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Abstract

In this paper, we study the boundedness character and persistence, existence and
uniqueness of the positive equilibrium, local and global behavior, and rate of
convergence of positive solutions of two systems of exponential difference equations.
Furthermore, by constructing a discrete Lyapunov function, we obtain the global
asymptotic stability of the unique positive equilibrium point. Some numerical
examples are given to verify our theoretical results.

MSC: 39A10; 40A05

Keywords: difference equations; boundedness; persistence; asymptotic behavior;
Lyapunov function; rate of convergence

1 Introduction and preliminaries
Since difference equations and systems of difference equations containing exponential
terms have many potential applications in biology, there are many papers dealing with
such equations. See, for example the following.

El-Metwally et al. [1] have investigated the boundedness character, asymptotic behavior,
periodicity nature of the positive solutions, and stability of the equilibrium point of the

following population model:

—X
Xps1 = o+ By,

where the parameters «, B are positive numbers and the initial conditions are arbitrary
non-negative real numbers.
Ozturk et al. [2] have investigated the boundedness, asymptotic behavior, periodicity,

and stability of the positive solutions of the following difference equation:

where the parameters «, 8, y are positive numbers and the initial conditions are arbitrary
non-negative numbers.
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Bozkurt [3] has investigated the local and global behavior of positive solutions of the

following difference equation:

aen + '36*}%1

yn+1 = y + ayn + ﬁyn_ly

where the parameters «, 8, v, and the initial conditions are arbitrary positive numbers.
Papaschinopoulos et al. [4] have investigated the boundedness, persistence, and asymp-
totic behavior of positive solutions of the following two directional interactive and invasive

species models:
Xpi1 = a + bx,_1e7", Yps1 = C+ dy, 17,
where the parameters g, b, ¢, d and the initial conditions are arbitrary positive numbers.

Papaschinopoulos et al. [5] have investigated the asymptotic behavior of the solutions

of the following three systems of difference equations of exponential form:

o+ fen 8 +een

KXn+l = = Ynel = —
Y +Yn §+ %Xy
o+ Ber 8 +een

KXn+l = = Ynel = —
Y + X é_ + Vn-1
o+ e S +een

Xn+l = 3 Yn+l = )
Yy + yn—l ( +Xn-1

where the parameters «, 8, v, §, €, § are positive numbers and the initial conditions are
arbitrary non-negative numbers.
Papaschinopoulos and Schinas [6] have investigated the asymptotic behavior of the pos-

itive solutions of the systems of the two difference equations:

- —X;
Xne1 = a + by,_1e7", Vuel = € + dx,_1e7,

Xne1 = A+ by,_1e7", Ynel = €+ dx,_1e7",

where the parameters a, b, ¢, d, and the initial conditions are arbitrary positive numbers.
Recently, Khan and Qureshi [7] have investigated the qualitative behavior of the follow-

ing exponential type system of rational difference equations:

ae?n + Be -1 e + el

Yne1l = , n=0,1,...,
Y1+ 01y + Pryu-1

Xl = ’
Y + sy + Pt

where «, 8, v, o1, B1, ¥1, and the initial conditions xg, x_1, ¥o, ¥_1 are positive real numbers.

Motivated by the above studies, our aim in this paper is to investigate the qualitative be-

havior of positive solutions of the following two systems of exponential rational difference

equations:

ae " + feIn-l o€ + fren-l
Xp+l = ) Yn+l = —, n :0,1,..., (1)
Y+ aYn + BYu1 Y1+ a1xy, + B,
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and

ae ™ + Be ¥l o e + eIl
xn+1 - yn+1: - 7 n:();l;"'y (2)
Y+ aYn + BYu1 Y1+ aixy, + B,

where the parameters o, 8, ¥, &1, f1, Y1, and the initial conditions are positive real num-
bers.

More precisely, we investigate the boundedness character, persistence, existence and
uniqueness of positive steady state, local asymptotic stability and global behavior of the
unique positive equilibrium point, and rate of convergence of positive solutions of systems
(1) and (2) which converge to its unique positive equilibrium point. For basic theory and
applications of difference equations we refer the reader [8—16] and references therein.

Let us consider the four-dimensional discrete dynamical system of the form

Xn+l :f(xn,xn—hyn;yn—l)r Yn+1 :g(xmxn—bynryn—l); n=0,1,..., (3)

where f : I x J> — I and g : I> x J*> — ] are continuously differentiable functions and
I, ] are some intervals of real numbers. Furthermore, a solution {(x,,y,)};2_; of system
(3) is uniquely determined by the initial conditions (x;,y;) € I x J for i € {-1,0}. Along
with system (3) we consider the corresponding vector map F = (f, x,,£,7,). An equilibrium
point of (3) is a point (x,y) that satisfies

x=fx%x53),  y=8&*%yJ).
The point (x,7) is also called a fixed point of the vector map F.

Definition 1 Let (x,y) be an equilibrium point of system (3).

(i) An equilibrium point (x,7) is said to be stable if, for every ¢ > 0, there exists § > 0
such that for every initial condition (x;,7;), i € {-1,0}, || 2171(9@:)’:’) -y <$
implies ||(x, y») — (%, ¥)|| < € for all n > 0, where || - || is the usual Euclidean norm
in R2.

(i) An equilibrium point (¥, ) is said to be unstable if it is not stable.

(iii) An equilibrium point (%,7) is said to be asymptotically stable if there exists n > 0
such that || Z?z_l(xi,y,») — (@) <nand (x,,y,) = (%,%) as n — o0.
(iv) An equilibrium point (x,7) is called a global attractor if (xy, y,) — (%,%) as n — oo.

(v) An equilibrium point (¥, ) is called an asymptotic global attractor if it is a global
attractor and stable.

Definition 2 Let (x,y) be an equilibrium point of the map
F= (f;xn)g’yn)’

where f and g are continuously differentiable functions at (x,y). The linearized system of
(3) about the equilibrium point (¥,y) is

XVH—I = F(Xn) = F]Xn;
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where
Xn
Xn-1
X, =
Yn
n-1

and £ is the Jacobian matrix of system (3) about the equilibrium point (x, y).

Lemma 1 [17] Counsider the system X,,.; = F(X,,), n=0,1,..., where X is a fixed point of F.
If all eigenvalues of the Jacobian matrix Jy about X lie inside the open unit disk |A| < 1, then
X is locally asymptotically stable. If any of the eigenvalue has a modulus greater than one,
then X is unstable.

The following result gives the rate of convergence of solutions of a system of difference
equations:

X1 = (A +B(n)X,,, (4)

where X, is an m-dimensional vector, A € C"*" is a constant matrix, and B : Z* — C™*"

is a matrix function satisfying
|Bon]| -0 (5)

as n — 0o, where || - || denotes any matrix norm which is associated with the vector norm

G| = Va2 +y2.

Proposition 1 (Perron’s theorem) [18] Suppose that condition (5) holds. If X,, is a solution
of (4), then either X, = 0 for all large n or

. 1/n
p = lim (||X,])

or

||Xn+1||
p=1m ——-
n=>o0 || Xl

exists and is equal to the modulus of one of the eigenvalues of matrix A.
_ ae¥n+feVn-1 _ areXniBie*n-1

T y+oyn+Byn ! Yne1 = Y1+ Xn+B1Xn_1
In this section, we shall investigate the asymptotic behavior of system (1). Let (x,¥) be the

2 On the system x,,,

equilibrium point of system (1) then

(o +B)e” (o1 + Br)e™

Tyr@+py )T nrmtBR

To construct the corresponding linearized form of system (1), we consider the following

transformation:

(xnyxn—lrynxyn—l) = (f,fbg,gl), (6)
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where

ae?n + Be -1 aje™ + e ¥l

f=— i =%, =,
Y1+ a1xy, + Brx,-1

Sy ayt By 1=

The Jacobian matrix about the fixed point (¥, y) under the transformation (6) is given by

o (e_y +X) ﬂ(e’j' +X)
0 0 Tyr@) " yr@rhy
_ 1 0 0 0
E&E) =] were pet 0 0
y1+(a1+B1)x y1+(a1+B1)x
0 0 1 0

2.1 Boundedness and persistence
The following theorem shows that every positive solution {(x,,y,)} of system (1) is

bounded and persists.
Theorem 1 Every positive solution {(x,,y,)} of system (1) is bounded and persists.
Proof Let {(x,y4)} be an arbitrary solution of (1). From (1), we have

@by ynfwzuz, n=0,1,2,.... 7)

Y 4!

Xp =

In addition from (1) and (7), we have

e BT e
v+ (a+p)h Vi+ (e + ) SE
Hence, from (7) and (8), we get
L <x,< U, Ly<y,<U,, n=3,4,....
So the proof is complete. O

2.2 Existence of invariant set for solutions
Theorem 2 Let {(x,,y,)} be a positive solution of system (1). Then [Ly, U] X [Ly, Us] is an
invariant set for system (1).

Proof For any positive solution {(x,,7,)} of system (1) with initial conditions xy,x_; €
[L1,Uh], and yo,y-1 € [Ly, U>], we have

ae?0 + Be1 _at B

X1 = =
Y +ayo+ By Y

and

_athy
ae0 + Be )1 - (@+pB)e n

X = > .
! y +ayo + By y+(o¢+ﬂ)"‘1;1—’31
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Moreover,

me™ + et ot

ntoxo+ Bl T

and

_atp
a1 + Bt - (o1 + Br)e 7

Vi+axo +Bixa oy +(an+ ) 5L

n=

Hence, x; € [Ly, U;] and y; € [Ly, Us]. Similarly, one can show that if xx € [Ly, U] and
Yk € [La, U], then xy,1 € [L1, Ur] and yri € [Lo, Us]. O

2.3 Existence and uniqueness of the positive equilibrium and local stability
Theorem 3 Suppose that

< (v(n+ (@ + BOL1) + (a + B)lea + B)e ™) (11 + (e + L), 9)

where

(o +e” L

= (e + B)(a1 + r)e n+Cashy i (()’ +a+B) (1 + (e + B)UL)
+ (o + B)on + Be™) (ya + (L+ Uh) (e + Br)).

Then system (1) has a unique positive equilibrium point (x,) in [L1, U] x [Ly, Us].
Proof Consider the following system of equations:

_ (o + B)e™ _ (o1 + Br)e™
y+(a+B)y ’ 7+ (o + B)x

Let F(x) = Letppet x, where f(x) = LlarBe™ and x e [L1, U;]. Then it follows that

V+(Ol+ﬁ)f(x) ri+(er+pr)x
F(Ly) = )%T)f( — L;. Now, F(L;) > 0 if and only if

(@ +ppe”t1 < (o + B)oy + pr)e ™™ )
y + :

(o + B)e n+lahlr > [,
7+ (o + Br)la

Furthermore, we have F(L;) = % U, where f(U) = % It is easy to see
that F(U;) < 0 if and only if

(@ +ppe”th ( (a+ B)an + Br)e™™h )

(a + B)e n+e+plh < ;| y +
v+ (a + )l

Hence, F(x) has at least one positive solution in [L;, U;]. Furthermore, assume that condi-
tion (9) is satisfied, then one has
dF(x) n

dr < GO v oL + @+ B + e TR0 + (e + BOL)

Hence, F(x) = 0 has a unique positive solution in [L;, U;]. This completes the proof. [

Page 6 of 21
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Theorem 4 Assume that

(o +B)on + B (e + L) (e + 1) < (v + (@ + B)La) (11 + (01 + B)La).

Then the unique positive equilibrium point (x,y) in [Ly, U1] x [Ly, Us] of system (1) is locally
asymptotically stable.

Proof The characteristic polynomial of the Jacobian matrix F(x,y) about the equilibrium
point (,y) is given by

B aci(e”? +x) (e +7) 2 (afi+ Bou)(e? +X)(e™ +7)
(v + (o + B)y)(y1 + (a1 + B1)x) (v + (o + B)y) (1 + (a1 + B1)x)
B BBie™ +x)(e™ +)
(v + (@ + By + (o1 + B)x)

P\ =2t

Let ®(A) = A2 and

aci(e”? +X)(e* +3) 2, (B + Bou)(e” +X)(e™ +7)
(v + (@ + B)y)(y1 + (o1 + B1)X) (v + (o + B)y) (71 + (a1 + B1)x)
BBi(e™ +x)(e™ +7)
(v + (@ + )y + (cr + B)x)

IOE

Assume that (& + 8)(cy + B1)(e22 + Uy (e + UL) < (v + (o + B)Ly)(y1 + (a1 + B1)L1). Then

one has

aon(e? +H(EF+))  (@pi+an)(e” +X)(e” +))
y+a+B)y) i+ (@ +p0)x) (v +(@+B)y)(n + (o1 + B1)X)
s BB +x) (e +7)
(v + (@ + B)y)(y1 + (a1 + 1))

v < (

(7 +x)(e™*+7) )

(v + (e + B)y) (11 + (a1 + Br)x)

(a + B)oa + B)(e™2 + Uy) (e + Uy)
(y + (@ + B)L2)(y1 + (01 + B1)L1)

= (aoq + afy + Py + /3/31)(

<1

Then, by Rouche’s theorem, ®(A) and (1) — ¥(1) have the same number of zeroes in
an open unit disk |A| < 1. Hence, the unique positive equilibrium point (,y) in [L;, U] x
[La, Us] of system (1) is locally asymptotically stable. O

2.4 Global character
Theorem 5 If

(@+Be ™2 <x(y +(a+p)Ly) and (on+pre™ <5y + (o + p1)L1), (10)

then the unique positive equilibrium point (x,%) of system (1) is globally asymptotically
stable.

Proof Arranging as in [19], we consider the following discrete time analog of the Lyapunov
function:
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Vy =5c<¥ —l—lnxT"> +5/(¥ —1—111&)
x X y y
The nonnegativity of V), follows from the following inequality:

x—-1-Inx>0, Vx>O0.

Furthermore, we have
—1n<x””> - 1n<1— (1— n )) < T 7
Xn Xn+l Xn+1
_]n<yn+1> _ ]n<1 _ (1 _ y_n>) < _yn+1 _yn'
In Yna1 Yn+1

Assume that (10) holds true, then it follows that

Vit =V, = a‘c(x"_“ —1-1nx”_*1> +y<y”_“ —1-1ny”_“> —&(ﬂ—l—]nf
x y

X

—5/(&—1—1114")
y Y

% _
< (Kne1 — %) (1 - ) + (yn+1 _yn)(l - 4 )
X+l yn+1

ae M + ﬂe’ynfl — J_C(]/ +ay, + ﬂyn—l)
= (X1 — %) - =
aeIn + ﬂe Yn-1

y

+ (.yn+1 _yn) <0[1€_x" * ﬂle_xml _J_/(Vl Tonx, + ﬂlxn—l))

aje™n + e n-1

_L2 o
< (Ul_Ll)((a+ﬂ)e x(y+(a+ﬂ)Lz))

(a + Bt
(a1 +B)e ™ —=y(y + (o + ,31)L1)> <0
(ay + pre s -

+(U2—L2)<

for all » > 0. Thus V, is a non-increasing non-negative sequence. It follows that
lim, ., V,, > 0. Hence, we obtain lim,_,(V,,;1 — V,) = 0. Then it follows that
lim,, oo X441 = * and lim,,_,  y41 = y. Furthermore, V,, < Vj, for all n > 0, which shows
that (x,y) € [L1, U;] X [La, U5] is uniformly stable. Hence, the unique positive equilibrium
point (x,y) € [Ly, Us] x [Ly, U] of system (1) is globally asymptotically stable.

2.5 Rate of convergence

In this section, we will determine the rate of convergence of a solution that converges to

the unique positive equilibrium point of system (1).

Let {(x,,y,)} be any solution of system (1) such that lim,,, 5 x,, = %, and lim,,_, 50 ¥, = J.

To find the error terms, note that

_ ae?m+Bet (a+pBe”
Xntl =X = - =
y+oy,+ By, y+(a+B)y
ae (e —1)  Beni(eln17Y 1)

YAt BVt VYt BV

Page 8 of 21
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_ax(n—y)  BEOea—))
Y+t BYur VYt BYna
_ae?" =y + Ol(n =) B u1 =7 + 021~ 9)%))
Y +QYn + BYu1 Y+ Y+ Byna
_axOn—y)  BEOea—))
Y+t BYnt YA+ BYut

So,
— C((eiyn +?_C) _ ﬁ(e*}/y,,l +9_C) . .
Xy =X == — (Y =) = (V1 = 5) + O (O - )
" y+toy,+ :Byn—l ) ytay,+ ,3%1_1 (y 1= 1(()/ y )
+ O2 ((ynfl —5/)2). (11)
Similarly,
N NN ety N _
Y1 =) = —l—y(xn—x)— A ) (xn—l_x)+03((xn—x)2)

Y1+ 01X, + Bxyg Y1+ o1x, + Bixa-

+ O4 ((x,,_l - 9_6)2) (12)

From (11) and (12), we have

_ ae? +x) _ B(e?m1 +x) _
Kyl — X" —————————— (¥, =) = ————————— (V1 — ¥,
Y +ay, + Bya1 Y +ay, + Bya1 13)
_ ay(e™ +y) _ prle™1 +) -
Yl =Y ———————————— (% = X) - ————————— (%1 — X).
Y1+ 0%, + Bxy Y1+ 01X, + Bixg

Let e} = x, — ¥ and €2 = y, — y. Then system (13) can be represented as

€)1 X ane, + bye,_, €1 X Cuey + dye)y_,
where
_ ale™ +x) b - B(e™m1 + x)
Y+ Y+ BYut Tyt ay By
ai(e™™ +Y) Bile™ 1 +7)

Gp=—-— dy=—————""

Y1+ oy, + Bxy Y1+ oy + Bixna
Moreover,

. ale? +Xx) . Ble? +%)
lima,=————, lim b, = ————,
n—00 Y+ (o + ﬂ)y n— 00 Y + (a + ﬂ)y

%, = %, =
lim e, = A€*N) o AT
100 yi+(a+ B)x n—>00 yi+(a+ B

So, the limiting system of the error terms can be written as

el 0 0 a(e_j’ +X) B (e’j' +X)

1
il Ty+@+By v+ €n
e | 1 0 0 0 e
N N Il Cocne) M - { G ) 2 |’
e"gl y1+(e+B1)x y1+(a1+B1)x 0 0 j”
e, 0 0 1 0 €, 2
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which is similar to the linearized system of (1) about the equilibrium point (X, ). Using
Proposition 1, one has the following result.

Theorem 6 Assume that {(x,,y,)} be a positive solution of system (1) such thatlim,_, , x,, =

X, and lim,_, o y, = ¥, where x in [L,, U1] and y in [Ly, U,]. Then the error vector

of every solution of (1) satisfies both of the following asymptotic relations:

. ||en+1”
, lim ——
n—>00 |ley ||

= [M234F (. 5)],

1
lim (Jle, )" = |)\1,2,3,4F1(5C,)—’)
n—oQ

where ,12,34F;(X, ) are the characteristic roots of Jacobian matrix Fy(X,y).

oe™Xn +ﬂe‘xn—1 _ o eyn +ﬂ'| eVn-1
y+ayntByna ' Y = YraiantBrxey
In this section, we shall investigate the asymptotic behavior of system (2). Let (x,y) be the

3 On the system x,,;1 =

equilibrium point of system (2), then

(@ + Bl (01 + Br)e”?

Tyr@+py )T nr et BE

To construct the corresponding linearized form of system (2), we consider the following

transformation:

(s X5 Y Yn1) > (Fo1.8:81)s (14)
where

f= ae ™ + fe ¥l fr= s = a1e" + Bre 1 , @ =

- , e the
Y+ Y+ BYna Y1+ 01X, + Bixa

The Jacobian matrix about the fixed point (¥, ) under transformation (14) is given by

A B C D
_ - 1 0 0 O
Fl(x:)’) = ’
A B G D
0 0 1 0
_ ae™ _ ﬁe’;c _ aX _ Bx _ a1y _
where A = — 005, B =~y € = ~viemy P = ~vitay M = T iiteme B =
___BJ C=——ue? p ___ He?
N+ +pE” 1 i+ +px’ 1 yit(e+p)x”

3.1 Boundedness and persistence
Theorem 7 Every positive solution {(x,,y,)} of system (2) is bounded and persists.
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Proof Let {(x,,y,)} be an arbitrary solution of (2), then

a+ﬂ=U1, ynfa”ﬂl:Uz, H=0L.... (15)

Y1

Xp =

From (2) and (15), we have

_atf _o1+hy
Y "1
ws G@FPe o larBle o s 16)
+(a + B)bL ) +(og + )<L
Y " i+l +pi)=;

Hence, from (15) and (16), we get
L <x,<U, Ly<y,<U,, n=3,4,....
This proves the statement. 0

Theorem 8 Let {(x,,y,)} be a positive solution of system (2). Then [Ly, U1] X [Ly, U] is an

invariant set for system (2).
Proof Follows by induction. 0

3.2 Existence and uniqueness and local stability
The following theorem shows the existence and uniqueness of the positive equilibrium

point of system (2).

Theorem 9 If

L1 —L1 —L1 2
e T (o Y ) (- Y ), (17)
Ly oa+p Ly o+ p

then system (2) has a unique positive equilibrium point (x,) in [Ly, Uj] X [Ly, Us].

Proof Consider the following system of algebraic equations:

(a +pBe™ (a1 + pr)e”
xX=— y= (18)
y +(a+ By v+ (o + Br)x
Assume that (x,y) € [Ly, U] X [Ly, Us], then it follows from (18) that
e 14 e’ 14!
y=—— , x=—— .
x  a+p y o+ B
Defining
e 14!
F(x) = - - X,
h(x) o1+ B
e . e h(E) .
where h(x) = &~ - #, x € [Ly, Uh]. Tt is easy to see that F(L;) = (LS - 0‘1]:1,31 —L;>0if

ol

and onlyife_( no@E) s (&= — L)L + 4). Also, F(U) =

L1
L atp a1+p1

T
—h(l) .
¢ _n
AR U, <0ifand



http://www.advancesindifferenceequations.com/content/2014/1/297

Khan Advances in Difference Equations 2014, 2014:297
http://www.advancesindifferenceequations.com/content/2014/1/297

oS-y ety n
onlyife 4« < ( T -m)(uﬁm

in [Ly, U;]. Furthermore, assume that condition (17) is satisfied, then one has

)- Hence, F(x) has at least one positive solution

e vy, o«
, (x+1)e 5 @) (< - v
F'(x) = — -1
Z(Q _ Y )2
x a+p

Hence, F(x) = 0 has a unique positive solution in [L;, U;]. This completes the proof. [
Theorem 10 If

(@ + B)on + Br) (7" + UL L)

<=l =) (y + (@ +B)L2) (1 + (01 + B)La), (19)

then the unique positive equilibrium point (x,) of system (2) is locally asymptotically sta-
ble.

Proof The characteristic equation of the Jacobian matrix F;(x,y) about the equilibrium
point (x,y) is given by

A4 —p4k3 +pgk2 +por+p1 =0,

wherep4 =A+ Cl,pg =AC1 -B —A1C —D1,p2 = AD1 —AlD + BC1 —BlC,pl = BD1 —BlD.
Assuming condition (19) one has

S OB (et e

i-1 ) J/+(°‘+/3)J_’+)’1+(061+ﬁ1)5c

. (aay +afy + a1+ BB)e ™7 + (aay + afy + a1 f + BBXY
(v + (a+B)y)(yi + (a1 + B1)x)
(o + B)(ar + B) (e + X))
(y + (@ + B)y)y1 + (a1 + B1)x)
( + B)an + B)(e117t2 + UL U) p
(y + @+ B)L)(n1 + (e + B)L1)

=X+y+

<U+ Uy +

(20)

Therefore, inequality (20) and Remark 1.3.1 of reference [20] implies that the unique pos-
itive equilibrium point (x,y) of system (2) is locally asymptotically stable. This completes
the proof. d

3.3 Global character
Theorem 11 If

(+Be™ <x(y +(a+B)La) and (o1 +pr)e™ <y(y+ (o1 +B1)l1), (21)

then the unique positive equilibrium point (x,y) of system (2) is globally asymptotically
stable.
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Proof Using arrangements for the proof of Theorem 5 and assume that (21) holds true,
then

Vil =V < (U _L1)<(ot +Ble™ 1 —x(y + (o + ﬁ)L2)>

(a+B)e
(o1 + Br)e™™2 = y(y1 + (o + ,31)L1)) <0
(ay + prle L2 -

+(U2—L2)<

for all n > 0 so that V;, > 0 is a non-increasing sequence. It follows that lim,_, . V;, > 0.
Hence, we obtain lim,,—, oo (V41— V) = 0. It follows that lim,,, o0 %41 = ¥ and limy,—, 00 Y41 =
y. Furthermore, V,, <V, for all n > 0, which implies that (x,y) € [L, U;] X [Ly, U>] is uni-

form stable. Hence, the unique positive equilibrium point (x,y) € [Ly, U;] x [Ly, U] of
system (2) is globally asymptotically stable. d

3.4 Rate of convergence
In this section we will determine the rate of convergence of a solution that converges to
the unique positive equilibrium point of system (2).

Let {(x4,y,)} be any solution of system (2) such that lim,_, - %, = X, and lim,,_, 5 ¥, = J.

To find the error terms,

_ a4 Be 1 (a+ Bl
Kpsl —X = - -
y+oy,+ By y+(a+B)y
Caen(en T o1)  Bealn D gy, - ) BE(u1 — )
Y+an+ By Y+ nt+BYna VA WntBYu1 VWYt BYn
e, - %+ O1((x, - %)) B (1 —F + Oa((ws1 — %))
Y+ oy, + BYn Y+ oY+ Byu
_ 0156(%: _)—’) _ /39_‘:()/;1—1 _J_’)
Y+ an+Byna ¥V Yt By
So,
_ oe¥n _ Be -1 _
Ky =X == (X = X) - ———————— (¥, — X)
Y+ oY+ BYn Y +aYn + BYu1
ox _ Bx _
=Y - 1))
Y+ oY+ BYn Y+ oY+ BYn
+ 01 (0 = %)%) + Oz (-1 — %)). (22)
Similarly,
_ oy _ By -
Yne1 =Y = —;y(xn —X)— ;y(xn—l —x)
Y1+ a1x, + Brx,-1 Y1+ 1%, + Brx,-1
ale*}’n _ ﬁle*}’n—l

- - ———————— a1 - Y)
Y1+ 01X, + Bixn- Y1+ o1, + Bixa-

+ O03(0n = 9)%) + Oa(Wn-1 - 7)) (23)


http://www.advancesindifferenceequations.com/content/2014/1/297

Khan Advances in Difference Equations 2014, 2014:297

Page 14 of 21
http://www.advancesindifferenceequations.com/content/2014/1/297

From (22) and (23), we have

_ —x, _ X1 _
Xl =X = V"’D‘O;’fl‘*'/;lyn—l (xn B x) - V"‘gje’n ‘:}3}%—] (xn—l N x)
ok () Bx _73
y+ayn+Byn-1 (yn y) V*Of}ngﬂyn—l (yn—l y)’ (24)
Py a1y v 1) v
It =V N et O = %) = S s et — %)

_ qu*y”' o ,Sle_yn—l =
y1+e1xn+B1%xn-1 n =7 y1+e1xn+P1xn-1 -1 -9)-

Let e}, = x, — %, and €2 = y, — y. Then system (24) can be represented as

1 1 1 2 2 2 1 1 2 2
e, ~aye, +b,e, | +cue, +dye, |, e,.1 ~eye, +fue, 1 + g€, +hye, |,

where
~ ae ~ Be¥n-1 ~ ax
Yy +tay, +,3yn—1’ Y +ayy +:3yn—1, Yy +ay, +:3yn—1,
Bx oy By
I’lz_—‘! eVI:_—‘! n:——,
Y+ oY+ BYn Y1+ 01X, + Brxn Y1+ o1x, + Bixu-1
Olle_yn IBIe_yn—l

gl’l =- ) h}’l =- ‘

Y1+ o1, + Brxnoy Y1+ 01Xy, + Brxny
Moreover,
i %

lima,=——2  limp--— P

n—00 y+(a+pP)y n—00 y+(a+pB)y

limey=——* lmdy--—— P

n—00 y +(a+B)y =00 Y+ (o +B)y

limey=-——  fmfe-— PP

n—00 y1 + (a1 + Br)x n—>00 y1+ (a1 + B1)x

-y -y
lim n:—L_, lim hnz—L_.
n—00 y1 + (a1 + Br)x n—00 Y1+ (0q + Br)x

So, the limiting system of the error terms can be written as

X

—X

el __ae” __ Be __ ax __ px el
n+l y+(@+p)y y+(@+B)y y+(+B)y y++B)y n
1 1
& | _ 1 0 0 0 €,.1
ez _ ay _ By __ ae? B e 62 ’
”;'1 yi+(a1+p1)x yi+(@1+p1)x yi+(a1+p1)x yi+(e1+p1)x 2”
en 0 0 1 0 en—Z

which is similar to linearized system of (2) about the equilibrium point (x, y). Using Propo-
sition 1, one has the following result.

Theorem 12 Assume that {(x,,y,)} is a positive solution of system (2) such that
limy,, 00 X, = X, and lim,_, oy, =y, where x in [Ly,U;] and y in [Ly, U;)]. Then the error

vector
1
en
1
en—l
e, =
&2
n
2
en—Z
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of every solution of (2) satisfies both of the following asymptotic relations:

S

Tim (Jlesl)

= [M234E5(x,5)

. lleqll
) lim

n=oo ey

= [M234E5(%,5)

)
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where A p34F)(%,Y) are the roots of the characteristic polynomial of F;(X,y).

4 Examples

In order to verify our theoretical results and to support our theoretical discussions, we
consider several interesting numerical examples. These examples represent different types
of qualitative behavior of solutions of the systems of nonlinear difference equations (1)

and (2). All plots in this section are drawn with Mathematica.

Example 1 Let o = 0.0005, 8 = 3,024, y = 1,128, o; =1,005, B; = 1,025, 31 =1,022. Then

system (1) can be written as

_0.0005¢7" +3,024e 71
" 1,128 + 0.0005y,, + 3,024y,

1,005e " +1,025¢*n-1

, (25
1,022 + 1,005, + 1,025x,_;

X+l Yn+l =

with initial conditions x_; = 1.8, xy = 0.01, y_; = 110.9, yo = 1.8.
In this case the unique positive equilibrium point of system (25) is given by (x,y) =
(2.39624,0.0314033). Moreover, in Figure 1 the plot of x,, is shown in Figure 1(a), the plot

of y,, is shown in Figure 1(b), and an attractor of system (25) is shown in Figure 1(c).

() Yo
20

L PR TR L P P 1 n
30 160 130 200 250 ! 30 100 130 200 250

(a) Plot of x,, for system (25) (b) Plot of y,, for system (25)

]

2.0

L i

(c) An attractor of system (25)

Figure 1 Plots for system (25).
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Figure 2 Plot of system (26). o7 )
.6 T@
[ ]
0.4
0.3
0.2 Hil W

,
H 2 40 2 50 100
x(n) .":":'
16
0.7
1.4
b6 12
. 10
[ K]
Wiy 0.8 Wi
0.4
0.6
. 0.4
- . L - f. . . L -
0 100 150 00 0 100 150 200

(a) Plot of x,, for system (27) (b) Plot of y, for system (27)

0.3 o4 0.3 0.6 .7

(c) An attractor of system (27)

Figure 3 Plots for system (27).

Example 2 Let o =230, 8 =132, y =500, a7 = 111, 5 =135, 31 = 600. Then system (1)
can be written as

230e™" +132¢77n-1 _ 1le™ +135e71
500 + 230y, +132y,_; Inl =600 + 111x, + 1350, 1

Xpa1 = =0,1,..., (26)

with initial conditions x_; =10.9, xy = 0.7, y_; = 17.8, y¢ = 0.51. The plot of system (26) is
shown in Figure 2.

Example 3 Let o =50, 8 =14, y =30, g = 0.5, B; =12.5, 31 = 0.8. Then system (2) can
be written as

B 50e™ + 1.4e™*n-1 B 0.5e7" +12.5¢7n-1
T30+50p, + LAy’ 2" T 0.8+ 050, + 1250, 1

(27)

Xn+l

with initial conditions x_; = 0.8, x9 = 0.2, y_; = 1.8, yo = 0.88.
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” " = = n s L M I L
A 2 =t b 100 200 300 200

(a) Plot of x,, for system (28) (b) Plot of y, for system (28)

(c) An attractor of system (28)

Figure 4 Plots for system (28).

In this case the unique positive equilibrium point of system (27) is given by (x,y) =
(0.447606,0.844287). Moreover, in Figure 3 the plot of x, is shown in Figure 3(a), the

plot of y, is shown in Figure 3(b), and an attractor of system (27) is shown in Figure 3(c).
Example 4 Let o =45, =14,y =66, a; =11, B; =12.5, 1 = 0.5. Then system (2) can
be written as

457" + 1.4 n-1 _ Lle?" +12.5e71
66+ 45y, + LAy, "7 05+ Lin, + 1250, 1

Xn+l = (28)

with initial conditions x_; = 21.7, %y = 0.3, y_1 = 2.8, yo = 0.98.
In this case the unique positive equilibrium point of system (28) is given by (%,7) =

(0.300252,1.04429). Moreover, in Figure 4 the plot of x,, is shown in Figure 4(a), the plot

of y,, is shown in Figure 4(b), and an attractor of system (28) is shown in Figure 4(c).

Example 5 Let o =125, 8 =4.5, y =112, o =18, 1 = 32, 31 = 0.09. Then system (2) can

be written as

B 1257 + 4.5¢7*n-1 B 18e™" + 32¢7Vn-1
T2+ 125y, 4 45yns ™ T 0.09 + 18, + 321,

(29)

Xn+l

with initial conditions x_; = 20.7, x9 = 0.3, y_; = 0.9, y9 = 0.2.

In this case the unique positive equilibrium point of system (29) is given by (x,y) =
(0.371312,0.992951). Moreover, in Figure 5 the plot of x,, is shown in Figure 5(a), the plot
of y,, is shown in Figure 5(b), and an attractor of system (29) is shown in Figure 5(c).
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! L L L oy o TR | Loy
50 100 130 200 56 100 150 200

(a) Plot of x,, for system (29) (b) Plot of y, for system (29)

0.3 0.4 03 0.6

(c) An attractor of system (29)

Figure 5 Plots for system (29).

Example 6 Let o =1,245, 8 =111, y =1,266, o5 = 1.1, B1 = 32, 31 = 0.9. Then system (2)
can be written as

1,245 + 111e™*n-1 _ Lle? 43271
1266 + 1,245y, + 111y, 1" "7 0.9+ 11x, + 320,

Xl = (30)
with initial conditions x_; =111.7, %9 = 0.3, y.; = 0.8, yo = 0.8.

In this case the unique positive equilibrium point of system (30) is unstable. Moreover,
in Figure 6 the plot of x, is shown in Figure 6(a), the plot of y,, is shown in Figure 6(b), and
a phase portrait of system (30) is shown in Figure 6(c).

Example 7 Let o = 1,145, 8 =201, y = 1,266, a1 = 15, B; = 232, 31 = 3. Then system (2)
can be written as
1,145e™* + 201e -1 15e7" + 2327711

= B Vn+1 = ) (31)
1,266 + 1,145y, + 201y, 3 +15x, +232x,_1

Kn+l

with initial conditions x_; = 0.9, xo = 0.5, y_; = 0.001, y = 0.8.

In this case the unique positive equilibrium point of system (31) is unstable. Moreover,
in Figure 7 the plot of x,, is shown in Figure 7(a), the plot of y,, is shown in Figure 7(b), and
a phase portrait of system (31) is shown in Figure 7(c).

Example 8 Let « = 2,145, 8 =166, y = 2,566, a1 = 16, B; = 252, 1 = 3. Then system (2)
can be written as

2,145¢™* + 166e™¥n-1 _ 16e™" + 2527 Vn-1
2566 + 2145y, + 2Ly, 2" T 34 16w, + 252, 1

(32)

Xn+l =

with initial conditions x_; = 2.9, x5 = 0.3, y_; = 0.02, yo = 1.7.
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=

L L L L Loy

100 200 300 400 500

(a) Plot of x,, for system (30)

L L
100 200 300 400

(b) Plot of y,, for system (30)

Figure 6 Plots for system (30).

20

(c) Phase portrait of system (30)

500

Figure 7 Plots for system (31).

(b) Plot of y, for system (31)

(c) Phase portrait of system (31)
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P P T L n
300 300 50

P 1
100 200

(a) Plot of x,, for system (32) (b) Plot of ,, for system (32)

Hn)

(c) Phase portrait of system (32)

Figure 8 Plots for system (32).

In this case the unique positive equilibrium point of system (32) is unstable. Moreover,
in Figure 8 the plot of x, is shown in Figure 8(a), the plot of y, is shown in Figure 8(b), and
a phase portrait of system (32) is shown in Figure 8(c).

5 Conclusion

This work is related to the qualitative behavior of some systems of exponential rational
difference equations. We have investigated the existence and uniqueness of the positive
steady state of system (1) and (2). For all positive values of the parameters the boundedness
and persistence of positive solutions are proved. Moreover, we have shown that the unique
positive equilibrium point of system (1) and (2) is locally as well as globally asymptotically
stable under certain parametric conditions. The main objective of dynamical systems the-
ory is to predict the global behavior of a system based on the knowledge of its present state.
An approach to this problem consists of determining the possible global behaviors of the
system and determining which parametric conditions lead to these long-term behaviors.
By constructing a discrete Lyapunov function, we have obtained the global asymptotic
stability of the positive equilibrium of (1) and (2). Finally, some illustrative examples are
provided to support our theoretical discussion. First two examples show that the unique
positive equilibrium point of system (1) is stable with different parametric values. Mean-
while Examples 3, 4, and 5 show that the unique positive equilibrium point of system (2)
is stable whereas the last three examples show that the unique positive equilibrium point
of system (2) is unstable with suitable parametric choices.
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