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1 Introduction

Differential equations of fractional order have recently been addressed by many re-
searchers of various fields of science and engineering such as physics, chemistry, biology,
economics, control theory, and biophysics; see [1, 2]. On the other hand, fractional differ-
ential equations also serve as an excellent tool for the description of memory and hered-
itary properties of various materials and processes. With these advantages, the model of
fractional order become more and more practical and realistic than the classical of inte-
ger order, such effects in the latter are not taken into account. As a result, the subject of
fractional differential equations is gaining much attention and importance.

Recently, much attention has been focused on the study of the existence and unique-
ness of solutions for boundary value problem of fractional differential equations with
nonlocal boundary conditions by the use of techniques of nonlinear analysis (fixed
point theorems, Leray-Schauder theory, the upper and lower solution method, etc.); see
[3-17].

In [18], Agarwal et al. investigated the existence of solutions for the singular fractional

boundary value problems

D*u(t) + f (¢, u(t), D*u(¢)) =0, O0<t<l,
u(0) = u(1) =0,

where 1 <@ <2, 0 < u <« —1 are real numbers, D% is the standard Riemann-Liouville
fractional derivative, f satisfies the Caratheodory conditions on [0,1] x (0,00) X R, f is
positive, and f(¢,x,y) is singular at x = 0.
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In [19], Yan et al. studied the existence and uniqueness of solutions for a class of frac-
tional differential equations with integral boundary conditions

Cpg,x(t) +f(t,%(), °Df.x() =0, te[0,1],
x(0)+x/(0)=y(x), [y x(O)dt=m,
x//(o) — x///(o) .= x(n—l)(o) =0,

where CD‘(’)‘H CD§+ are the Caputo fractional derivatives, f : [0,1] x R x R — R is a con-
tinuous function, y : [0,1] — R is a continuous function,and m e R, n -1 <a <n (n > 2),
0 < B <1isareal number.

In [20], Guezane-Lakoud and Bensebaa discussed the existence and uniqueness of so-
lutions for a fractional boundary value problem with a fractional derivative condition,

CDg+u(t) +f (&, u(2), CD‘5+ u(®))=0, 0<t<l,
u(0) =u"(0) =0, u' (1) = DS, u(1),

where f : [0,1] x R x R — R is a given function, 2 < g <3, 0 <o <1, and “D, represents
the standard Caputo fractional derivative of order 4.

Motivated by all the works above, this paper deals with the existence and uniqueness of
solutions for the singular fractional boundary value problem with a fractional derivative
condition,

CDg+ u(t) + f(t, u(t), CDg+ u(®)=0, 0<t<l,

(1.1)
u(0) =4/(0) =0, u'(1) = D5, u(1),

where2<g<3,0<0 <1,f:(0,1] x R x R— R is continuous, f(¢,%,y) may be singular at

t=0, DY, is the standard Caputo derivative.

The paper is organized as follows. In Section 2, we shall introduce some definitions
and lemmas to prove our main results. In Section 3, we establish some criteria for the
existence for the boundary value problem (1.1) by using the Banach fixed point theorem
and the Schauder fixed point theorem. Finally, we present two examples to illustrate our
main results.

2 Preliminaries and lemmas
In this section, we present definitions and some fundamental facts from fractional calculus
which can be found in [21].

Let E={x:x € C[0,1], CDch € C[0,1]}, 0 < o <1, endowed with the norm

l

, Max |CDg+x(t)
te[0,1]

x|l = max[ max |x(t)
te[0,1]

then (E, | - ||) is a Banach space.

Definition 2.1 [21] Ifg € C[a,b] and « > 0, then the Riemann-Liouville fractional integral
is defined as

1

17.8(t) = m

/t(t —5)*g(s)ds.
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Definition 2.2 [21] Let @ > 0, n = [a] + 1. If g € AC"([a, b]), then the Caputo fractional
derivative of order « defined by

1 t
CDot+ ) = / t— n-a-1_(n) d
0= oo | e ds
exists almost everywhere on [a, b] ([«] denotes the integer part of the real number ).

Lemma 2.1 [21] Let o, > 0 and n = [o] + 1. Then the following relations hold.:

r
Dt = itﬁ_“_l, B>n

I'B-a)
and

vtk =0, k=0,1,2,...,n-1

Lemma 2.2 [21] Fora >0, g(t) € Cla, b], the homogeneous fractional differential equation
€D g(t) = 0 has a solution

gt)=Ci+ Cot + C3t* + - + C,t" 7,
where C;,i=1,2,...,n,and n = [a] + 1.
Lemma 2.3 [21] Let p,q > 0, and f € Li([a, D]). Then

PILf(e) = P () = IL I £ (2),

“DLILf(®) =f(®), Vtelabl.
Lemma 2.4 [21] Let B>« >0, and f € Li([a, b]). Then for all t € [a, b] we have
Cpe 1P f(t) = 1P f(0).
Lemma 2.5 (Schauder fixed point theorem) Let (E,d) be a complete metric space, let U be

a closed convex subset of E, and let A : U — U be a mapping such that the set {Au :u € U}

is relatively compact in E. Then A has at least one fixed point.

Lemma 2.6 Forye C[0,1] and 2 < q < 3,0 <o <1, the unique solution of

CDgJ,u(t) =9y(¢), O0<t<],
u(0) = /'(0) =0, w' (1) = “D§, u(1),

is given by

1
u(t):/ G(t,8)y(s)ds,
0
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where
(t-9)171 | T(3-0)2(1-5)7"2 [ (1-5)}~° 1
Glts)= | T@ G010 (Fgor ~ ) 0=s=t=l @.1)
’ [(3-0)t2(1-5)772 / (1=5)1 1 ’
M G-0)TO) (Tig-o) ~ TGD)” 0=t=s=1

Proof By Lemma 2.2, we get

u(t) = Ig+y(t) +C + Cot + Cst2,
for some C; € R, i =1,2,3. So, we have

u'(t) = Ig:ly(t) +Cy +2Cst.
From the conditions #(0) = #'(0) = 0, we obtain C; = C, = 0. Hence,

- — - — ré) .,

CD0+ M(t) = Ig+ y(t) + C3CD0+ tz = Ig+ y(t) + Cgmtz .

The condition /(1) = Dg, u(1) implies that
ra- Lrd-s)yaot (1-5)12
. B0 (( 9o (1) )y(s)ds'
2I'B-0)-T@B)Jo \ T(g-0) T(g-1)
Therefore, u(t) can be written as
rG-o)e? Lrq-s)2°o1 (1-s5)72
u(t) =ILy(t) + - (s)ds
P -0)-T® Jo \ Tlg-0) Tq-1 )’
1
= / G(t,5)y(s)ds,
0

where G(t,s) is defined by (2.1). The proof is complete. O

3 Existence and uniqueness results
Define the operator T: E — E by

1
Tu(t) = / G(t,s)f(s, u(s), CD8+ u(s)) ds, Vte]l0,1].
0

Denote

3 _Blg1-9%) N reéd-o) (B(q—a,l—a) +B(q—1,1—8))
'" " T(@ 2r@-o0)-r@\ Tr(g-o) rg-1) )
B _B(q—(f,l—é)+ '(3) (B(q—0,1—8)+B(q—1,1—8))
2" T(@-0) 2IB-0)-T@\ T(g-o0) T(g-1)

Lemma 3.1 Let 2<g<3,0<68<1, F:(0,1] — R is continuous, and lim,_, o+ F(t) = oo.
Suppose that t’ F(t) is continuous on [0,1]. Then the function u(t) = fol G(t,s)F(s) ds is con-
tinuous on [0,1].
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Proof By the continuity of £*F(t) and u(t) = fol G(t,s)s s F(s) ds. It is easy to know that
u(t) = 0. Now we separate the process into three cases.

Case 1. For ¢y = 0 and V¢ € (0,1]. Because of the continuity of £*F(t), there exists a con-
stant M > 0 such that |£*F(¢)| < M, t € [0,1], then

F-91t r'G-o)
/o P BT W ey

1 (1 _S)q—a—l ~ (1 _S)qu 5
X/o ( Tq—0) F(q—l))s s°F(s)ds
/ (t- s)ql -3 r'(3-o)’M
ds +
2I'B-0)-T(3)

1- s)q o-lg=8  (1- s)q235>
d
X/o ( I'(g-o) * I'(g-1) ’
M3 1 r3-o)t*M

_ RV G
=T b T M G T —T )

B(g-0,1-8) B(g-1,1-9)

X( Flg-o) = T(q-D >

M F(3-0)’M

" T P ) MG o)1)

Blg-0,1-68) B(g-1,1-9)

X( Fg-o) ' Tg-D )
—- 0, ast— 0,

|u(t) - u(0)| =

where B denotes the beta function.
Case 2. For £y € (0,1) and V¢ € (¢, 1], then

(t_s)q ! § 3 o (tg —s)17 58
/ F(q) s F(s)ds—/o Tq)s s°F(s)ds

r@-o) HA-9 (1-9)12\ 4
+2F(3—0)—F(3)f0 ( T(g-o) - Tg-1) )S s°F(s)ds

r@-o)g LA=-9)T7 1-5)T2\
_21_‘(3—0)—1"(3)'/(; ( I'(g-o0) - Fg-1) >S s°F(s)ds

I'(q)
1 <(1 s - d-s )s_asaF(s)

N I'(3-o)(t*-13)
2I'3-0)-T@13) Jo Ig-o) T(g-1)

< % (/Oto [(t -8t (¢ - s)"’l]s"s ds + /t:(t — )T tgd ds)

rG-o)?-83)M (Blg-0,1-8) Blg-1,1-6)
2F(3—a)—r(3)< rg-o) ' Tg-D )
_ M@ - t)B(q,1-8) T(B-0)*-2)M
= ') T ArG-0)-TB)
Blg-0,1-68) B(g-1,1-9)
X( Flg-0) = Tg-1) )

— 0, ast—t.

|u(t) — ulto)|

<

ds
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Case 3. For ¢y € (0,1] and V¢ € [0, £o]. The proof is similar to Case 2, here we just leave it
out. This completes the proof. 0

Lemma 3.2 Let2<g<3,0<8<1,f:(0,1] x R x R— R is continuous, and lim,_, o+ f (t,
-,-) = 00. Suppose that t’f(t,-,-) is continuous on [0,1] x R x R. Then

1
CD& Tu(t) = CD& < / G(t, S)f(s, u(s), CD8+ u(s)) ds)
0

is continuous on [0,1].

Proof From u € E we obtain u(t) € C[0,1] and CD8+ u(t) € C[0,1]. Hence, there exist two
constants L1 > 0 and L, > 0 such that |u(¢)| < L, |CDg+u(t)| < L,, for t € [0,1]. Since
t’f(t,-,-) is continuous on [0,1] x R x R, we have

My = max |t‘3f(t u,v)
te[0,1]

, for —Li<u<Li,-L, <v<L,,

r3-o)t?

Cno _ -
D5 Tu)| = B-0)-TQ3)

DG (18.f (& u(®), “ DG u(t))) +

o-1 -2
r s)" - (_quql) )/(S' u(s), “ D5, u(s)) ds
r3)*—°
AB-0)-TB)

—s)i ol (1-5)12
( F(g-o) T(g-1
Lg=s)aolte Mo (3)t*°
o Tlg-o0) " T2rBE-0)-T()

Lrq-s)go-lg? (1—s)72578
) /o < fg-o) “* T )ds

_ Mot Blg-0,1-3) Mo (3)t>°

= I8 (& u(®), “ DG, u(t)) +

(s, u(s), CD8+ u(s)) ds

<M,

Tg-o) TArG-0)-TB)
Blg-0,1-68) B(g-1,1-9)
(e e ) .

Observing that £7-°=%, £ are continuous on [0, 1], we can show “D§, Tu(t) is continuous
on [0,1] by using the same method as in Lemma 3.1. The proof is completed. O

Lemma 3.3 Let2<g<3,0<8<1,f:(0,1] x R x R — R is continuous, and lim,_, ¢+ f (¢,
-,+) = 00. Assume that t’f (t, -, -) is continuous on [0,1] x R x R. Then the operator T : E — E

is completely continuous.

Proof For Yu € E, Tu(t) = fol G(t,s)f (s, u(s), CDg+ u(s)) ds, by Lemma 3.1 and Lemma 3.2,
we have T : E — E. Now we separate the proof into three steps.

Step 1. Proof of T': E — E is continuous.

Let up € E and |lug|| = Co. If u € E and ||u — up|| < 1, then ||| <1+ Co = C. By the con-
tinuity of £°f (¢, u(¢), D, u(t)), we know that £°f (¢, u(t), “ D§. u(t)) is uniformly continuous

Page 6 of 12
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n [0,1] x [-C,C] x [-C, C]. Thus for Ve > 0, there exists n > 0 (5 < 1), such that
|£2F (&, u(t), “ D u(t)) — 2 (£, uo(2), “D. uo(¢))| <&, forall £ € [0,1], (3.2)

u € E, with ||u — up|| < n.
It follows from (3.2) that

|Tu(t) - Tuo(t)|

1
< /0 |G(t, $s)s~ | |s‘3f(s, u(s), CD& u(s)) - sz(S, uo(s), CD8+ U (S)) | ds

1
<8f fG(t,s)s"s{ds
0

( L(t=s)1ls8 r(3-o)t 1 <(1—s)q"1 (l—s)qz) s

<e¢ S + - S

o TI'lg 2I'3-0)-T@B) Jo I\ T(g-0) T(g-1)

<8[t’HB(q,1—8) N r3-o)t? <B(q—o,1—8) N B(q—l,l—é)):|
I'(g) 2I'3-0)-T(3) I'(g-o) I'(g-1)

<e&B. (3.3)

4

On the other hand, by (3.1), we get
|“D. Tu(t) — “Dg. Tuo (2)|
= |“D, (Tult) - Tuo(t))|
= I8 (F (&, u(t), “Dg u(t)) - £ (&, uo(£), “D uo(t)))
2F(3 a)— re) Jo F(q—o) Fg-1)
x (f (s, u(s), “Dg.u(s)) = f (& uo(t), “D. uo(t))) ds

_.[Blg-0,1-9) r'@3) Blg-0,1-8) B(g-1,1-5)
—8[ F(g-o) +2r(3—a>—r(3>( Fg-o) ' T(q-1 ﬂ

= 832. (34)

Therefore, || Tu — Tug|| — O as |u — ug|| — 0, i.e., T : E — E is continuous.

Step 2. Let 2 C E be bounded, then there exists a positive constant b such that ||u| < b,
Yu € Q. Since £2f(¢, u(t), CDg+ u(t)) is continuous on [0,1] x [-b, b] x [-b, b], we see that
there exists a positive constant L such that

|2f (£, u(t), “D.u(t))| <L, Vte[0,1],Vue Q.

Thus, by (3.3) and (3.4), we have

1 1
| Tu(t)| < / |G(t,9)s7°||s°f (s, u(s), “D. u(s)) | ds < L[ |G(t,s)s™°| ds < LBy,
0 0

r(3)t*°

Cno _ I
[°D5. Tie)| = 2T(3-0)-T()

IE7f (6 u(0), “ DG () +
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HA=9rt (1-g) Cro
X /o ( Mg-o0) T(g-1) )/(s, u(s), “Df. u(s)) ds
<LB,.

So, T(£2) is bounded.
Step 3. We will prove that T(S2) is equicontinuous.
Forall 1,1, € [0,1], f; < t, and u € Q we have

| Tu(tz) — Tu(t)|

= ’ %q) otl [(tz B Ky (o s)q_l]s“ss’sf(s, u(s), CD‘5+ u(s)) ds

+ %q) ftz (&2 = 8)*7 578 f (s, u(s), “ D, u(s)) ds
N r3-o)(-£) 1((1—s)'1-°‘-1 ~ (1-s)72
2I'B-0)-TB) Jo \ T'(g-0) T(g-1)

< %q) A 1 [(tz - s)q*1 —(t - S)q*1]5*3 ds + %q) /;1 z(fz - 5)4*155 ds

LT3 -o)t3-t)) (Blg-0,1-8) Blg-1,1-6)
2F6—00—F6)< Mg-0) = T@-D )

)s_‘ss‘sf(s, u(s), CD8+ u(s)) ds

Lt - t1)B(g,1- )
- I'(q)

LT(3-o0)(t3-t) (Blg-0,1-8) Blg-1,1-6)
2N3—®—F6)< Clg-0) = Tg-D )’

(3.5)

|CD8+ Tu(tz) — CDg+ Tu(t1)|

F(ql— ) /Otl [(tz ) Ay (. s)"“"l]s“ss‘s (s, u(s), CD‘5+ u(s)) ds

1
"Tq-o0)
N re) e -2) ! <(1 -5 (1-s)0?

2r3-0)-T@B3) Jo \ T(g-0) T(g-1)
rmiouﬂtw—ﬂ*““4h—ﬁ“”k”%

12}

/ N (ty — )T 1s708°f (s, u(s), CD& u(s)) ds

)5555 (s, u(s), “Df. uls)) ds

=

+ m (tz — S)q_a_ls(S ds
LT3)3° —t°) (Blg—0,1-8) B(g-1,1-9)
2FB—®—FB)< Fg-o) = T-D )
LE 7 )B(q - 0,1 - 6)

I'g-o)

LT3)3° —t°) (Blg—0,1-8) Blg-1,1-9)
2r@—w—re>< rg-0) = T@-D )

(3.6)

As ) — ty, the right-hand sides of the inequalities (3.5) and (3.6) tend to 0, consequently
| Tu(ty) — Tu(ty)|| — O, i.e., T(S2) is equicontinuous.

Page 8 of 12
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By means of the Arzela-Ascoli theorem, we conclude that T is completely continuous.
O

Now we are in the position to establish the main results.

Theorem 3.1 Assume that:

(Hy) There exist two constants [ >0 and 0 < o < 1 such that

Elf (6 x1,21) —f (6%, 2)| < 1|21 — x2] + |21 - 22]),

foreach t € [0,1] and all x1,%x,,21,2z, € R.
(Hy) 6 =max{2/By,2IB,} < 1.

Then the BVP (1.1) has a unique solution.

Proof We shall use the Banach fixed point theorem. For this, we need to verify that T is a
contraction. Let u, v € E, then from (H;) and (3.3)-(3.4) we obtain

| Tu(t) - Tv(t)|

1

= ’ /0 G(t,)(f (s, u(s), “D. u(s)) — £ (s, v(s), “ DG v(s))) ’
1

< /0 ’G(t, s)s7 ’ |s‘s (f(s, u(s), CD‘& u(s)) —f( L v(s), CD8+ v(s))) | ds

1 1

< l/ |G(t, $)s~ | |u(s) - v(s)| ds + l/ |G(t, $)s~ | |CD8+ u(s) — CD‘5+ v(s)| ds

0 0

1
<2u-v| f ‘G(t,s)s“‘} ds
0

<2IBi||lu-v|, (3.7)

|CD8+ Tu(t) — CD((;+ TV(t)|

(t_s)q i 1 - Cno _
[ (f(s,u(s), Do+u(s)) f( v(s), D0+v( )))]ds
F(3 tZ o S)q o-1 —6 (1 _S)q—2s—8
Tare- a)—ms)/( Flg-o)  T(g-1) )

x s (f(s, u(s), CD‘(; u(s)) —f(s, v(s), CD‘(’)} v(s))) ds

< 2l||u - v||B,. (3.8)

Taking (3.7) and (3.8) into account, we acquire || 7u — Tv|| < 0|u—v/||; then it is a contrac-
tion. As a consequence of the Banach fixed point theorem, we deduce that T has a fixed
point which is the unique solution of the BVP (1.1). The proof is complete. d

Next, we will use the Schauder fixed point theorem to prove our result.
For the sake of convenience, we set

C o
Ly = trgg)f]t [f(t u(t), "D u(t ))

r= max{LoBl, LoBz}.
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Theorem 3.2 Assume that2 <q<3,0<8<1,f:(0,1] x R x R — R is continuous, and
limy_ o+ f(t,-,-) = 00, t°f(t,-,-) is continuous on [0,1] x R x R. Then the BVP (1.1) has a

solution.

Proof Let U ={u:u € E: ||u|| <r}.First, we prove that T: U — U.
In fact, for each ¢ € [0,1], we have

|Tu t)| < F( ) /.t(t—S)q—ls—ﬁ|S—5f(s,u(5),CDg+u(s))|ds

((1 —5)q01gS ~ (l—s)q‘zs“s)
I'(g-o) I'(g-1)

re- (Tt2
TArG-o)-T

x [°f (s, u(s), CD‘5+ uls))| ds

< LoBy,
|CD8+ Tu( t)| / (t-s)7°t _5|S_‘Sf(s, (s), CDg+u(s))|ds
. F(S)tz‘” fl ((1 — )70 1gS _ (1—s)72578 )‘
2I'3-0)-T'(3) Jo ['(g-o) I'(g-1)
x |°f (s, u(s), “ D u(s)) | ds

< LyB,.

Hence, we can conclude that

|| T ]| =max{max‘Tu( o+ Tu( t)’} <r.
te[0,1]

te()

From Lemma 3.1 and Lemma 3.2, we know that Tu(t) € C[0,1], CD& Tu(t) € C[0,1]. Con-
sequently, 7 : U — U. From Lemma 3.3, we find that T': U — U is completely continu-
ous. By Lemma 2.5, we deduce that the problem (1.1) has a solution. This completes the
proof. d

4 Examples
We illustrate our work with two examples.

Example 4.1 Consider the following fractional boundary value problem:

14 4
CDgu=1"2(0.029u + 0.028CDS, u + cost), 0<t<l,

p (4.1)
u(0)=u'(0)=0,  '(1)=°Dg u(d).

We have

<1

14
f(t,x,y) =0.029x + 0.028y + cos ¢, 2<q= = <3, o=
and

1
t2|f(t,x1,21) = f (£, %2, 22)| < 0.029(|x1 — 2| + |21 — 221),
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where § = % <1,/=0.029. Simple calculus gives

5 _B@1-9) r-o) B(g-0,1-8) B(g-1,1-6)

"I +zr(3—a)—r(3)< Flg-0) = Tg-1) )
=16.0968,

B_B(q—a,l—&) I'(3) B(g-0,1-8) B(g-1,1-9)
2 T T(g-0) +2r<3—o~>—r<3)< Fg-0) & T(g-1) )

=16.7697.

So, 6 = max{2[B;,2[B,} = 0.9726 < 1, then by Theorem 3.1, the problem (4.1) has a unique

solution.

Remark 4.1 If /> 0.03, then 6 > 1. However, by Theorem 3.2, the problem (4.1) still has a
solution.

Example 4.2 Let us consider the fractional boundary value problem

1 2
Dgiu= 3t + (“Dgu)?® +(1-1)?%, 0<t<l,

4 (4.2)
u(0) = 4/(0) =0, u'(1) = DG, u(l).

Leto = %, then all conditions in Theorem 3.2 are satisfied. Then the problem (4.2) has

a solution.
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