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1 Introduction
Consider homoclinic solutions of the following p-Laplacian system:

A(|Au(n - 1)|p72Au(n -1)) - a(n)‘u(n)|qipu(n) + VW(n,u(n)) =0, neZ, (1.1)

wherel<p<(q+2)/2,q>2,neZ, ucR, a:Z — (0,+c0), and W:Z x RN — R are
not periodic in n. A is the forward difference operator defined by Au(n) = u(n + 1) — u(n),
A%u(n) = A(Au(n)). As usual, we say that a solution u of (1.1) is homoclinic (to 0) if u() —
0 as # — F00. In addition, if u(n) # 0, then u(n) is called a nontrivial homoclinic solution.
We may think of (1.1) being a discrete analogue of the following differential system:

d _ -
E(|iz(t) P 2u(t)) —a(®)|u@®)| " ut) + VW (tu(t)) =0, teR. (1.2)
When p =2, (1.1) can be regarded as a discrete analogue of the following second-order

Hamiltonian system:
ii(t) - a(t)|u(t){q‘2u(t) +VW(t,u(®))=0, teR. (1.3)

Problem (1.2) has been studied by Shi et al. in [1] and problem (1.3) has been studied in
[2—4]. It is well known that the existence of homoclinic orbits for Hamiltonian systems is
a classical problem and its importance in the study of the behavior of dynamical systems
has been firstly recognized by Poincaré [5]. If a system has the transversely intersected
homoclinic orbits, then it must be chaotic. If it has the smoothly connected homoclinic
orbits, then it cannot stand the perturbation and its perturbed system probably produces
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chaotic phenomenon. Therefore, it is of practical importance to investigate the existence
of homoclinic orbits of (1.1) emanating from 0.

By applying critical point theory, the authors [6—22] studied the existence of periodic
solutions and subharmonic solutions for difference equations or differential equations,
which show that the critical point theory is an effective method to study periodic solu-
tions of difference equations or differential equations. In this direction, several authors
[23-34] used critical point theory to study the existence of homoclinic orbits for differ-
ence equations. Motivated mainly by the ideas of [1-4, 35], we will consider homoclinic
solutions of (1.1) by the mountain pass theorem and the symmetric mountain pass theo-
rem. More precisely, we obtain the following main results, which seem not to have been
considered in the literature.

Theorem 1.1 Suppose that a and W satisfy the following conditions:

(A) Letl<p<(q+2)/2and g>2,a:7Z— (0,+00) is a positive function on Z such that for
allneZ

a(n)>alnl’, a>0,8>(q-2p+2)/p.

(W1) W(n,x) = Wi(n,x) — Wa(n,x), W1, W are continuously differentiable in x, and there
is a bounded set ] C 7 such that

ﬁWW(n,x){ =o(|x[7?") asx— 0

uniformly in n € Z\J.
(W?2) There is a constant i > q — p + 2 such that

0<uWi(nx) < (VWl(n,x),x), Y(n,x) € Z x RN\{0}.
(W3) Wa(n,0) = 0 and there exists a constant o € (q — p + 2, ) such that
Wa(n,x) >0, (VWa(n,x),x) <oWa(nx), V(mx)eZ xRN
Then problem (1.1) has one nontrivial homoclinic solution.

Theorem 1.2 Suppose that a and W satisfy (A), (W2) and the following conditions:

(W1) W(n,x) = Wi(n,x) — Wa(n,x), Wi, Ws are continuously differentiable in x, and

ﬁww/(m,xﬂ = 0(|x|q—p+1) asx— 0

uniformly in n € Z.
(W3) Wy(n,0) =0 and there exists a constant ¢ € (q — p + 2, L) such that

(VWg(n,x),x) <oWh(mx), Y(mx)eZ xRN,

Then problem (1.1) has one nontrivial homoclinic solution.
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Theorem 1.3 Suppose that a and W satisfy (A), (W1)-(W3) and
(W4) W(n,—x)=W(n,x),V(n,x) e Z x RN.

Then problem (1.1) has an unbounded sequence of homoclinic solutions.

Theorem 1.4 Suppose that a and W satisfy (A), (W1), (W2), (W3) and (W4). Then prob-
lem (1.1) has an unbounded sequence of homoclinic solutions.

The rest of this paper is organized as follows: in Section 2, some preliminaries are pre-
sented and we establish an embedding result. In Section 3, we give the proofs of our results.
In Section 4, some examples are given to illustrate our results.

2 Preliminaries
Let

S= {{“(”)}nez cu(n) eRNne Z},

W= {u €S [|Autn -1 + [u(m)]"] < +oo},

nez
and for u € W, let
1/p
||| = {ZHAu(n _1)|1’ + |u(n)|1’]} .
nez

Then W is a uniform convex Banach space with this norm. As usual, for 1 < p < +00, let

ZP(Z,RN) = {u eS:Z|u(n)’p < +oo}, ZOO(Z,RN) = iu eS:sup|u(n)‘ < +oo},

nez nez

and their norms are given by

1/,
lull = (Zyu(m\”) " Vuer(zRY),

nez

lulloo = sup{|u(n)| :neZ}, Vuei™(Z,RY),

respectively.
If o is a positive function on Z and 1 < s < +00, let

B =0(2RY;0)= {u € ZIIOC(Z,RN)) Zo(n)‘u(n)r < +oo}.
nezZ
I’ equipped with the norm
1/s
llellso = (Zo(n)|u(n)|s)
neZ

is a reflexive Banach space.
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Set E = W N 117" where a is the function given in condition (A). Then E with its stan-

dard norm || - || is a reflexive Banach space. The functional ¢ corresponding to (1.1) on E
is given by
1 _
o(u) = Z[— |Au(n - 1)|1J + &)2|u(1’1)|q P2 W/(n, u(n))], uck. (2.1)
q-p+
nez

Clearly, it follows from (W1) or (W1)’ that ¢ : E — R. By Theorem 2.1 of [36], we can
deduce that the map

u— a(n)|u(n)|q_pu(n)

is continuous from {2 7*? in the dual space P! iy Where pr = (g —p+2)/(g—p+1). As
the embeddings E C W C ¥ for all y > p are continuous, if (A) and (W1) or (W1)’ hold,
then ¢ € C}(E,R) and one can easily check that

((p’(u), V) = ZU Au(n—-1) |pi2 (Au(n -1), Av(n - 1)) + a(n)‘u(n) |H (u(n), V(}’l))]

nez

- Z(V W (n,u(n)),v(n)), u€E. (2.2)

nez

Furthermore, the critical points of ¢ in E are classical solutions of (1.1) with u(4o00) = 0.

Lemma 2.1 [23] Foru € E

llloo < lluellr < 22l (2:3)
Lemma 2.2 If a satisfies assumption (A), then

the embedding 1977** C IP is continuous. (2.4)

Moreover, there exists a Sobolev space Z such that

the embeddings 1777 *2 ¢ Z C I are continuous, (2.5)

the embedding W N Z C IP is compact. (2.6)
Proof Let0 =(q—p+2)/(g-2p+2),0" =(q—p+2)/p, we have

lully = > [an)] ™ [atm)]" |utn)|?

nez

1/6’

< (Z[a(m]g’e’)”e (Za<n>|u(n)|"9’)

nez nez
) plq-p+2
q-p+
= al(z a(n)|u(n)| )
neZ
= arllully_po 0

where a; = (Y, [a(n)]7/(@-2+2))a-20+2)/@-r+2) < ;00 from (A). Then (2.4) holds.

nez
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By (A), there exists a positive function p such that p(n) — +o0 as |n| — +00 and
0 AN
as = (Z[,o(n)] [a(n)] ) < +00.

nez

Since

s, = 3" pm)|utm]” =3 pm)am] ™ [am)]" |um)]?

ne’ nez
. oo\ A\
< <Z[p(n)] [a(m)] ) <Z a(n)|u(n)| """ >
nez nez
= @]y 0

(2.5) holds by taking Z = ££.
Finally, as W N Z is the weighted Sobolev space I'*?(Z, p,1), it follows from [36] that
(2.6) holds. O

The following two lemmas are the mountain pass theorem and the symmetric mountain
pass theorem, which are useful in the proofs of our theorems.

Lemma 2.3 [37] Let E be a real Banach space and I € CY(E,R) satisfying the (PS)-
condition. Suppose 1(0) = 0 and

(i) There exist constants p,a > 0 such that Ly, > a.

(ii) There exists an e € E\B,(0) such that I(e) < 0.
Then I possesses a critical value ¢ > o which can be characterized as

= inf I(h(s)),
= inf max [(h(5)
where ® = {h € C([0,1],E)|h(0) = 0,h(1) = e}, and B,(0) is an open ball in E of radius p
centered at 0.

Lemma 2.4 [37] Let E be a real Banach space and I € C*(E,R) with I even. Assume that
I(0) = 0 and I satisfies (PS)-condition, (i) of Lemma 2.3 and the following condition:
(iii) For each finite dimensional subspace E' C E, there is r = r(E') > 0 such that I(u) < 0
foru € E'\B,(0), B,(0) is an open ball in E of radius r centered at 0.

Then I possesses an unbounded sequence of critical values.

Lemma 2.5 Assume that (W2) and (W3) or (W3)' hold. Then for every (n,x) € Z x RN,
(i) s Wi(n,sx) is nondecreasing on (0, +00);
(i) s7@Wa(n,sx) is nonincreasing on (0, +00).

The proof of Lemma 2.5 is routine and we omit it. In the following, C; (i = 1,2, ...) denote

different positive constants.

3 Proofs of theorems
Proof of Theorem 1.1 Firstly, we prove that the functional ¢ satisfies the (PS)-condition.

Let {ux} C E satisfying ¢(ux) is bounded and ¢'(#;) — 0 as k — 00. Hence, there exists a
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constant C; > 0 such that

)| < Ci,  [@' ()] o < G (3.1)
From (2.1), (2.2), (3.1), (W2), and (W3), we have

P,
PG+ pCillurll = po(ur) - ;((0 (uar), k)

P W )~ £ (9600,

nez

- pZ[Wl(n, u(n))

nez

+ <L p) X:a(n)|uk(n)|q_p+2

q-p+2 p) =~

_ %(vwl(n, u(n)), Mk(”))]

v

1—p p p .
THAMkHIZn + <m - ;) ||M/<||Z_§1§,ao (3.2)

It follows from Lemma 2.2, p < (g +2)/2, u > g — p + 2, and (3.2) that there exists a constant
Cy > 0 such that

lukll < Cy, keN. (3.3)

Now we prove that u; — u in E. Passing to a subsequence if necessary, it can be assumed
that u#; — u in E. For any given ¢ > 0, by (W1), we can choose § € (0,1) such that

’VW(n,x)| <ea(n)|x|7P1 forneZ\J and |x| < 4. (3.4)
Since u € E, we can also choose a positive integer K > max{|k]| : k € J} such that

|u(n)| <48 for|n| =K.

Hence,

|VW(V1, u(n))| < Sa(l’l)|u(l’l)|q_p+1 for n € Z\J and |u(n)| <34. (3.5)
Furthermore,

’V\X/(n, uk(n))| < &a(;fl)|uk(n)|w+1 for n € Z\J and |uk(n)| <34. (3.6)

Hence, from (3.5) and (3.6), we have

|VW(n, uk(n)) -V W(n, u(n)) ’p/
< [ealm) (|| + |utm)| )]

< [£277 a(m) |ug () — u(m)|* 7 + (1 + 297 ) a(m) | u(n) |q_p+l]p/


http://www.advancesindifferenceequations.com/content/2014/1/291

Zhang Advances in Difference Equations 2014, 2014:291
http://www.advancesindifferenceequations.com/content/2014/1/291

< /a2 o [a(n)]p’ | () - u(n)|p’(q—p+l)
40P o7 1+ 2q—p+1)p’ [ a(n)]p’ () |p’(q—p+1)
= gk(l’l), (37)

where p’ = p/(p — 1). Moreover, since a(n) is a positive function on Z, p < g — p + 2, and
ur(n) — u(n) for almost every n € Z, we have

k]im gk(n) = oF' gt (1 + 2"_‘”1)17/ [a(rz)]p, |u(n) |p(q_p+1) :=g(n), forae neZ, (3.8)
—00

and

. . ' (q-p+ / / '(g-p+1)
Jim St = im 3027 e [an] st

w27 (14 2‘”’*1)‘”/ [a(n)]p/ |u(n) |p/(q_p+1)]

= ot (@-p+2) 1 khm Z[ a(n)]p’ | 1 () — u n)|p’(q—p+1)
—00
nez

+ 27 g? (1+ 2’”’*1)/ Z[a(n)]pl ‘u(n)|p/(q7p+l)

nez

=27/ (14 2q—p+1)1f ST a(n)]p/ Ju( n)|p/(q—p+1)

nez

=) gln) < +oo. (3.9)

nez

It follows from (3.7), (3.8), (3.9), and the Lebesgue dominated convergence theorem that

klgrolo ZZ’VW(n, uk(n)) - VW(n, u(n)) |p, =0.

This shows that

VW (nur) — VW(nu) inl (Z,RY). (3.10)

From (2.2), we have

(' i) — ¢ (), iz — w)

= Z(|Auk(n - 1)|p_2Auk(n -1) - |Au(n - 1)|p_2Au(n -1),
nez

Aur(n—1) - Au(n — 1))

+ 3 alm)(|w(m)| " wi(n) = |u(m)| "7 u(n)) (i (n) - ()

nez

- Z(V W(n, uk(n)) - VW(n, u(n)), ur(n) — u(n))

nez

14 p p-1 p-1
> | Augllyp + 1 Aullp = | Aullw | Aurlly ™ — | Aurllw | Aully

Page 7 of 17
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+ Y a(m) ()| () — ()| () (s () — ()

nez

- Z(V W(n, uk(n)) - VW(n, u(n)), ur(n) — u(n))

nez

= (lAmlly " = 1Aully ™) (1 Augllw | Aullw)

+ 3 alm)(|w(m)| " win) = |u(m)| " u(n)) (wi(n) - u(n))

nez

- Z(V W (1, ur(n)) = VW (1, u(n)), ui(n) — u(n)). (3.11)

nez

It is easy to see that for any « > 1 there exists a constant C3 > 0 such that

(Ix[* "2 = 171" 7"y) (- 9) = Calx —y|**!,  Vx,y €R. (3.12)
Hence, we have

(12l = 1 Aullf ) (lAull — | Aullw) = Calll Augllw = | Aullp | (313)
and

> ) (e ()" s n) = [ ()| (00 (1) = ()

nez

> Cs > a(m)|ug(n) - um)| "™ (3.14)

nez

Since ¢'(ux) — 0 as k — +00, uy — u in E and the embeddings EC W C " forall y > p
are continuous, it follows from Lemma 2.2, (3.10), (3.11), (3.13), and (3.14) that

|Aurllp — |Aullpy ask— oo (3.15)
and

X:a(n)|uk(n)|q_erZ — Za(n)\u(n)|q_p+2 as k — oo. (3.16)

nez nez

Hence, we have u; — u in E by (3.15) and (3.16). This shows that ¢ satisfies the (PS)-
condition.

Secondly, we prove that there exist p, & > 0 such that ¢33 ,(0) > o. From (W1), there exists
81 € (0,1) such that

1
’VW(n,x)‘ < —a(n)|x|7P*  for |n| > Z\J and |x| < &;. (3.17)
V4
From (3.17), we have

1
|W(n,x)| < —————a(n)|x|7?** for |n| = Z\J and |x| < §,. (3.18)
pl@-p+2)
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Let

C6=sup{ VV;EZ’)x)‘n e],xeRN,|x|=1}. (3.19)

Set o = min{1/(p(q — p + 2)Cs + 1)V*~2+7-2) 5§/} and ||u| = /2 := p, it follows from (2.3)
that

lulloo < 2[lull <o,

which shows that |u(n)| < o < §; <1. From Lemma 2.5(i) and (3.19), we have

Ewilrat) < 3 (s Yool

nej {ne/:u(n)70}

=Cs Z“(”)|M(VI)|M < C6G“_¢I+p—2 Z&Z(W)|u(n)|q_p+2

nej nej
1 —p+2
<——— S am)|um)|T. (3.20)
pm—p+2)§; )

It follows from (W3), (3.18), and (3.20) that

o) = 5 S| sutn =11+ 32— o)1 - 5 W )

nEZ neZ nez

1 _
:;nAuu’L’wmuuuZ,iiia D W (mulm) =Y W (n,u(m)

YAV nejf

1 1
> 2| Aulff + ———||u)|9P2 Wiln, u(n
z Slaul q_p+2|| I > Wa(nu(n)

q-p+2,a
nej
q-p+2
—Z a(n)|u(n)|
>—Au1p+7uﬁg+2 _ a(n unqp+2
2 Iauly + el = e p+2)2( )|u(n)|

nej

1 —p+2
- 7a(n)|u(n)|q P
;;pw—p+%

1 p—l —p+2
— 4 q-p+
= _”A ”lp +p(q_p+2) ||u||q—p+2,a‘

Therefore, we can choose a constant & > 0 depending on p such that ¢(u#) > « for any
u € E with |u| =

Thirdly, we prove that assumption (ii) of Lemma 2.3 holds. From Lemma 2.5(ii) and
(2.3), we have for any u € E

Z Ws (n,u(n)) = Z W, (n, u(n)) + Z Wo (n,u(n))

nel-3,3] {ne[-3,3]:|u(n)|>1} {ne[-3,3):|u(n)| <1}

u(n) 0
< Z Wg(n, |u(n)|)|u(n)| Z max W2 n,X)

{ne[-3,3]:|u(n)|>1} nel- 33]

Page9of 17
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o
< llull, Z Ilnlax Wy (n,x) + Z I‘nix W, (n,x)
ne[-3,3] nel-3,3]

< 29|ul® Z masz(nx Z max\%(n x)

nel 33 M nel-3,3]

= Crllull® + Cs, (3.21)

where C; = 2¢ Zne[_g,g] maxy-1 Wa(n,x), Cg = Zne[_w] max,y <1 Wa(n,x). Take w € E such
that

1, for|n| <1,

= 3.22
|w(n)| 0, for|n| >3, ( )

and |w(n)| <1 for |n| € (1,3]. For s > 1, from Lemma 2.5(i) and (3.22), we get
Z Wi (n,s0(n)) > s* Z Wi (n,0(n)) = Cos*, (3.23)

ne[-1,1] nel-1,1]

where Cy = Zne[_m Wi(n, w(n)) > 0. From (W3), (2.1), (3.21), (3.22), (3.23), we have for
s>1

q—p+2

s » S 4P+
o(sw) = ;||Aa)||”, + m” g-pizat Z W2 n, Sa)(n)) Wl(n,sa)(n))]

nez

sp p Sq_p+2 q p+2
;HAa)llﬂ, + W” AL Z W, (1, sw(n)) - Z Wi (n, sw(n))

<
2 ne(-3,3] nel-11]
—p+2
< anwn’; LA o225, + Crs?llw]|® + Cg — Cos™. (3.24)
p q-p+2 TP

Since u >0 >g—p +2and Cy > 0, it follows from (3.24) that there exists s; > 1 such that
Isiw|l > p and @(s;w) < 0. Let e = s;w(n), thene € E, |le|| = ||s1w]| > o, and ¢(e) = p(s;w) < 0.
By Lemma 2.3, ¢ has a critical value ¢ > « given by

= inf 2
o= o el 2

where
® ={geC([0,1],E) : g(0) = 0,g(1) = ¢}.
Hence, there exists u* € E such that
p)=c  ¢'(w)=0

The function u* is a desired solution of problem (1.1). Since ¢ > 0, #* is a nontrivial homo-
clinic solution. The proof is complete. d

Proof of Theorem 1.2 In the proof of Theorem 1.1, the condition W5(¢,x) > 0 in (W3) is
only used in the proofs of (3.3) and assumption (i) of Lemma 2.3. Therefore, we only need
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to prove that (3.3) and assumption (i) of Lemma 2.3 still hold if we use (W1)" and (W3)’
instead of (W1) and (W3), respectively. We first prove that (3.3) holds. From (W2), (W3)’,
(2.1), (2.2), and (3.1), we have

(@-p+2)Cipn
p(q—p+2)cl+’”””Tlnukn

plg—p+ 2)<

> plq—p +2)p(u) - o' (ur), ux)

_(e-plg-pr+2) Al

+p(q-p+2)) [Wz (1, ux(n)) - é(V W (1, uic(n)), uk(n))]

nez

-plg-p+2) Z[V% (m, ui(m)) = é(VWI (1, ui(n)), Mk(n))]
nez
+p<1 _ M) Za(n)|uk(n)|q_p+2
e nez
(Q—P)(q—P+2) V4 q—P+2 q-p+2
2 SRS Al +p(1- T

which implies that there exists a constant C; > 0 such that (3.3) holds. Next, we prove that
assumption (i) of Lemma 2.3 still holds. From (W1)/, there exists 8, € (0,1) such that

1
’VW(n,x)‘ < —a(n)|x|7P*1 forn e Zand |x| < §,. (3.26)
p
By (3.26), we have

’W(n,x)’ a(n)|x|7P*? forneZand |x| < 8,. (3.27)

S -
plg—p+2)

Let 0 <o <8, and ||u|| = 0/2 := p, it follows from (2.3) that

lulloo < 2[lull <o,

which shows that |u(n)| < o < 8, < 1. It follows from (2.1) and (3.27) that

o) =~ Y| Aun-F + Y % )| =3 W, )

nez nez nez

1 1 —p+2 q-p+2
>~ Aully + ——— llull . - a(n)|u(n)
p w q-p+ 2 q-p+2,a ZZ: | |

plg-p+2)

p

-1 q-p+2
p@-p+2)

1 12
= ; ”Au”lp + ||u||q7p+2,a‘
Therefore, we can choose a constant o > 0 depending on p such that ¢(u#) > « for any

u € E with ||u|| = p. The proof of Theorem 1.2 is complete. O
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Proof of Theorem 1.3 Condition (W4) shows that ¢ is even. In view of the proof of The-
orem 1.1, we know that ¢ € C(E,R) and satisfies (PS)-condition and assumption (i) of
Lemma 2.3. Now, we prove that assumption (iii) of Lemma 2.4 holds. Let E’ be a finite
dimensional subspace of E. Since all norms of a finite dimensional space are equivalent,
there exists Cjg > 0 such that

lee]l < Cioll | oo (3.28)
Assume that dim E’ = m and {u1, u»,...,u,,} is a base of E’ such that
luill = Cro, i=1,2,...,m. (3.29)

For any u € E/, there exists A; € R, i =1,2,...,m such that

m
u(n) = Zkiui(n) for n € Z. (3.30)
i=1
Let
laalls =Y illlags ] (3.31)
i=1

It is easy to see that || - ||, is a norm of E’. Hence, there exists a constant Cj; > 0 such that
Cyp ||z« < ||lu||. Since u; € E, by Lemma 2.2, we can choose Kj > K such that

Cudy
1+

’u,»(n)| < o

. nl>Kyi=1,2,...,m, (3.32)

where §; is given in (3.17). Let

O = Zkiui(n) L eR,i= 1,2,...,m;z [Ai]=1¢ = {u €E :|ulls= Cm}. (3.33)
i=1 i=1

Hence, for u € ©, let ny = ny(u) € Z such that
|u(m0)] =[]l - (3.34)

It follows from (3.28)-(3.31), (3.33), and (3.34) that

m m
CioCn = CoCn Y _ kil = Cu Y Illlg]| = Cra 1wl
i=1 i=1

< llull < Ciollullos = Cro|u(no)|

m
< Cuo Y _ IMil|uilno)|, ue®. (3.35)

i=1

This shows that |u(n9)| > Ci; and there exists iy € {1,2,...,m} such that |u;,(n9)| > Cy1,
which together with (3.32), implies that |ny| < K;. Let

y =min{Wi(n,%): -Ky <n <Ky, |x| < Cp }. (3.36)
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Since Wi(n,x) > 0 for all # € Z and x € RN\{0}, and W/, (#,x) is continuous in x, it follows
that y > 0. For any u € E, from Lemma 2.5(ii) and (2.3), we have

Ky
Z W, (n, u(n)) = Z W, (n, u(n)) + Z W, (n, u(n))
n=-Ky {ne[-K1,K1):|u(n)|>1} {ne[-K1,K1]:|u(n)| <1}

u(n) s
= Z W (n, [u(n)| ) st |Q ' n:X—I:(I Torclli)l( Wa(m,%)

{ne[-K1,Kq]:|u(n)|>1}

K K
< lul’, Z max Wg(}’l x) + Z max W (n,x)
n——Kl ”——Kl N

K

< 29|ul® Z max Wz(n x) + Z max Wz(n x)
n=-Ki

n——Kl

= Cppllull® + Ci3, (3.37)

where Cjp = 2° Z i, Maxyz1 Wa(n,x), Ciz = ZfLKI maxy <1 Wa(n,x). It follows from
Lemma 2.5(i) and (3.36) that

Z Wi (1, u(n)) = W (no, u(ny))

n=-Kj
Cuu(ng)\ ( lu(no)| \*
ZWI("O’ () >( Cn )

> min{ W (no,%) }
x| <1

>y forue®. (3.38)

By (3.18), (3.37), (3.38), and Lemma 2.5, we have for u € ® and r > 1

r? rt 2 —p+2
plru) = —lAully + ——— llulli 55, + ) _[Waln,ru(n)) — Wi(n,ru(n)
p Prg—p+2’ ap2a %Z:[ ( ) ( )]
r’ rar+? _
< —lully + ———— Nl 55+ 70 Y Wa(mu(n) = 3 Wa(n,u(n)
p 4=-pP+ nez nez
%4 ya4-p+2 2
= —lAully + ———lullfh5, + 12 Y Wa(n,u(n)
p q-p+2 Inl>Kq
K K
—rk Z Wi (1, u(n)) +r° Z W (1, u(n)) - Z Wi (1, u(n))
[n|>Ky n=—Ki n=—K;
P rar+? 42
< —Aully + ———lulli 5~ Y W(num)
p q-p+2 kL
K K
—rt Z Wl(n,u(n)) +7° Z Wz(n, u(n))
n=-Ky n=—Ki
%4 y4-p+2 2 )
< —|lAullly + ———|lu|| T2} +7 a(m)|u(n)|T7"
< Al + il > aln)|u(n)|

[n|=K1
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+ 1 (Crallul® + C3) — yr"

+72(Callull® + Cig) — yr*

< a2 |22
— |l Aull) + + u
~p " \g-p+2 plg-p+2)) TP
I ra-r+2 re _
<—Cp+ ( + ) ;zop+2
p g-p+2 plg-p+2)

+ Cu(rClo)Q + Clgrg — )/I"u.

(3.39)

Since u > 0 > g—p+2 > p, we deduce that there exists ry = r(Cyg, C11, C12, C13, K, K3, 8, y) =

ro(E’) > 1 such that
o(ru) <0 forue ®andr > ry.
It follows that

o(u) <0 foru <€ E and ||u| > Cyro,

which shows that assumption (iii) of Lemma 2.4 holds. By Lemma 2.4, ¢ possesses an un-

bounded sequence {c}7°; of critical values with cx = ¢ (u), where 1 is such that ¢'(u) = 0
for k=1,2,....If {|jux||} is bounded, then there exists Cj4 > 0 such that

”Mk” = C14 for k e N.

(3.40)

In a similar fashion to the proof of (3.5) and (3.6), for the given §; in (3.18), there exists

K; > max{|k| : k € J} such that

|uk(n)| <48, for|n|>K,andkeN.

(3.41)

Hence, by (2.1), (2.3), (3.18), (3.40), and (3.41), we have

q-p+2

1 » 1
- ||Auk||lp + W””k”q_wz,a

=cp + Z W(n, uk(n))

nez

Ky

=cp+ Z W (1, ui(n)) + Z W (1, uye(n))

|n|>=Ky n=-Kp

1

> - ——
pl@-p+2)

1=K
Ky

> ————
plg-p+2)

It follows that

q-p+2

= ” ” 9 || ” —p+
C Au + u
k kllp kllg—p+2,a

q-p+2
Ml 25, = >

n=—Kp

Ky
3 am)|u )| =3 | W () |

n=—Kp

max |W(n,x)|.

|x]<2C14

Ky

+ max ’W(n,x)| < +00.

x| <2C;
Kzl [=2Cig
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This contradicts the fact that {c; )2, is unbounded, and so {||z||} is unbounded. The proof

is complete. d

Proof of Theorem 1.4 In view of the proofs of Theorem 1.2 and Theorem 1.3, the conclu-
sion of Theorem 1.4 holds. The proof is complete. (]

4 Examples
Example 4.1 Consider the following system:

A(|Au(n - 1)|2Au(n - 1)) - zz(n)|u(n)|3u(n) + VW(n, u(n)) =0, aemnelz, (4.1)

wherep=4,q=7,n€Z,uc RY, a:7Z — (0,00), and a satisfies (A). Let

)
W(n,x) = a(n (Za|x| ijlxIQ’),
=1

where p1 > py > > Uy >01>02> > 0my >5,a4,0;>0,i=1,...,m,j=1,...,my. Let

my
n)Za,»pcI‘”, Wo(n,x) = a(n Zb|x|"/
i=1

Then it is easy to check that all the conditions of Theorem 1.3 are satisfied with p = fi,,,
and o = 0;. Hence, problem (4.1) has an unbounded sequence of homoclinic solutions.

Example 4.2 Consider the following system:

_1/2Au(n—1)) —a(n)\u(n)|3/2u(n) + VW(n, u(n)) =0, aeneZ, (4.2)

A(|Au(n-1)|
where p=3/2,q=3,ne€Z, uc RN, a:7Z — (0,00) and a satisfies (A). Let

W (n,x) = a(n)[a1|x|" + aslx|"? - by (sinm)|x|%" - by|x|%?],
where w1 > s > 01> 02 >7/2,a1,a, >0, by, by > 0. Let

Wi(n,%) = a(n) (a1 |x" + az|x|"?), Wa(n,%) = a(n)[ by (sinm) x| + byx|??].
Then it is easy to check that all the conditions of Theorem 1.4 are satisfied with x = 2 and

o = 01. Hence, by Theorem 1.4, problem (4.2) has an unbounded sequence of homoclinic

solutions.
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