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Abstract

For nonlinear stochastic equations dx(t) = [Ax(t) + f(t, x(t), M)l dt + g(t, x(t), A) dw(t) with
parameter A in a Hilbert space, we show the existence and uniqueness of mild
solutions. Provided that f satisfies a locally Lipschitz condition and g is a uniformly
Lipschitz function, some sufficient conditions for p (p > 2) moment locally
exponential stability as well as almost surely exponential stability of mild solutions are
obtained under a sufficiently small initial value &. Meanwhile, we also consider
parameter dependence of stable mild solutions for the stochastic system if f, g are
sufficiently small Lipschitz perturbations in the parameter A.
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1 Introduction

Stochastic differential equation has attracted a great attention from both theoretical and
applied disciplines since it has been successfully applied to problems in mechanics, eco-
nomics, physics and several fields in engineering. For details, see [1-5] and the refer-
ences therein. In recent years, existence, uniqueness, stability, invariant measures and
other quantitative and qualitative properties of solutions to stochastic partial differen-
tial equations have been extensively considered by many authors. For example, in 1978,
Haussmann [6] studied asymptotic stability of It equations in infinite dimensions. Cara-
ballo [7] extended the results from Haussmann to stochastic partial differential equations
with delay. In [8], Mao considered exponential stability in the mean square sense for the
strong solutions of linear stochastic differential equations. Caraballo and Real [9] con-
sidered the stability for the strong solutions of semilinear stochastic evolution equations
based on the ideas in [7]. Govindan [10, 11] studied the existence and stability of mild so-
lutions for stochastic partial differential equations by the comparison theorem. Caraballo
and Liu [12] discussed the exponential stability for mild solutions of stochastic partial
differential equations with delays by employing the well-known Gronwall inequality and
stochastic analysis technique under the Lipschitz condition. Liu and Mao [13] established
Razuminkhin-type exponential stability for mild solution of stochastic partial functional
differential equations. Da Prato et al. [14] and Dawson [15] developed this topic by the
semigroup approach [16]. In [17], Taniguchi et al. discussed the existence, uniqueness and
asymptotic behavior of solutions to stochastic partial functional differential equations in
a Hilbert space.
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Recently, Burton [18] has successfully extended the fixed point theorem to study the
stability for deterministic systems. By employing the contraction mapping principle and
stochastic analysis, Luo [19] has obtained some sufficient conditions which ensure expo-
nential stability in p (p > 2) moment and almost sure exponential stability for mild so-
lutions of stochastic partial differential equations with delays. Following the ideas of Luo,
Sakthivel and Luo investigated the existence and asymptotic stability in the pth moment of
mild solutions of nonlinear impulsive stochastic differential equations with infinite delay
in [20].

Our main objective is to obtain local stability of mild solutions for stochastic parameter
systems, with two novelties when compared with the former work in this area:

1. We consider p (p > 2)th moment locally exponential stability as well as almost
surely exponential stability of mild solutions under sufficiently small nonlinear
perturbations and sufficiently small initial value.

2. We first discuss parameter dependence of stable mild solutions under sufficiently
small Lipschitz perturbation in the parameter space Y.

The rest of this paper is organized as follows. In Section 2, stochastic differential equa-
tions with parameter are presented together with some definitions of mild solutions. In
Section 3, existence, uniqueness, stability and parameter dependence of mild solutions are
derived. An example is given to illustrate our results in Section 4. At last, we present some
conclusions of our paper in Section 5.

2 Preliminaries
Let H be a real separable Hilbert space with the inner product (-, -) and the norm || - ||, and
let K be another real separable Hilbert space with the inner product (-, -)x and the norm
Il - llx. L(K,H) denotes the space of bounded operators from K to H. Let (2,.#,P) be a
complete probability space equipped with a complete family of right-continuous increas-
ing sub o -algebras {%;, ¢ > 0} satisfying %, C &.

Let B,(¢t), n=1,2,..., be a sequence of real-valued one-dimensional standard Brownian
motions mutually independent over (2, %, P). Set

w(t) = YV ruBu®bs £>0,
n=1

where A, > 0 (n=1,2,...) are nonnegative real numbers and {§,} (n = 1,2,...) isa complete
orthonormal basis in K. Let Q € L(K, K) be an operator defined by Q§, = A,,§, with a finite
trace Tr(Q) = Y, A, < 00. Then the above K -valued stochastic process w(t) is called a Q-
Wiener process.

Let ¢ € L(K,H) and define

el = Tr(¢Qe") iZnF sosnnz}

If ol 19 <0 then ¢ is called a Q-Hilbert-Schmidt operator, where L) (K, H) denotes the
space of all Q-Hilbert-Schmidt operators ¢ : K — H.

We denote by L7(2, H) (p > 2) the collection of all strongly -measurable, p-integrable
H-valued variables with the norm [|x(-)||z» = (E[lx(-; @) |15, )1’ where E is defined by E(h) =
Jo h(w)dP.
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We consider the following stochastic differential equations with parameter in a Hilbert

space:

dx(t) = [Ax(t) + f (6, %(2), 1) ] dt + g(£,x(2), 1) dw(t), t>0,
x(0) =&,

@)

where £ is an H-valued random variable, A is the infinitesimal generator of a semigroup
of bounded linear operators S(¢), t >0, f :R* x Hx Y - H,g:R* x H x Y — L(K,H)
are all Borel measurable, Y is a Banach space (which is the parameter space).

Now, we recall the mild solutions for Eq. (1) as follows.
Definition 2.1 A stochastic process {x(¢,£,A) :t € [0, T],A € Y}, 0 < T < 00, is called a
mild solution of Eq. (1) if

(@) x(¢,&,1) is adapted to F, ¢t > 0;

(b) x(¢,&,1) € H has a cadlag path on ¢ € [0, T] almost surely;
(c) for arbitrary ¢t € [0, T1],

x(t,&,1) =S(H)E + /Ot S(t - s)f(s,x(s), A) ds + /Ot S(t - s)g(s,x(s), A) dw(s). (2)

We assume that the following conditions hold:
(i) A is the infinitesimal generator of a semigroup of bounded linear operators S(t),
t > 0, and there exist M > 1, > 0 such that ||S(¢)||y < Me™ for t > 0;
(ii) there exist constants ¢ > 0, g > 0 such that fort > 0,x,y€ H,A,u €Y,

If&x0) = £ (&3, < elloe =yl (1201 + 1y11E)s
and
If (&2, 2) — f &2, ), < cld = pllzllll
(iii) there exists d > 0 such thatfort>0,x,y€ H,A,u €Y,
letex,2) - (5,2 g < dlle =yl
and
gt 0) gt )] g < dllr— el %l
(iv) g+1<p;

(v) 22MPdPCy(

For example, if

ﬁ)% <1, where C, = (p(2p - 1)).

f(t,x,k) = ZZ)"jfi(t,x)’

j=1 =1
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and

gtxn) =Y "> Veilt,x)

j=1 i=1

for some functions f;, g; : R* x H — H, and there exist constantsc¢; >0,d; >0,i=1,2,...,n,
q > 0 such that for £ >0, x,y € H,

Ifit.2) - £, 9) |,y < cille =yl (%15 + IyIF),

and

|gi(t, %) - gi(t,y) ”Lg <dillx-yllu
for each t > 0, x,y € H, then conditions (ii) and (iii) hold for A, u in a small neighborhood
of zero.
Set B(3) = {x € H : E||x||¥; < 8}, § > 0. Then we have the following definitions of locally

exponential behavior for mild solutions.

Definition 2.2 Let p > 2 be an integer, mild solution x(¢,&, 1) of Eq. (1) is said to be pth
moment locally exponentially stable if there exist y > 0, L > 1 such that

E|x(t,&,1)|,, <LeE|£IIF,
for any initial value & € B(§), A € Y and £ > 0.

Definition 2.3 The mild solution x(¢,§, 1) of Eq. (1) is said to be almost surely exponen-
tially stable if for any initial value £ € B(§) and for any A € Y, there exists v > 0 such that

1
lim sup - log”x(t,E,A)HH <-v, as.
t—+00 t
Lemma 2.1 [2] For any r > 1 and for arbitrary LY(K, H)-valued predictable process ®(-),

sup E
s€[0,z]

2r t 1 r
< c,( JRCEX] ok ds) L t=0,
0 2

/s D(u)dw(u)

0

where C, = (r(2r —1))".

3 Stability and parameter dependence
In this section, we present and prove our main results. We consider the set Z(8) = {(¢,&) :
0<t<T,&eB(5)}.

Theorem 3.1 Assume that (i)-(v) hold. Then, for any § > 0 sufficiently small and for any
A €Y, given (t,&) € Z(8), there exists a unique stochastic process x(t,&,\) satisfying (2).
Moreover, the following properties hold:
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1. There exists 0 < o < pn such that

2. x(t,&,)) is pth moment locally exponentially stable, that is, there exists L > 1 such
that

E|x(t,€,2)||, < Le*“E||£ |1, (4)

forany » € Y and (t,§) € Z(5);
3. There exists K > 1 such that

E|x(t,&,1) - x(t, &, )|, < K|IA - plfe )
forany A, u €Y and (t,£) € Z(6).
Proof By (iv), it follows that there exists 0 < « < 1 such that (3) holds. We consider the
space x of all .#-adapted processes x = x(£,&,A) : [0, +00) x B(8) x Y — H such that
1. x(0,&,1)=¢& forany A € Y;

2. thenorm x|, = ﬁ SUp,= [ E|lx(t, &, M) |I%;] satisfies ||x||, <.
We can easily see that x is a complete metric space. Define an operator J;, : x — x by

J)(6,€) = SWE) + /0 S(t - $)f (5,205, £,2), 1) ds

+ /t St - s)g(s,x(s,é,)\), A) dw(s)
0

3
D0 6)
i=1

for any x € x. We first verify the continuity of J; in x. Let x € x, f; > 0, and |¢| be suffi-
ciently small, then

3
E|L@)(t +€) - L@@ |, <37 Y E|Lt + €) - Lt |5, @)
i=1
Obviously,
E|liti+€) - L]}, — 0, i=1,2, (8)

as € — 0. By Lemma 2.1, we have

E|Is(t +€) - I(8)|5,

P
< lE

/Otl (S(tl +e—5)—-S(t - s))g(s,x(s, E,N), A) dw(s)

H

p
+ 20 E

/tﬁe S(ty +€ - s)g(s,x(s, &, k),A) dw(s)

5]

H
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szﬂlcp</01(E||(S(t1+e—s>—5(t1—s)) (5,582 2)[) @

’mlm
\_/

+ zp—lcp</tl+E(EHS(tl +e—8)g(s,x(s,&,1),1) H )IZ’ )2 -0, 9)

5]

as € — 0, where C, = (p(2p — 1))?. Thus
|17:x)(t1 + €) _]A(x)(t1)||x — 0, (10)

as € — 0, which implies that /; is continuousin x on [0, T']. Foreachx,y € x and0 <t < T,
by the Holder inequality,

1
7

AT

. 11
(Elyllz,) x,yEH,;+—=l, (11)

Exy], = (Ellely) :

where * represents the transpose, and the Lyapunov inequality

1
n

(E||x||,'§)% < (E||x||§’{) , x€H,0<m<mn<+00 12)
and (ii), we have
E|f (s, x(s,6,1),1) = f(s,5(5,&, 1), 1) | ,
< cE[ (5,6, 2) = y(5.6, )]y (258, W) [, + 6,6, 1) | ,)]
v (Elys s 0] ™)

< o(E| (s, 6,20 - 565,601 [(Elts, &, 0[1)7 + (Elyts,6,0]1)7]

_q_
+1

< c(E| 5,8, 1) - y(s, £, 0| ) T [(E]Jals, £, )| ) 7

<2020)% & 7 57 (s, £,2) - ¥(s.6. )] ). (13)
By (iii), we obtain

Ellg(s,x(s £,2), %) = gls. (5,8, 20, 2) [ [y = ’E|x(s,8,2) - y(s.&, M)

<2MdPe™ |x(s,&,1) = y(s,€, 1) . (14)
Then, by (13), (14) and Lemma 2.1, we have
I VACICIEIAGIAI]

f St —9)(f (s, x(s,6, 1), 1) = f(s,(s,6,1), 1)) dis

0

P
<orl [E

H

J

, p
52”_1[(/0 EHS(t—s)(f(s,x(S,f;',)»),)»)—JC(SJ’(S5)L ))”H )

' EH/O St~ 5)(g(s, %05, £, 1), 1) — g (5,%(5,,1), 1)) dao(s)

V4

[ Elste-lot602) -t s 0N ) |

Page 6 of 13
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521’-1[15( /0 tMe‘”“‘”Ilf(S,x(s,%‘,/\),k) —f(5:5(5,6, 1), 1) [, 4 )p

[N

¢ 2
G [ e gl xt6.,,3) ~glots.6 )2 )|
0
¢ (g+Das p
< [22p O S ( f e’ ds)
0
. r
P+l p —pnt 2pns—2as 2
+2PMPdP Cpe e P ds lle = Il
0

» 5
< {22p+qMP+q“cP3q — LI ormriarc [ P } }
B pn-oalg+1) 2(pn — )
el —ylly. (15)
Therefore
1) =), < 0llx =yl
where 0 = 221’*‘1 LMP+acP 51 |Tq+l|p + 207 IMP AP C [2(1077 - 15. Taking § sufficiently small

so that 9 <3 L the operator /; becomes a contraction. In addition, we can obtain

1) x < || x +6llxllx < 25+ 25 =5, (16)
2 2

This shows that /;(x) C x. Thus, there exists a unique function x € x such that J; (x) =

By the above inequality, we have ||x||, < 2”51“’5 , which means that (4) holds. Writing y, =
x(-,&, 1), we have

Vi =Y =IIx =T = hYn = hYu + o = Judn (17)
for any A, € Y. Thus

Iy =yl < O1ya = yully + Wayp = Tudplly- (18)
It follows that

1y5 = Yully < @ =0 g = Jull - 19)
Using the Lyapunov inequality

(Ellxll}f’[)% §(E||x||ﬁ,)%, x€H,0<m=<n<+00, (20)

from (ii), (iii) and (4), we get

a(s) = EHf(S; x(s,&, 1), )L) —f(s,x(s, &, 1), M) ”H

<clr—plyE|x(s,6 w5
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g+l
<clr—plly(E|x(s, 6 w)|5) 7

g+l (q+D)s
=cLd)re 7 lA-ply

and

b(s) = E”g(s,x(& &, :U*)’)‘) —g(s,x(s, &, 1), :u) ||}ng
<d|x - plVE|x(s,& )",

< d’Lse | - ull}.
Thus

” h2)@®) = Uwy)(2) ” X

1 :
= 537l E 000 - 0007

272
<—Sll
M t>g{ [

E / S(t - S)g(S»x(Sr &, 1), )‘) - g(Sy x(s,&, 1), M) da(s)

p

/0 St = s)(f (s,x(s, &, ), A) —f (s,%(s, &, ), 1)) ds

J

H

2r-2

t p
<Wsup{ [(/ E||S(t—s)(f(s,x(s,§,u),l) —f(s,x(s,é,u),u))”Hds)
0

+@(/Ot(EHS(t—s)(g(s,x(&f:“)’”) 855,80, )7 )% )p]}

t P ‘ ) z
=< op=2 pqp-1 Sup{eat|:</ e—n(t—s)a(s) dS) + Cp </ (e—pn(t—s)b(s))p ds) :| }
t>0 0 0
b pytepns—(g+las p
< op=2 pp-1 Sup{e“t |:Cp(L5)q+1 (/ e% ds)
t>0 0

t ) 4
+ L(Sdpcp (/ (e*Pﬂ(t—s)*as)E dS) i|}||k - M”I)j/
0

<6ilA - pully,

where ) = 2772 MP- 1cl’(LS)‘7*1| |p + 20 2MPIgPC L8[ ]7 Therefore

v =yl 1= Iy,

X_l 9

which yields (5). This completes the proof of the theorem.

Remark 3.1 From the proof of Theorem 3.1, if we take § sufficiently small so that 6 < 3, t

Page 8 of 13

(21)

(22)

(24)

O

he

mild solutions (1) with §-domain initial value are p moment locally exponentially stable.

In this case, the property of p moment stability is local.
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Theorem 3.2 Assume that (i)-(v) hold. Then, for any § > 0 sufficiently small, mild solution
x(t, &, 1) of (1) is almost surely exponentially stable, that is, there exists 0 < o < pn such that

lim sup ! log”x(t,é,k)HH <- a a.s., (25)
t—+00 t

E:

forany ) € Y and & € B(S). Furthermore,

li 1 ”x(tr&‘!)‘) _x(t’g:r“)||H o
imsup - log <

= "5 a.s., (26)
t—+00 t ”)‘_/'L”Y 2]9

forany L, €Y, #pand & € B(5).
Proof For any fixed positive real number ey >0 (N =2,3,...),
P( su x(t, M), >¢
N p ” HH N)

<t<N+1

p
S(i) E( sup ||S(t—N)x(N,$,/\)”f,)

EN N<t<N+1

3 p
+ (—) E( sup
EN N<t<N+1
3 p p
+ (—) E( sup )
EN N<t<N+1 H

3
=3I (27)

/t S(t - s)f(s,x(s, E,A), A) ds

N

)
/t S(t - s)g(s,x(s, EN), A) dw(s)

N

By (i) and (4), we have
3\’ » 3\ N
L<|— ) MPE|x(N, & 0|}, < | — ) MPLse™N. (28)
EN EN

It follows from (ii) and (4) that

EHf(s,x(s,S,A),k”H < cE||x(s,§,A) ||qul

q+1 g+l _ (g+Das
p p

<c(E|xs.&,M|) 7 <cs) 7 e 7 . (29)

This implies that

3 p p
I, < PMP(LS)TH (—) sup
EN /) N<t<N+1

t
_ (gtDas
/e’”("s)e 7 ds
N

P P
<oy ) |2 [N, (30)
pn—(g+1a

EN

From (iii) and (4), we have the following estimation:

E||g(s,x(s,§,)\),k||lzg < dPE”x(s,é,k) ||I;1 <d’Lée™™, 31)
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and

17

p
n=wG( ) s ([ olglostsen ) ds)
EN/ N<t<N+1\JN

p

3 p t 2 2
<MPd’C,Ls (—) sup ( / (e’p ”(H)e"“) p ds)
EN/ N<t<N+1\JN

w2 )”[Lfem. )
en/ L2(pn—a)

Substituting (28), (30) and (32) into (27), we have

3 p
P{ sup ”x(t,%‘,k)HH > EN} < K<—> e N, (33)
N<t<N+1 EN
where k = MPLS + CPMP(L(S)‘“IU q+1)o¢ |? + MPdPC L5[2(pn a)]’ As ey is an arbitrarily
given real number, let 5 = ¢ % such that
_aN aN
P{ sup ”x(t,é,k)”H >e » } <k3Pe 2. (34)

N<t<N+1

Consequently, from the Borel-Cantelli lemma, there exists T(w) > 0 such that for any ¢ >
T(w),

”x(twf,)»)”i[ < e_%t’, a.s. (35)

It remains to verify that (26) holds. The argument is similar to the above proof of (27). For
any ey >0 (N =2,3,...),

P< ”x(t’é:r)\) _x(t’§7 M)”H )
sup >en
N<t<N+1 1A = wlly

sup 7

N<t<N+l 1A = plly
3
EN

( ) ( I [ S(E = $)(f (s,2(5,&,2), 1) = f (5, %(s,&, ), 1)) dsup)
sup >
N<t<N+1 ”)‘_M”Y

(i) ( sup ||f]f[S(t—S)(g(s,x(s,S,k),)\)—g(s,x(s,S,u),u))dw(S)IIZ)
N<t<N+1 ||)\—H||I;/

EN
= ZI;. (36)
i=1

From (i) and (5), we obtain

3 V4
I < (-) MPKe™N, 37)
EN

Page 10 0of 13
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By (4), (5) and (ii), applying inequalities (12) and (13), we get

E[f(sx(s,&,2), ) =f (s,0(5,&, 12), 1) |,
<E[f(sx(s,£1), 1) =f(s.x(5,6, ), 1) |
+E|f (5,205,610, 0) =f (5,205, &, 1), 1) |,
< cE[[|x(s,8,2) ~ a(s,&, 1), (|05, 6, 2) | + [c(s, &, 1))
+E|h—plly |26 0|5

< c(E|Jas,6,2) - x(s £,0|) 7 [(E|x(s. £, 0|") + (E][x(s.£,1)]) ]

v ek = ulvE(|xts. £ m]7) 7

+1 (g+1)as
<c[2KP(L8)F +(LO)T e 7 Ih—ply. (38)
This implies that
3 \? 1 q g+l ¢ (g+Das r
L< cPMP< ) [2K7 (L&) +(L&)T | sup / e s

EN N<t<N+l||/N
3 1ooa oy P PN

<cPMP[ = [ZKP(L(S)P +(L8) 7 || ————]| e (39)
N pn—(q+Da

It follows from (4), (5) and (iii) that

E”g(s’x(S’Sr )‘)»)L) —g(S,x(S,S» ), l"«) Hf‘z’
<2PE|g(s (5,6, 1), 1) — g (s, %(s, &, 11), 1) ||€0
+ Ellg (525,81, 1) = (5,505,600, 1) 1]

< 2V [E||x(s,6, 1) — (5,6, ) |1, + 1A = eI E ]| x5, &, ) 7]

<27 G@PS(L + K)e ™ | A — pully- (40)
So
3 p t 2 Ijj
I, <20 dP MPSC,(L + K) <—> sup ( / (e?1=9ees)p ds)
EN/ N<t<N+1\JN
V4
3\* p 2N
< 2P MPSC, (—) (L + 1()[ ] e N, (41)
EN 2(1977 —-a)

Substituting (37), (39) and (41) into (36), we have

P( wp  1HEED) =308 Wl 8N) SE< 3 )"’e_aN, (42)

N<t<N+1 A= plly eN

where i = MPK$ + < MP (= 3 )P[ZKP (L(S)P +(L8) P B ]Pl q+1 PP+ 2P dP MPSCH(L + K) x

[2([7]7 = 1%. We can proceed to the remaining proof in a 51m11ar manner. O
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4 Example

In this section, an example is provided to illustrate our results.

Example 4.1 Consider the following stochastic partial equation:

do(t), t=>0,

92 A2Z2(t,x) AZ(t, %)
} T 200+ 12D =

dz(t,x) = [ﬁz“’x) T 1v 1z

Z(t,0)=Z(t,m) =0, t>0, (43)

Z(0,x) = &(x),

where w(t) is a standard one-dimensional Brownian motion, A € Y = [i, %] is a parameter.
2
Let A = 337 with the domain

2
D(A):{ueH:i,a—eH,u(O)zu(n)=0}, (44)
ou Ju?

then ||S(¢)||y < €%, Vi > 0, which implies that M = 1. It is easy to see that (ii)-(iii) hold and
c=1,g=1,d= %. Taking p = 4, we may show that 2pd1”Cp(L)% < 1. Then the mild solu-

272

tion of Eq. (43) has locally stable behavior and parameter dependence for § > 0 sufficiently

small.

5 Conclusion

This paper is devoted to locally stable behavior and parameter dependence for stochastic

differential equations. Our results are derived under sufficiently small Lipschitz pertur-

bation in the parameter system. Meanwhile, a lot of stochastic inequality techniques are

used to estimate the bound of mild solution. The future research topics would be extend-

ing locally stable behavior and parameter dependence to the stochastic delayed parameter

system.
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