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Abstract

In this paper, we study the existence of solutions of a class of higher-order
integro-differential boundary value problems with ¢-Laplacian like operator and
functional boundary conditions. By giving the definition of a pair of coupled lower
and upper solutions and some new hypotheses, we obtain some new existence
results for boundary value problems with ¢-Laplacian like operator by employing the
Schauder fixed point theorem and an appropriate Nagumo condition. Finally, an
example is given to illustrate the results.
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1 Introduction

Integro-differential equations have become more and more important in some math-
ematical models of real phenomena, especially in control, biological, medical, and in-
formational models. Boundary value problems (BVPs) for nonlinear integro-differential
equations are used to describe a great number of nonlinear phenomena in science (see
[1, 2]), moreover, the theory of ¢-Laplacian BVPs has emerged as an important area in
recent years (see [3—6]). In this paper, we will consider the following BVPs of higher-order
functional integro-differential ¢-Laplacian like equations with functional boundary con-

ditions:

[¢(u" ()] +Ault) =0, teJ, 11)

gilu, Wou, Sout, ..., "D, W, "V, S, 1u" D, D0)) =0, i=0,...,n-2,

1.2
gn—l (ur WO u, SO”: e u(n—l)’ Wn—l u(n—l), Sn—lu(n_l)r u(n—Z)(T)) = 0, ( )

where # > 2 is an integer, ¢ is an increasing homeomorphism operator,

Au() = f(t, u(t), u(ao(2)), Woul), Sou(t), u' (t), u (ar (2)), Wrd (£), S (2), ...,

u" (), u" D (eu1(8)), Wil (8), Sl (1)),
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and/ =[0,T] (T >0),J'=(0,T),fori=0,1,...,n—1,g;: (C[0, T])*" x R— R are continu-

ous functions, and for /= 0,1,...,n -1,
Bi() T
W)= [ ko (o) ds, S0 = [ o9 (66) s
0 0

ki(t,s) € C(D;,R*), Dy ={(t,s) eR*: t € ],0 <5 < Bi(t)}, (t,s) € CJ x J,R*), R* = [0, +00),
ar, By 8 € CJLJ), and f : J/ x R* — R is a Carathéodory function, that is:
(i) forany (xo,...,%a,_1) € R¥, f(t,x0,...,%4,_1) is measurable on J’,
(i) forae.tef, f(t-,...,-) is continuous on R,
(iii) for every compact set K C R*", there exists a nonnegative function pu, (t) € L'(0, T)
such that

[f(t,xo,...,m,,_l)’ < /LK(t), (t,xo,...,x4,,_1) G]/ x K.

We say u(t) is a solution of BVP (1.1) and (1.2), that is, a function u(¢) € C"1[0, T] such
that ¢ (1Y) is absolutely continuous on J', u(t) satisfies (1.1) a.e. on J', and u(t) satisfies
boundary condition (1.2).

As we know, higher-order boundary value problems for differential equations have re-
ceived great attention in recent years (see [7-16]). We found that BVP (1.1) and (1.2) is
more general in the literature, and the functional boundary condition (1.2) may not only
cover many classical boundary conditions, such as various linear two-point, multi-point
studied by many authors, but it may also include many new boundary conditions not stud-
ied so far in the literature. In recent years, BVPs with linear and nonlinear boundary con-
ditions have been extensively investigated by numerous researchers. For a small sample
of such work, we refer the reader to [17-26]. As is well known, a variety of methods and
tools, such as lower and upper solution methods and various fixed point theorems, are
very useful and have been successfully used to prove the existence of solutions of BVPs.

Motivated by the above mentioned works, we consider the BVPs of higher-order func-
tional integro-differential equations (1.1) and (1.2) with ¢-Laplacian like operator and
functional boundary conditions in this paper. As we know, BVP (1.1) and (1.2) has not
yet been considered. By introducing a definition for the coupled lower and upper solu-
tions of BVP (1.1) and (1.2), we obtain the existence of solutions of the problem based on
the assumption that there exists a pair of coupled lower and upper solutions.

This paper is organized as follows. In Section 2, we state some preliminaries and lemmas
which will be used throughout this paper. In Section 3, some results concerning coupled
lower and upper solutions are given. Finally, an example is given to illustrate our results

in Section 4.

2 Preliminaries
Throughout this paper, let E = C" 1[0, T, ||u|lco = max{|u(t)| : ¢ € J} for any u € C[0, T],
and

llell = max{ ulloo, ||| oo [ )
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and

T @ dey?, 1<p<oo,

P = | inta e o) > M) =01, p= s

stand for the norms in E and L?(0, T'), respectively, where 1(-) denotes the Lebesgue mea-
sure of a set. In what follows, a functional y: C[0, T] — R is said to be nondecreasing if
y(u1) > y(uy) for any uy, up € C[0, T] with u;(¢) > uy(¢) on [0, T]. A similar definition holds

for y to be non-increasing.

Definition 2.1 Letf:J' x R* — R be Carathéodory function, and v, w € E satisfy
V@) <wi(e), tel,i=0,1,...,n-2. @2.1)

We say that f satisfies the Nagumo condition with respect to v and w if for

(n-2) _ yn=2) (n-2) _ yn=-2)
é:max{w NT)—v 2(0)’w 2)(0) - v Z(T)}, 22)
T T
there exists a constant C = C(v, w) with
¢ maxfe, [ w0 ) 23
and functions ¥ € C[0,00), # € LP(0,T) (1 < p < 00), such that ¥ > 0 on [0, 00),
[f(t, %0, ..., %an1)| < OOV (I¥au-p]) on] x DY x RY, (2.4)
and
#(C) (¢—1(x))(p71)/p #(=§) (¢—1(x))(p—l)/p -
——dx, —d &, 1)/‘”, 2.5
Lo Saermn oo “vtep @100 23
where (p—1)/p=1for p = oo,
DY = [v(®), w(0)] x [v(eo(®)), w(ao(®)) ] x [Wov(e), Wow(£)] x [Sov(£), Sow(#)] x
< [2(e), w2 ()] x [V (e (0)), WP (ena (1)) ]
X [Wn—ZV(n_2>(t), Wow n_2)(t)] X [Sn 2Vn -2) (t) S 2W (t)]
and
= ntla]x w2 (g) - 1?1}1 ) (2.6)

Remark 2.1 Letv,w € E satisfy (2.1). Assume that there exist 6 € L7(0,T),1 < p < 0o, and
o € [0, 00) such that

If (8,%0, ..., %an-1)| < OO (1 + |xas1)|7)  onJ x D) x R,

Then f satisfies the Nagumo condition with respect to v and w with ¥ (x) =1 + |x|°.
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Definition 2.2 Let C be the constant introduced in Definition 2.1. Assume that there exist
v, w € E satisfying (2.1), #(v"*"V) and ¢(w"~V) are absolutely continuous on J’. Then v and
w are said to be a pair of coupled lower and upper solutions of BVP (1.1) and (1.2) if

[6(V"P®)] +£(&v(E), v(o (), Wor(t), Sov(8), ..., v 2 (1), V"2 (,»(2)),
W, (2), S, (1), -C,~C, - W;,1C,=S,.1C) = 0 ace.te]), (2.7)

miny <c &V, Wov, Sov, ..., V"D, W,y S, pypln-2),
z, Wn—lzr Sn—IZ) V(i)(o)) = Or i= 0; ce = 2;

2.8
minIIZHoo§an—l(V¢ W()V, S() Vyeuus V(n—Z)’ Wn,zl/(nfz), Sn,zl/(nfz), ( )
z, Wn—lzx Sn—lzx V(n72)(T)) = 07
and
[d) (W(n_l)(t))]/ +f(t: W(t)) W(Olo(t)), WOW(t)’ SOW(t), ooy W(H_Z)(t): W(n_Z) (an—Z(t)),
W, D (2), S, 0w (1), C,C, W,1C,5,1C) <0 aete], (2.9)
max”ZHoofcgi(w, Wo w, S() W,.eouy W(n—2), Wn—2 W(n—Z), S,,,zw(”‘z),
z, Wn—lzx Sn—IZ) W(i)(o)) = Or i= 0’ ey — 2; (210)

max ). <c &u-1(W, Wow, Sow, ..., w2, W,_ow=2, 5, rwln=2),
2 Wn*lz: Sn—lzx W(niz)(T)) <0.

For convenience, we first list the following hypotheses:

(H1) ¢(x) is increasing on R;

(H2) BVP (1.1) and (1.2) has a pair of coupled lower and upper solutions v and w
satisfying (2.1);

(H3) the functional f satisfies the Nagumo condition with respect to v and w;

(H4) for (£,%0,%1,...,%an1) €J x R* with vO(¢) < x4; < wO(2),
VO (i (2)) < xaisg < WO(E), Wi O(2) < xaien < Wik (1), S (£) < xaie3 < S (),
i=0,1,...,n =3, and V"2 (a,_5(t)) < xan_7 < W2 (),
WiV 2(2) < xan-6 < Wioaw "2 (0), SpoaV ™2 (1) < tan-5 < Su_aw"2(2), we

have

F (), v(eo (), Wor(£), Sov(8), ..., Kan-s, V"2 (2 (8)),
Wi a2 (8), SuaV?" 2 (£), Xan-ts - K1)
<S5 %0, %05+« - Xap-8s -+ r»Xdp—ds -+« Xdp—1)
< S (s w(@), w(ao (1)), Wow(£), Sov(E), ..., Kan—g, " (tns(£)),

Wn—ZW(n_Z) (t), Sn—ZW(n_z) (t)’ KXdp—dy ooy x4n—1)y

and f(t,%0,%1,...,%ay-1) is nondecreasing in the arguments x4;,_4, X41-3, Xay-2,

X4n-15
(HS) fori= 0: 17 on=1 and ()’0,3/1, oo ,y3n71,2) € (C[Ox T])3n X R, gi(y07_y11 e Y3n-15 Z)
are nondecreasing in the arguments yy, ..., ¥3,-4.
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We assume that conditions (H1)-(H5) hold throughout this paper. For u € C"2[0, T
and i =0,1,...,n -2, we define

7l (t) = maX{V(i)(t), min{u(i)(t), w(i)(t)} }, (2.11)
then, fori =0,1,...,n -2, u9(¢) is continuous on /, and
W) <ale) <), Moy =""0), 0 =w0), (2.12)

forteJandi=0,1,...,n-2.Let C = C(v,w) be the constant introduced in Definition 2.1,

and define
(%), x| < C,
= 2.13
Y= L((C) - O+ 1O + SO, > C, 219
a1 () = max{—C, min{u(”_l)(t), C} }, uck, (2.14)
and a functional F:J' x E — R by
~[n=2] (¢ _ ,,(n-2)
F(t,u() = Bu(t) + =D 1) (2.15)

1+ (u=2(8)2

where

Bu(t) :f(t) ljl[O] (t)y 12[0] (OlO (t))’ SOQ[O] (t)x ooy l:t[n_Z] (t)) ﬁ[n_Z] (Oln_z(t)),
Woil® (8), W, 0" (2), S, 0" (), a1 (0),

17 (00, 1 (8)), Whia "1 (8), S, 2207 (8)).

Then, in view of (H1) and (2.13), we find that ¢ : R — Ris increasing and continuous (hence
¢! exists), and

lim @(x) = —o0, lim ¢(x) = co. (2.16)
X—> 00

xX—>—-00
What is more, for u € E and ¢ € J, F(t,u(-)) is continuous in #, and we can see that

!F(t,u(~))’ < 9 (t) max ¥ (z) + |[v|| + |w] +1. (2.17)

ze[0,C]
Now, we consider the BVP consisting of the equation

[o(@"P®)] +F(tu())=0, teJ, (2.18)

and the boundary condition
u(0) = gi(@!), Woil®, Soul®, ..., a"=2, W, ,ul"2, s, Hul"=2,
o=, w4l s, alnl, ald0)) + 11 (0), i=0,...,n-2,

ul"D(T) = g, (%, Woul®), Soul®, ..., ul"=21, W, _,uln=21, S, »uln=2,
=1, W,y a1, S, a1, gln=21(T)) + al=21(T).

(2.19)

Page 5of 13
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Lemma 2.1 For any fixed u € E, define L(-;u) : R — R by

T T
L(x;u) = / ! (x - f F(s, u(-)) ds) dar + gy, (2.20)
0 0

where

g = "7 2(0) + goo (4, Woid!®, S, ..., a2, W, a2,
Sn—2ﬁ[n_2]y ﬂ[n—l]’ Wn_lﬁ[n—l]’ Sn_lit[n_l], 2] (0))
- ﬁ[”*zl (T) —gn—l (ﬁ[O]r WOL_t[O]) S()Ijl[O]r ey L_[[niz]) Wn—Zﬁ[YFZ]r

Sy, 51w, s, g, G2 (T)). (2.21)
Then the equation
L(5u)=0 (2.22)
has a unique solution.
Proof We first note that £(-; &) is continuous and increasing on R. From (2.16), we have

lim L(x;u)=-00 and lim L(x;u) = co.
X—>—00 X—> 00

Then, from the fact that £(-; «) is continuous and increasing on R, a standard argument

shows that there exists a unique solution of (2.22). O

Lemma 2.2 For u € E, let

Pu(t) = ¢ (xu - ftF(s,u(-)) ds)
0

with x, being the unique solution of (2.22) and F(s, u(-)) be defined by (2.15). Then u(t) is a
solution of BVP (2.18) and (2.19) if and only if u(t) is a solution of the following equation:

1 t
u(t) = t—5)""2P,u(s)ds
0= g | €= P9
n-2 tl’
£y - (#7(0) + gi (@, Wou®, Sou!®, ..., ul"2, W, _,ul"2,
i=0

Spoad, a1 w5, s, 50, 59(0))), n=2,
where we take 0° = 1.
Proof This can be verified by direct computations, so we omit it. O

3 Main results
In this section, we will state and prove our existence results for BVP (1.1) and (1.2).

Page 6 of 13
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Theorem 3.1 Assume the hypotheses (H1)-(H5) hold. Then BVP (1.1) and (1.2) has at least

one solution u(t) satisfying
VOt <u®(t) <w(t) forteJandi=0,1,...n-2 (3.1)
and
’u(”’l)(t)‘ <C forte], (3.2)
where C is the constant introduced in Definition 2.1.
To prove Theorem 3.1, firstly, we want to show the following theorems.
Theorem 3.2 There exists at least one solution for BVP (2.18) and (2.19).

Proof By Lemma 2.2, for any u € E, define an operator H : E — E by

Hau(t) = ¢ —8)" 2P, u(s) ds
n-2 tl
+ 3 = (#(0) + g (@, Woil®, Soi®, ..., a2, W, ",
i
i=0

e N A A R 7 (1)) ) B 3

Then we can see that u(t) is a solution of BVP (2.18) and (2.19) if and only if u(%) is a fixed
point of .

Let {ux}z2, € E with |lug — uoll — 0 as k — oo in E. We want to show that ||Hu; -
Huoll — 0 as k — oo in E. For f is a Carathéodory function, then it is easy to see
limy_ o0 F(¢, ui(-)) = F(t uo(-)). By the Lebesgue dominated convergence theorem,
limk_,oof;l-"(t,uk())dr = fOSF(r,uo(-))dr. Let x; be the unique solution of L(x;u;) = 0
where L is given by (2.20). In view of (2.17), there exists r € L1(0, T) such that

’F(t e )‘ <r(t) on]. (3.3)

From (2.11), (2.14), (2.21) and the continuity of g,_; and g,_», we see that g,, is bounded
and limg_ o0 gu; = &uy- Thus, {x¢} is bounded. If {x;} is not convergent, then there exist two
convergent subsequences {x;, } and {x;, } such that limy_, o, %;, = a1, lim_, o %, = @3. Then,
by the continuity of ¢! and the Lebesgue dominated convergence theorem again, we have

0= klirgo Lxy ;) = Llag; uo)
and

0= Jim L(xjiu;,) = L@ o),

which contradicts the fact that L(ap;uo) = L(a1;uo). Hence, {xx} is convergent, say
limy_, o0 %% = 0. Thus, L(x; 1) = 0 and limy_, o (P2 ) () = (P,uo)(2). As a consequence,
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we also have
Jim (Hup)(t) = (Huo) (), j=0,1,...,n—1.

Thus ||Hur — Hugl| — 0 as k — oo. This shows that # : E — E is continuous.

From (3.3) and the fact that g, is bounded for u € E, this means that H is uniformly
bounded on E, and (Hu)?(z) is equicontinuous on J for j = 0,1,...,# — 2. Now, we show
that (Hu)" 1 (t) is equicontinuous on J. From the definition of 7 and P, u(t), we have

(4 0) - 7 (.- | Pl u0) &)
0

Thus, the equicontinuity of (H)"V(¢) follows from the property of absolute of integrals.
By the Arzela-Ascoli theorem, we see that H(E) is compact. From the Schauder fixed point
theorem,  has at least one fixed point u# € E, which is a solution of BVP (2.18) and (2.19).
We complete the proof. O

Theorem 3.3 If u(t) is a solution of BVP (2.18) and (2.19), then u(t) satisfies (3.1).

Proof We first show that v"~2(£) < u"-2(£) onJ. To the contrary, suppose that there exists
t* € J such that /=2 (#*) > =2 (¢*). If ¢* = 0, then u2(0) < v**~2(0), from (2.19), (H5),
(2.12), (2.14), and (2.8), we see that
u"2(0) = guoa (@, Woi®, Sou®, ..., a2, W, ", S, a2,
A, Wil 1,8, a1, 772)(0)) + 2 (0)
= gua (8, Woul®, Sl ..., @™, W, a2, s, 5",
=, W 2, 8,271,V 2(0) + v (0)
> gn-2 (Vr Wov, Sov, ..., V(n—Z), Wn—ZV(H_Z)r Sn—ZV(n_Z)r
a1, Wi, 8, 1, yr2(0)) + 92 (0)

= | anin an_z (v, Wov, Sov, ..., V"2 W, )12 g =)
Z|[oo =

2 Wﬂ—lz¢ Sn—lzv V(niz)(o)) + V(niz)(o)

> V(n—Z)(O)’
which is a contradiction. Similarly, if £* = T, then u"~?(T) < v"-?(T), we have

u"2(T) = g (@, Woul®, Soul®, ..., ul"=2), W, "2, S, "2,
", W, oY, s, a1, w=2l(T)) + a2 (T
= gur (@, Woidl®, Sou®, .., a2, w2, s, il
-1 W, a1 S p-1 V(n—Z)(T)) + V(n—2)(T)
> gu (V, Wov, Sov, ..., V"2, W, 2 5, )2

"M, W4, 5, 4t V(1)) 4 (T
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> min ng,_l (V, Wov,Sov, ..., V"2, W,y 5, "2

T lzlloo=

2 W12, S,z 2(1)) + v 2(T)

> (7).

We obtain a contradiction again. Thus, v"~2(0) < #"-2(0) and v""-2(T) < u"=2(T).

Now, if t* € J' such that v"=2(¢*) > 42 (¢*). Then v?*2(¢*) — 12 (¢*) > 0. Without
loss of generality, we may assume that v~ (¢*) — "2 (t*) = max,; (v" 2 (¢) — u"2(£)}.
Then vV (¢*) — "~V (¢*) = 0 and there exists a small right neighborhood € of £* such that
V2 (8) = "D (£) > 0 and vV (£) < uD(¢) for all £ € 2. We claim that there exists € 2
such that

[e (" @®)] - [p(""@)] <o0. (3:4)

If this is not true, then (v ~V(¢)) — "V (t)) is strictly increasing in . Hence,
v (#) — u”D(t) > 0 on Q. This contradicts the assumption that v"~2 () — u"2(¢) is
maximized at ¢*. Thus, (3.4) holds.

From (2.7), (2.13), and (2.14), we have #"-2) (%) = v""-2)(), also, by (H4), (2.15), and (2.18),

we have

[e( VD) - [0 (" @)]
> —f (£ v(®), (o (D), Wov(®), Sov(®), ..., v" 2 (®),v" 2 (ct,2(D)),
W, 2" (@), S, (#),-C,~C, - W,,.1C,~S,1C)

W12 ) - ) )
1+ (u-2(7))?
- W2 (E) — w2 (F)

1+ (un-2)(%))2

+Bu(f) +

>0,

which is a contradiction with (3.4). Thus, v"~2(¢) < u"~?(¢) on J. By the same method as
above, we can show that #"=2(¢) < w"=2(¢) on J. Hence,

v 2) <u D) <w"D(t) forte]. (3.5)
Next, we can see that the following inequality holds:
v0) < u®©0) <w?(0), i=0,1,...,n-3. (3.6)

In fact, assume there exists i’ € {0,1,...,7n — 3} such that #)(0) < v¢)(0), then, in view of
(2.12), #1(0) = v)(0). Hence, from (2.19), (H5), (2.8) and (2.12),
u®(0) = g (@, Woirl®, Soid, ..., a" >, Wi, S, a2,
a1, W7, s, i, 51(0)) + @(0)
= g (@, Woul®, Sou®, ..., al", W, a2, s, ",

A, W, 5,0, v0(0)) + (0)
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> gr (v, W@, 5@, .. v D, W, 5072, ),

o

a1y, s, alvy, V(i/)(o)) +v9(0)

= min gl (V; WOVr SOV; oV 2)) Wn—ZV(n_Z)’ Sn—ZV(n_2>;

llzllo=C
2, Wy12, Sz, v(0)) + v)(0)

v(0).

This is a contradiction. Thus, v(0) < u?(0) for i = 0,1,...,n — 3. By a similar argument,
we see that 4@ (0) < w?(0) fori = 0,1,...,n — 3. Then (3.6) holds.
Finally, from (3.5) and integral inequality, we have

w2 (e) =" (0) < w2 (1) - u"(0) < " () - 0),

and using (3.6), we obtain V-3 (¢) < 1”3 () < w3 (¢). Similarly, we can show that u(t)

satisfies (3.1). The proof is completed. |
Theorem 3.4 If u(t) is a solution of BVP (2.18) and (2.19), then u"~V(t) satisfies (3.2).

Proof From Theorem 3.3, we know that u(¢) satisfies (3.1). If (3.2) does not hold, then there
exists £ € J such that #""V(ty) > C or u""V(ty) < —C. By the mean value theorem, there
exists 7 € J such that Tu" V(%) = 42 (T) — 4"-2)(0). Then, from (2.2), (2.3), and (2.17), we
see that

n —2) (T) w (n-2) (0) n " ( ) (n—2)(T) _ v(n—2)(0)

_C_<
<% T T

<&<C.
If 4" V(ty) > C there exist £y, £, € J such that u" D (f) = £, u"D(t,) = C and
£=u" V() <u" V() <ul"Nt)=C fortel, (3.7)

where I = [, ;] or I = [t,41]. In the following, we only consider the case I = [#;, £;], since
the other case can be treated similarly. From (2.14) and (3.7), """V (¢) = u"-Y(¢) on I, and
in view of (2.11) and (3.1), we have #(t) = u(¢) for t € Jand i = 0,1,...,n — 2. Thus, from
(2.15),

F(tu() = f(t, u(t), u(owo(8)), Wou(t), Sou(t), ..., Wyot"2(t), S, ou"2(t),

D), 6" (tpr(8)), W "D (8), St V(t)), tel

Then, by a change of variables and from (2.4) and (2.18), we can obtain

/¢(C) (¢~ (x)) VP "
¢

& Yot
f pTIED (g1 () 0
A Yt

n 1) )]/

(n-1) (»-V)/p
f Iﬂ(lu” D S)I)( ©) s
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% G |y 0-
:/tl M(u( 1)(3))(10 1)/pds
2 —f(s,uls),..., S D(s))
N V()

< /tz ﬂ(s)(u(n—l)(s))(p—l)/p i

4]

(u(n—l) (S))(p—l)/l’ ds

Hence, the Holder inequality implies

O (@) ( - -Dip
—————dx < ||} (n-1) d)
/¢<s> V(o1 (%)) % = 191l /q u(s)ds

= ||19||p(u(n—2)(t2) _ M(n—Z)(tl))(p—l)/p

(-Dip
<1, (max w2 (¢) — min "2 (t))
te] te]

= 91|, PV,

where ¢ is defined by (2.6). But this contradicts with (2.5). Therefore, u"-V(¢) < C. If
u"D(t) < —C, by a similar argument as above, we can show that (3.2) holds. Hence the

proof of the theorem is completed. O
Now we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1 Note that any solution of BVP (2.18) and (2.19) satisfying (3.1), (3.2)
is a solution of BVP (1.1) and (1.2). The conclusion readily follows from Theorem 3.2-3.4.

O
4 Example
Example 4.1 Consider the boundary value problem consisting of the equation
;1 t t :
((u”(t))g) + Bt‘% (1 + u(t)) ~ %00 |:t3 _./o tsu(s) ds:|
1 2 3\13 -1 ! /" ’
- 300" [t-u(®)] +4c2| | t+9u’(s)ds| =0, te€(0,1), (4.1)
0

and the boundary condition
mingeo,1) #'(s) — 6u(0) + % =0,
o ts)u(s) ds — 4€*u'(0) = 0, (4.2)
u'(3) - 2€%u/ (1) = 0.

BVP (4.1) and (4.2) has at least one solution u(¢) satisfying

—(t+1)* <u(t) < (t+1)% (4.3)

“2(t+1) <u/(t) <2(t+1), (4.4)
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and
—12¢2 < u’(t) <126, (4.5)

for t € [0,1].
In fact, if we let n = 3, ¢ (x) = 3,

1 1 t 3 1 _1
ft,x0,%1,...,%11) = Et 2(1+wxg) — %[t3 —xz] — %L‘z[t—xg]3 + 4t 2xf1,

for (xo, %1,...,%11) € R¥, and Bo(t) = t, ko(t, s) = ts, a1 (t) = £3, hy(t,8) = t+5, H = max{hy(t,s) :
(t,s) €[0,1] x [0,1]} =2, and

1

Yoo ) = i _6 )

200s.-.,Y8,2) Srer[%g]ys(S) z+ 5
8o, ¥8,2) = N (t) — 4e’z,

1
2W0,--,98:2) =6 <Z> - 2€%z,

for (o, ...,s,2) € (C[0,1])° x R, then it is easy to see that BVP (4.1) and (4.2) is of the form
of BVP (1.1) and (1.2). Clearly, (H1), (H2) and (H5) hold.

Let v(£) = —(¢ + 1) and w(t) = (¢ + 1)%. Obviously, v(¢), w(t) satisfy (2.1). Define ¥ (¢) =
172 and ¥ (x) = 9 + 16x>. Then & € L}(0,1) with [|#[|; = 1, ¥ (x) > 0 on [0,00), and

£3 (9 + 16Jx11 ) = 2 (O (1xu]),

=

If (&, %0, %1, ..., 211)| <

on (0,1) x D¥ x R*, where DY is given by Definition 2.1. Thus (2.4) holds. For & defined by
(2.2), we have £ = 6 with C = 12¢? and p = 1, and it is easy to check that (2.3) holds. Through
computations, we can obtain (2.5). Hence, f satisfies the Nagumo condition with respect
to v, w i.e. (H3) holds. Moreover, a simple computation shows that v(¢£) and w(t) satisfy
(2.7)-(2.10). Hence (H2) holds. Finally, obviously (H4) holds.

Therefore, by Theorem 3.1, BVP (4.1) and (4.2) has at least one solution u(t) satisfying
(4.3)-(4.5).

5 Conclusions

In this paper, we obtain a new existence result for higher-order integro-differential BVPs
with ¢-Laplacian like operator and functional boundary conditions. Firstly, we state some
preliminaries and lemmas such as the definitions if we have the Nagumo condition and
a pair of coupled lower and upper solutions. Secondly, under conditions (H1)-(H5), we
get the main result (Theorem 3.1), and we prove the result in three steps (Theorems 3.2-
3.4) which mainly use lower and upper solutions and the Schauder fixed point theorem.
Finally, an example is given to illustrate our main result.
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