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Abstract
Kermack-McKendrick epidemic model is considered as the basis from which many
other compartmental models were developed. But the development of fractional
calculus applied to mathematical epidemiology is still ongoing and relatively recent.
We provide, in this article, some interesting and useful properties of the
Kermack-McKendrick epidemic model with nonlinear incidence and fractional
derivative order in the sense of Caputo. In the process, we used the generalized mean
value theorem (Odibat and Shawagfeh in Appl. Math. Comput. 186:286-293, 2007)
extended to fractional calculus to conclude some of the properties. A model of the
Kermack-McKendrick with zero immunity is also investigated, where we study the
existence of equilibrium points in terms of the nonlinear incidence function. We also
establish the condition for the disease free equilibrium to be asymptotically stable
and provide the expression of the basic reproduction number. Finally, numerical
simulations of the monotonic behavior of the infection are provided for diﬀerent
values of the fractional derivative order α (0 ≤ α < 1). Comparing to the model with
ﬁrst-order derivative, there is a similar evolution for close values of α . The results
obtained may help to analyze more complex fractional epidemic models.
Keywords: fractional epidemic model; Kermack-McKendrick model; nonlinear
incidence; existence of solutions; wellposedness

1 Introduction and important facts
Considered as one of the ﬁrst compartmental models, Kermack-McKendrick epidemic
model was developed in the late s with the pioneering work of Kermack and McKendrick [, ]. The model is described as the SIR model for the spread of disease, which
consists of a system of three ordinary diﬀerential equations characterizing the changes in
the number of susceptible (S), infected (I), and recovered (R) individuals in a given population. The model is a good one for many infectious diseases, despite its simplicity. Ever
since, numerous and more complex compartmental mathematical models have been developed. For instance in biology, modeling is particularly useful in studying organs like the
lungs, heart, intestinal edema and cancer, etc. Almost all these models take their source
on Kermack-McKendrick’s model and serve to help gain insights into the transmission
and control mechanisms of diseases like HIV, TB, malaria and their interactions with others. Then most of the works done on modeling the dynamics of epidemiological diseases
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have been limited only to models based on (a system of ) classical ﬁrst-order diﬀerential
equations.
However, there is a growing interest in applying fractional calculus to mathematical epidemiology since it has turned out recently that many phenomena in diﬀerent ﬁelds, including sciences, engineering, and technology, can be described very successfully by the
models using fractional-order diﬀerential equations. As an example, the concept of a fractional Laplacian operator in the theory of Lévy ﬂights [] is a typical application of fractional derivatives. It leads to the theory of sub- and super-diﬀusion, which is well applicable in reaction-diﬀusion systems. In the ﬁeld of mathematical epidemiology, especially the
super-diﬀusion case is of interest since it describes a more realistic spreading than normal
diﬀusion on regular lattices. Moreover, it has recently been noted [] that some epidemic
models based on dynamics with ﬁrst-order derivative were unable to reproduce the statistical data collected in a real outbreak of some disease with enough degree of accuracy.
Another example is the application of half-order derivatives and integrals that proved to
be more useful and reliable for the formulation of certain electrochemical problems [–]
than the classical models with derivative of order one. Accordingly, a number of works
[–] have successfully generalized, in various ways, classical derivatives of integer order
to derivatives of fractional order.
Therefore, following the same idea as above, we analyze and provide some interesting
properties of the Kermack-McKendrick epidemic model with nonlinear incidence and
fractional derivative order less than one. Therefore, we generalize the classical KermackMcKendrick model with the standard mass balance incidence.

2 Model construction
In this model, a population of size N(t) is divided into diﬀerent classes, disjoint and based
on their disease status. At time t, S = S(t) is the part of population representing individuals
susceptible to a disease, I = I(t) is the part of population representing infectious individuals, R = R(t) is the part representing individuals that recovered from the disease. We will
need the following hypotheses about the transmission process of the infectious disease
and its host population.
• The transfer rates from a compartment to another is supposed to be proportional to
the population size of the compartment. For example, the transfer rate from S to I, the
(nonlinear) incidence rate can be written as βg(I)S(t), where β is some rate constant
and the function g characterizing the nonlinearity is assumed to be at least C  (, N ]
with g() =  and g(I) >  for  < I ≤ N , with N = N() the initial total population.
Note that the classical mass balance incidence has g(I) ≡ I and β is called the
transmission coeﬃcient.
• The ensemble of individuals in the host population is well mixed and homogeneous so
that the law of mass action holds: the number of contacts between hosts from
diﬀerent compartments depends only on the number of hosts in each compartment.
For instance, the recovery rate, that is, the number of individuals recovering from the
disease per unit time, can be expressed as μI, with μ the recovering rate.
• The transmission mode is supposed to be horizontal and happens through direct
contact between hosts.
• There is no latent period and all the infected individual hosts become infectious
following an infection.
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Figure 1 Transfer diagram for the Kermack-McKendrick model.

• There is no reinfection or loss of immunity and then no transfer from the
compartment R back to S.
Although they are restrictive, these assumptions proved to be very realistic for the diffusion of certain diseases, like for instance within the population of children in a child
daycare or student population on a campus, where mixing occurs mainly through playing together in groups or going to classes, cafeteria, and so on. In addition to the above
assumptions, we assume that there is no recruitment of new susceptibles and no removal
from any compartments, therefore, the transfer diagram is given as in Figure  and the
model reads
⎧
α
⎪
⎨ Dt S = –βg(I)S,
()
Dαt I = βg(I)S – γ I,
⎪
⎩ α
Dt R = γ I, t > ,
subject to the initial condition
S() = S ,

I() = I ,

R() = R ,

(S , I , R ) ∈ R+ .

()

∂
U(r) dr,
∂r

()

Here,
Dαt U(t) =

∂α

U(t) =
∂t α
( – α)



t

(t – r)–α


with  ≤ α <  being the fractional derivative of the function U(t) in the sense of Caputo
[], with  the gamma function.

3 Properties of the model
Property i: total population
Consider N(t) = S(t) + I(t) + R(t) and N() = N = S + I + R . Then the addition of all
three equations in () yields
Dαt N(t) =  for all t > .
Taking the Laplace transform of both sides of this equation yields
sα Ñ(s) – sα– N() = ,

()

where Ñ(s) is the Laplace transform L(N(t), s). Taking the inverse Laplace transform of
both sides of () gives
N(t) = N

for all t > 

and therefore, the model () assumes that the total population is constant all the time.

()
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Property ii: wellposedness
If the initial condition is nonnegative then the corresponding solution (S(t), I(t), R(t)) of
the fractional model () is nonnegative all the time t > .
To show it, we can investigate the direction of the vector ﬁeld (–βg(I)S, βg(I)S – γ I, γ I)
on each coordinate plane and see whether the vector ﬁeld points to the interior of R+ =
{(S, I, R) ∈ R : S ≥ , I ≥ , R ≥ } or is tangent to the coordinate plane. Indeed:
(a) On the coordinate plane IR, we have S =  and
Dαt S|S= = .
(b) The same way, on the coordinate plane SR, we have I =  and
Dαt I|I= = βg()S = .
(c) Finally, on the coordinate plane SI, we have R =  and
Dαt R|R= = γ I ≥ .
To conclude the property, we need the generalized mean value theorem proved in []
and stated as follows.
Theorem . Let the function U ∈ C[t , t ] and its fractional derivative Dαt U ∈ C(t , t ] for
 ≤ α < , and t , t ∈ R then we have
U(t) = U(t ) +


Dα U(τ )(t – t )α
(α) t

for all t ∈ (t , t ],

where  ≤ τ < t.
Thus, considering the interval [, t ] for any t > , this theorem implies that the function
U : [, t ] → R+ is nonincreasing on [, t ] if Dαt U(t) ≤  for all t ∈ (, t ) and nondecreasing on [, t ] if Dαt U(t) ≥  for all t ∈ (, t ). Then, from the points (a)-(c) above, the vector
ﬁeld on each coordinate plane is either tangent to the coordinate plane or and points to
the interior of R+ .

Property iii: extension of solutions on (–∞, +∞)
The fundamental theory of diﬀerential equations (with integer or noninteger derivative
order) tells us that their bounded solutions can be extended for all time t ∈ R. From Properties i and ii we have at least N ≥ S ≥ , N ≥ I ≥ , and N ≥ R ≥ , meaning that
solutions (S(t); I(t); R(t)) are bounded in their maximal interval of existence. Thus, solutions to the fractional model () exist for t ∈ (–∞, +∞).
Property iv: asymptotic behavior of solutions
We aim to show the existence of
lim S(t) = S∞ ,

t→∞

lim I(t) = I∞ ,

t→∞

lim R(t) = R∞ .

t→∞
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Indeed, the ﬁrst line of () yields
Dαt S = –βg(I)S ≤ ,

since g(I) ≥ .

Thus, from Theorem ., S(t) is nonincreasing (decreasing) on its domain of existence and
since  ≤ S(t) for all t ∈ (–∞, +∞), we conclude that S∞ exists and  ≤ limt→∞ S(t) = S∞ .
In the same way, the third line of () gives
Dαt R = γ I ≥ 
and from Theorem ., R(t) is nondecreasing (increasing) on its domain of existence and
since N ≥ R(t) for all t ∈ (–∞, +∞), we conclude that R∞ exists and N ≥ limt→∞ S(t) =
R∞ .
Finally, the existence of I∞ (= N – S∞ – R∞ ) ≥  is therefore obvious since S∞ and R∞
exist.

4 Kermack-McKendrick fractional model for disease with zero immunity and
nonlinear incidence
4.1 Existence of equilibrium points when 0 ≤ α < 1
The model () with zero immunity means any recovered person becomes immediately
susceptible, leading to the diagram in Figure  and being expressed by the system


Dαt S = b – βg(I)S + γ I – dS,
Dαt I = βg(I)S – γ I – dI,

()

subject to the initial condition
S() = S ,

I() = I ,

(S , I ) ∈ R+ ,

()

where b and d are, respectively, the birth and death rate and assumed to be constant. We
evaluate the equilibrium points of the model () by letting


γ

Dt S = ,
γ
Dt E = ,

Figure 2 Transfer diagram for the Kermack-McKendrick model with zero immunity.

()
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which yields the disease free equilibrium (DFE) given by xo = ( db , ). The endemic equilibrium point if it exists is given by xe = (S̄, Ī) where Ī satisﬁes the equation

I
d(γ + d) g(I)
=
– b
bβ
I
d

≡ h(I)

()

and S̄ = db – Ī.
Recall [] that db is the maximum possible value of Ī and in the classical mass action
incidence, d(γbβ+d) is called the contact reproduction number. Note that the number of solutions of () depends on the nonlinear incidence function g(I), limI→
sign of h (I).

g(I)
I

Theorem . The model () has no endemic equilibrium point if h() ≤
 for all I ∈ (, db ) and has one endemic equilibrium point if h() >
all I ∈ (, db ).

d(γ +d)
bβ

≡ h() and the

d(γ +d)
bβ

and h (I) <

and h (I) <  for

Proof The proof of this theorem follows the same approach as [, Theorem .], where
we can substitute H by db and σ by d(γbβ+d) .


4.2 Stability of the DFE point x o when 0 ≤ α < 1
To study the stability of the DFE point xo = ( db , ) of the fractional model, we evaluated at
the DFE the Jacobian matrix J(xo ) for the system given in (), which reads as follows:
J xo = Df xo =

–d


–βg  ()b
+γ
d
βg  ()b
–
(γ
+ d)
d

.

()

Theorem . Consider the nonlinear incidence function g. The disease free equilibrium of
the system () is asymptotically stable if
βg  ()b
< .
d(γ + d)
Proof We know, see [], that the disease free equilibrium for a fractional model of type
() is asymptotically stable if all of the eigenvalues, λ and λ , of J(xo ) satisfy the following
constraint:
α

π
< | arg λi |


()

for i = ,  and  ≤ α < . The eigenvalues of J(xo ) are
λ = –d
and
λ =

βg  ()b
– (γ + d).
d

It is obvious that λ satisﬁes () and λ satisﬁes () if
proof.

βg  ()b
d(γ +d)

< , which concludes the
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()b
For the fractional model (), the quantity βg
is usually referred to as the basic reprod(γ +d)
duction number denoted by R and deﬁned as the number of secondary cases that one
case will produce in a completely susceptible population. The biological interpretation of
R is that if R exceeds one, then the epidemic will occur, but if it is less than one, then
the infection dies out.

Figure 3 Time evolution of the infection for α = 1; 0.95; 0.90.
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5 Numerical simulations
Ip
We consider, for reasons of simplicity, the nonlinear incidence function g(I) = +κI
q and
take p =  and κ =  to obtain g(I) = I. Thus, we ﬁnd that the function h deﬁned in ()
becomes
h(I) =  –

Id
.
b



()b
If βg
= d(γβb+d) <  then, according to Theorem ., the disease free equilibrium of ()
d(γ +d)
is asymptotically stable.
If d(γβb+d) >  then d(γβb+d) <  = h() and h (I) = – db < . Hence, according to Theorem .,
there is one endemic equilibrium point.
To provide a numerical simulations of the monotonic behavior of I(t) and bring out
those equilibrium points, with diﬀerent values of α, we use the implementation code of
the predictor-corrector PECE method of Adams-Bashforth-Moulton type described in
[]. The time evolution of I(t) is given in Figure . We note that, comparing to the system of diﬀerential equations with ﬁrst-order derivative, there is a similar evolution of the
infection for close values of α ( ≤ α < ).

6 Conclusion and possible future analysis
Making use of the mean value theorem extended to fractional calculus [], we have provided some remarkable and useful properties of a fractional Kermack-McKendrick epidemic model with nonlinear incidence function. We have shown that the existence of
equilibrium points and the stability of the disease free equilibrium both depend on the
nonlinear incidence function and we provide the expression of the basic reproduction
number for the fractional model. The results obtained here are seen as the extension of
the previous works with the inclusion of the derivative of order less than unity and a nonlinear incidence. Numerical simulations show the monotonic behavior of the infection I(t)
and comparing to the dynamics with ﬁrst-order derivative, we note a similar evolution for
close values of α ( ≤ α < ). This may therefore help analyze the stability of the endemic
equilibrium point for the model and also help to investigate more complex fractional epidemic models.
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