(B + Ce’“") +D+Ee ™ =0.
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For the parameter values given in Table 1, we take any N > N,;;; then we get the specific
value on the infected equilibrium E* = (T*,I*, V*) and we can see that the above equation
is unequal for @ > 0.

For %” =km, k=1,3,5,..., substituting into the first equation of (3.6), we have

-’ + Ao’ — (B + Ce™) + D + Ee™ = 0. (3.7)

According to the development of Taylor type, we have

We take w = -6, and (3.7) becomes

C 2 E 2
93<1ﬂ:71>+92<Aq:rC+Tt)+9(Bﬂ:C—Et)+D+E=0. (3.8)
Let
Ct? Et?
a:lj:T, /S:A:FIC+T, y=B+C-Er, p=D+E,

then (3.8) becomes
h(0) = af® + BO + y0 + p. (3.9)
Notice that
H(0)=3a0?+2B0 +y.
Set
3062 + 280 +y =0. (3.10)

Then the roots of (3.10) can be expressed as

_—BE B 3ay
SR

01,2

Due to ay >0, we have \/m < B. Hence, neither 6; nor 6, is positive. Thus, (3.10)
does not have positive roots. Since @ > 0, #(0) = p > 0, it follows that (3.9) has no positive
roots.

Because of w = —6, the roots of (3.7) are positive, that is, w; 53 > 0.

The proof is completed. d

4 Numerical simulations
In this section, we use the Adams-type predictor-corrector method for the numerical so-
lution of the nonlinear system (1.4) and (1.5) with time delay.
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Firstly, we shall replace system (1.4) and (1.5) by the following equivalent fractional in-
tegral equations:

T(t) = T(0) + I[s = ur T(1) + rT(0)(1 ~ TL20) ~KT @)V (1) + pI(0)),
1) =10) + I*[K T(t = )V (£ - 7) + 1)1 = T9LO) — (1 + p)I(0)], (4.1)

V(£) = V(0) + I* [N upl (£) = o V(D).

Next, we apply the PECE (Predict, Evaluate, Correct, Evaluate) method.

The approximate solution is displayed in Figure 2(Al1)-(A3), Figure 3(B1)-(B3), Fig-
ure 4(Cl1)-(C3), Figure 5(D1)-(D3), Figure 6(E1)-(E3), Figure 7(F1)-(F3), Figure 8(G1)-(G4),
and Figure 9(H1)-(H3). When « = 1, system (1.4) is the classical integer-order ODE.

For the parameter values given in Table 1, we take p = 0.1, then N,;; = 161.5385.

We take N = 800, 7 = 0, then E* = (235.1366566, 31.66823433,2,527.515631) and

A =27967, B=0.9725, C=-0.9077, D =0.0484, E =-0.0116,
and

D(x) =-3.1053<0, B+ C=0.0647,

A(B + C) =0.1810, D+E=0.0368>0,

Cr? Cr?
I—T (B-C—-Et)=2.7504>0, 1+T (B+C—-Et)=0.0417 > 0.

Hence, all the conditions in Theorem 3.2 are satisfied and the infection case E* is asymp-
totically stable. In addition, when we take N = 1,400, t = 0, all the conditions in Theo-

rem 3.2 are also satisfied and the infection case E* is asymptotically stable.

Remark 4.1 Figures 2 and 3 show that, as « increases, the trajectory of the system closes
in to the integer-order ODE.

Remark 4.2 Figure 4 shows that, as t increases, the fluctuation of the trajectory of the

system is smaller during the previous period of the time.

Remark 4.3 If N < N, Figure 5 shows that, as o closes in to 1, the number of steady
states of T approaches the initial value, the numbers of steady states of I and V approach

Zero.

Remark 4.4 Figures 6, 7, and 8 show that, as p increases, the number of infected T-cells
is decreased, the level of the steady state of T is higher, the fluctuations of the trajectories
of I and V are smaller. For p = 0.6, the trajectory of the system is fluctuating during the
previous period of the time. As p (> 0.6) is increasing, the fluctuation of the trajectory
of the system is stronger. It is noticeable that, for p in a certain range, drugs can resist
the virus. For 0.6 < p <1, the trajectory of the system is fluctuating during the previous
period of the time, and it will tend to the steady state later. For p > 1.1, the trajectory of

the system is unstable.
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Figure 2 In (A1)-(A3), @« ={0.7,0.8,0.9,1}, N=800, T =0, p =0.1.
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Figure 3 In (B1)-(B3), « ={0.7,0.8,0.9,1}, N=1,400, T =0, p =0.1.
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Figure 4 In (C1)-(C3),« =0.7, N=800, 7 ={0,1,2,3,4,5}, p =0.1.
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Figure 9 In (H1)-(H3), ® = 0.7, N = {200, 250, 300, 500, 800, 1,000, 1,400}, T =2, p =0.1.

Remark 4.5 Figure 9 shows that, as N decreases, the number of steady states of T in-
creases, the numbers of steady states of I and V are decreased and the trajectories of the
system of I and V are also close to stable.

5 Conclusions

In this paper, we modified the ODE model proposed by Liu et al. [12] and the fractional
model proposed by Yan and Kou [2] into a system of fractional order. We study a fractional
differential model of HIV infection of the CD4" T-cells. We shall consider this model,
which includes full logistic growth terms of both healthy and infected CD4* T-cells, time
delay items, and cure rate items. Moreover, we study «, 7, N, and p, and we obtain some
significant conclusions. For example, if the cure rate gets large in a certain range, it will
control the HIV infection efficiently. In our analysis, the more appropriate method is given
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to ensure that both equilibria are asymptotically stable for ¢ > 0. Both in mathematics
and biology, it is particularly important to show stability of the infected and uninfected
equilibrium point. In addition, we describe the dynamic behaviors of the fractional HIV
model by using the Amads-type predictor-corrector method algorithm.
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