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Abstract

Recently Tariboon and Ntouyas (Adv. Differ. Equ. 2013:282, 2013) introduced the
notions of gg-derivative and gg-integral of a function on finite intervals. As
applications existence and uniqueness results for initial value problems for first- and
second-order impulsive gg-difference equations was proved. In this paper, continuing
the study of Tariboon and Ntouyas (Adv. Differ. Equ. 2013:282, 2013), we apply the
quantum calculus to initial value problems for impulsive first- and second-order
gg-difference inclusions. We establish new existence results, when the right hand side
is convex valued, by using the nonlinear alternative of Leray-Schauder type. Some
illustrative examples are also presented.
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1 Introduction and preliminaries
In [1] the notions of gj-derivative and gx-integral of a function f : Ji := [, tks1] = R,
have been introduced and their basic properties was proved. As applications, existence
and uniqueness results for initial value problems for first- and second-order impulsive gi-
difference equations was proved.

We recall the notions of g-derivative and gx-integral on finite intervals. For a fixed k €
N U {0} let Ji := [tk, tx+1] C R be an interval and 0 < gx < 1 be a constant. We define g-
derivative of a function f : Jy — R at a point ¢ € J; as follows.

Definition 1.1 Assume f : Jy — R is a continuous function and let ¢ € J;. Then the ex-
pression

SO —flgrt + 1 —gr)te)
(1 - qk)(t - tk)

Dqkf(t) = , EF b, Dqkf(tk) = tlint}(Dqkf(t)’ (L1)

is called the gx-derivative of function f at .

We say that f is gi-differentiable on J; provided D, f(t) exists for all ¢ € J;. Note that if
tr =0 and g = q in (1.1), then D, f = D,f, where D, is the well-known g-derivative of the
function f(¢) defined by

t) - t
b0 SO0

©2014 Ntouyas and Tariboon; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-
mons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and repro-
duction in any medium, provided the original work is properly cited.

(1.2)


http://www.advancesindifferenceequations.com/content/2014/1/262
mailto:jessadat@kmutnb.ac.th
http://creativecommons.org/licenses/by/2.0

Ntouyas and Tariboon Advances in Difference Equations 2014, 2014:262 Page 2 of 16
http://www.advancesindifferenceequations.com/content/2014/1/262

In addition, we should define the higher gx-derivative of functions.

Definition 1.2 Let f : J — R is a continuous function, we call the second-order g-
derivative Dzkf provided Dy, f is gi-differentiable on J; with D kf Dy, (Dgf) : Jk = R.
Similarly, we define higher order gi-derivative D} :Ji — R.

The properties of gx-derivative are discussed in [1].

Definition 1.3 Assume f : J — R is a continuous function. Then the g;-integral is de-

fined by
/ F6)dgs =1 -q)t -1 Y qif (it + (1 - af)e) (13)
Lk n=0

for ¢ € Jx. Moreover, if a € (¢, t) then the definite gx-integral is defined by

/ f(s)dg,s = / f(s)dys - / f&)dys=0-q)t—t) > arf(git+ (1- qd)te)
a t 73

n=0

oo
~(1-q)a-t) Y qif (dia+ (1-q})tc).
n=0

Note that if #; = 0 and gx = ¢, then (1.3) reduces to g-integral of a function f(¢), defined by
Jof &) dys =1 -t 3o, q"f(q"t) for t € [0, 00).

The book by Kac and Cheung [2] covers many of the fundamental aspects of the quan-
tum calculus. In recent years, the topic of g-calculus has attracted the attention of several
researchers and a variety of new results can be found in the papers [3—15] and the refer-
ences cited therein.

Impulsive differential equations, that is, differential equations involving the impulse ef-
fect, appear as a natural description of observed evolution phenomena of several real
world problems. For some monographs on the impulsive differential equations we refer
to [16-18].

Here, we remark that the classical g-calculus cannot be considered in problems with
impulses as the definition of g-derivative fails to work when there are impulse points
tx € (qt,t) for some k € N. On the other hand, this situation does not arise for impul-
sive problems on a g-time scale as the points ¢ and gt = p(¢) are consecutive points, where
p: T — T is the backward jump operator; see [19]. In [1], quantum calculus on finite in-
tervals, the points ¢ and gxt + (1 — gx)# are considered only in an interval [#, x,1]. There-
fore, the problems with impulses at fixed times can be considered in the framework of
qi-calculus.

In this paper, continuing the study of [1], we apply gx-calculus to establish existence
results for initial value problems for impulsive first- and second-order g,-difference in-
clusions. In Section 3, we consider the following initial value problem for the first-order
qk-difference inclusion:

Dy x(t) € F(t,x(t)), te]:=[0,T),t+t,
Ax(t) = I(x(&)), k=1,2,...,m, (1.4)

x(0) = xo,
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where xg e R, 0=fp <ty <ty < <ty < <tby<tuya=T,f:[0,T] x R— PR) is
a multivalued function, P(R) is the family of all nonempty subjects of R, Iy € C(R,R),
Ax(ty) = x(t;) —x(tx), k=1,2,...,mand O < gy <1for k=0,1,2,...,m.

In Section 4, we study the existence of solutions for the following initial value problem
for second-order impulsive g, -difference inclusion:

D;kx(t) €F(t,x(t)), tel,t#t,

Ax(t) = Ik(x(tk)), k=1,2,...,m,
(1.5)
Dy x(tf) — Dy, %(t) = I (x(t)),  k=1,2,...,m,

x(0)=a,  Dyx(0)=p,

where o, 8 € Rand I, I} € C(R,R).

We establish new existence results, when the right hand side is convex valued by using
the nonlinear alternative of Leray-Schauder type.

The paper is organized as follows. In Section 2, we recall some preliminary facts that
we need in the sequel. In Section 3 we establish the existence result for first-order gi-
difference inclusions, while the existence result for second-order gi-difference inclusions
is presented in Section 4. Some illustrative examples are also presented.

2 Preliminaries
In this section we recall some basic concepts of multivalued analysis [20, 21].

For a normed space (X, | - [|), let Py(X) = {Y € P(X) : Y is closed}, Pe,(X) ={Y € P(X):
Y is compact}, and P (X) = {Y € P(X) : Y is compact and convex}.

A multivalued map G : X — P(X) is convex (closed) valued if G(x) is convex (closed) for
allx € X;is bounded on bounded sets if G(B) = | J, . G(x) isbounded in X forall B € P,(X)
(i.e. sup,p{sup{|y| : y € G(x)}} < 00); is called upper semicontinuous (u.s.c.) on X if for each

xeB

x0 € X, the set G(x¢) is a nonempty closed subset of X, and if for each open set N of X
containing G(xy), there exists an open neighborhood N of xy such that G(Np) C N; is
said to be completely continuous if G(B) is relatively compact for every B € Py (X).

In the sequel, we denote by C = C([0, T'],R) the space of all continuous functions from
[0, T] — R with norm |jx|| = sup{|x(£)| : £ € [0, T1}. By L}([0, T], R) we denote the space of
all functions f defined on [0, T'] such that ||x||;1 = fOT |x(2)| dt < o0.

For each y € C, define the set of selections of F by

Sky:={veC:v(t) e F(t,y(t)) on [0, T1}.

Definition 2.1 A multivalued map F:J x R — P(R) is said to be Carathéodory (in the
sense of gx-calculus) if x —> F(t,x) is upper semicontinuous on J. Further a Carathéodory
function F is called L!-Carathéodory if there exists ¢, € L'(J,R*) such that ||F(t,x)| =
supf{|v|: v € F(t,x)} < @u(t) for all ||x|| <« on ] for each « > 0.

We recall the well-known nonlinear alternative of Leray-Schauder for multivalued maps
and a useful result regarding closed graphs.

Lemma 2.2 (Nonlinear alternative for Kakutani maps) [22] Let E be a Banach space, C a
closed convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — P,,,.(C)
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is a upper semicontinuous compact map. Then either
(i) F has a fixed point in U, or
(ii) thereisa u € dU and )\ € (0,1) with u € AF(u).

Lemma 2.3 ([23, 24]) Let X be a Banach space. Let F : ] x R — P, (X) be an L-
Carathéodory multivalued map and let © be a linear continuous mapping from L'(J,R)
to C(J,R). Then the operator

®o SF : C(]; R) - Pcp,c(c(]) R))) X = (® o SF)(x) = ®(SF,x)
is a closed graph operator in C(J,R) x C(J,R).
Let] =[0,T1, Jo = [to, t1], Jx = (txs trar] for k=1,2,...,m. Let PC(J,R) = {x: ] — R : x(¢t) is

continuous everywhere except for some # at which x(¢}) and x(¢;) exist and x(£;) = x(t),
k=1,2,...,m}. PC(J,R) is a Banach space with the norms ||x||pc = sup{|x(£)|; £ € J}.

3 First-order impulsive g,-difference inclusions
In this section, we study the existence of solutions for the first-order impulsive g-
difference inclusion (1.4).

The following lemma was proved in [1].

Lemma3.1 Ify € PC(J,R), thenforanyt € Ji,k =0,1,2,...,m, the solution of the problem

Dy x(t) =y(t), tel,t#t,

Ax(ty) = I(%(&)), k=1,2,...,m, 3.1
x(O) = X0

is given by
x(t) = x0 + Z fk y(s)dg, s+ Z I (x(20)) +f ¥(s)dg,s, (3.2)

O<ty<t ¥ th-1 O<ty<t b
with ) y_(-)=0.
Before studying the boundary value problem (1.4) let us begin by defining its solution.

Definition 3.2 A functionx € PC(/,R) is said to be a solution of (1.4) if x(0) = xq, Ax(tx) =
Ii(x(tr)), k =1,2,...,m, and there exists f € L'(J,R) such that f(¢) € F(¢,x(t)) on ] and

x(t)=x0+ Y / ' &) dg s+ Y Ie(x(t)) + / f(s)dys.

O<ty<t ¥ thk-1 O<ty<t

Theorem 3.3 Assume that:

(H1) F:J xR — P(R) is Carathéodory and has nonempty compact and convex values;
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(Hy) there exist a continuous nondecreasing function ¥ : [0,00) — (0,00) and a function
p € C(J,R") such that

|E#,)| 5 := sup{lyl : y € F(t, %)} < p&)¥ (IIxll) for each (t,x) €] x R;

(Hs) there exist constants ci such that |I(y)| < ¢k, k=1,2,...,m for each y € R;
(Hy) there exists a constant M > 0 such that

M

i >1.
ol + T (M)Ipll + i, cx

Then the initial value problem (1.4) has at least one solution on J.

Proof Define the operator H : PC(J,R) — P(PC(J,R)) by

Hx)=he PC(J,R): h(t) =xo + Z f dg_ s+ Z Ik x(tk /f s)dg.s,

O<ty<t ¥ th-1 O<ty<t

for f € Sr .

We will show that H satisfies the assumptions of the nonlinear alternative of Leray-
Schauder type. The proof consists of several steps. As a first step, we show that H is convex
for each x € PC(J,R). This step is obvious since Sg is convex (F has convex values), and
therefore we omit the proof.

In the second step, we show that H maps bounded sets (balls) into bounded sets in
PC(J,R). For a positive number p, let B, = {x € C(/,R) : ||x|| < p} be a bounded ball in
C(J,R). Then, for each /1 € H(x), x € B,, there exists f € S, such that

h(t) = x0+Z f dg s+ Zlk tk /f(S xS

O<ty<t ¥ th-1 O<ty<t

Then for t € ] we have

o) < ol + 3 [ 6 dgrs 3 Jelwten)] / 1£(5) s

O<ty<t ¥ th-1 O<ty<t

t

<pol+ ¥ / p(s) (1) q“s+2ck [ o0 (1) s

0<ty<t ¥ k-1 U
t
< Iwol + y () 3 / p(s)dg 1s+2ck+w 1) [ P s
O<ty<t lk-1 173

< Ixol + Ty (Ix1) Ipll + ) ex.

k=1

Consequently,

1]l < lxol + T (o)llpll + ) k.

k=1
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Now we show that H maps bounded sets into equicontinuous sets of PC(J,R). Let
1,y €J, 1 < o with 1y € ], 72 € J,, v < u for some u,v € {0,1,2,...,m} and x € B,,. For
each & € H(x), we obtain

/;f(s) s f:f(s) dys

> [ r0ds

TI<Ik<T2 tk-1

< /t :Zf () dg,s - /t :lf (5) gy

X [ 6l

1<tk <12 k—

|h(f2) - h(T1)| =

+

Z Iy (x(tk))‘

TI<Ik<T2

+

Y ()]

T <t} <Ty

Obviously the right hand side of the above inequality tends to zero independently of x €
B, as 19 — 71 — 0. Therefore it follows by the Arzeld-Ascoli theorem that H : PC(J,R) —
P(PC(J,R)) is completely continuous.

Since H is completely continuous, in order to prove that it is upper semicontinuous it is
enough to prove that it has a closed graph. Thus, in our next step, we show that H has a
closed graph. Let x, — x., h, € H(x,) and h,, — h,. Then we need to show that /1, € H(x.).
Associated with /1, € H(x,), there exists f, € S, such that, for each ¢ €/,

=50+ 3 [ A st 3 h(es) / 764,

O<ty<t ¥ thk-1 O<ty<t

Thus it suffices to show that there exists f; € S, such that, for each ¢ €],

hy(t) = x0 + Z f* (8)dg s+ Z Ik Ky tk /f*(s)

O<ty<t ¥ tk-1 O<tg<t

Let us consider the linear operator ® : L'(J,R) — PC(J,R) given by

=0 () =x + Z f dg s+ ZI" tk /f(s %S

O<ty<t ¥ th-1 O<ty<t

Observe that

S (- f@) dy s+ 3 R(wae0) - e (waw0)|

O<t<t ¥ tk-1 O<ty<t

f(f f*(u dy,s

|a(8) = ()] =

— 0,

as n — OQ.
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Thus, it follows by Lemma 2.3 that © o Sr is a closed graph operator. Further, we have
h,(t) € O(Sg,,). Since x,, — x,, therefore, we have

173 t
h) =m0+ 3 [ £y st 3 1lne) ¢ [ £6)dys
O<ty<t ¥ tk-1 O<ty<t tk

for some f; € S, .

Finally, we show there exists an open set I € C(J,R) with x ¢ H(x) for any A € (0,1) and
all x € 0U. Let A € (0,1) and x € AH(x). Then there exists v € L!(J,R) with f € S, such
that, for ¢ € J, we have

tr t
xO)=x0+ Y | fOdg s+ Y h(xte) + / f(s)dy,s.
O<tr<t ¥ k-1 O<tg<t I
Repeating the computations of the second step, we have
l6(®)| < Ixol + Ty (Il lpll + ) k.
k=1

Consequently, we have

I -
ol + T (Il Il + ek~

In view of (Hy), there exists M such that ||x|| # M. Let us set
u-= {xePC(],]R): 1]l <M}.

Note that the operator # : L — P(PC(J, R)) is upper semicontinuous and completely con-
tinuous. From the choice of U, there is no x € U such that x € AH (x) for some A € (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 2.2), we de-
duce that H has a fixed point x € U which is a solution of the problem (1.4). This completes
the proof. d

Example 3.4 Let us consider the following first-order initial value problem for impulsive
qk-difference inclusions:

k
Drlkx(t) €F(t,x(t)), te]=[01]t#t = i

x(ti) | (3.3)

Ax(ty) = —————, k=1,2,...,9,
(&) 12 + |w(te)|

x(0) = 0.

Here qx =1/2 + k), k=0,1,2,...,9, m =9, T =1, and Ix(x) = |x|/(12 + |x]). We find that
k(%) = ()| < (1/12)|x - y| and |Ix(x)| < 1.

(a) Let F:[0,1] x R — P(R) be a multivalued map given by

4
x — F(t,x) = |: Ll +t+1,ex2+gt2+3:|, (3.4)

|x| +sin?x + 1
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For f € F, we have

||

[fl <max| —————
|x| +sin“x + 1

+t+le™ +t2+3) <5 x€eR.
Thus,
|E(t,)| 5 :=sup{lyl :y € F(t,%)} <5 =p&)y (=), x€R,
with p(£) = 1, ¥ (||x]|) = 5. Further, using the condition (H,) we find that M > 14. Therefore,
all the conditions of Theorem 3.3 are satisfied. So, problem (3.3) with F(¢, x) given by (3.4)

has at least one solution on [0, 1].
(b) If F: [0,1] x R — P(R) is a multivalued map given by

(3.5)

x— F(t,x) = |:(t+ a2 tlx|(cos?x + 1):|

x2+1 7 2(x] +1)
For f € F, we have

] < max (t+1)x tlx|(cos®x +1)
- x2+1 2(|x| +1)

’

>§t+1, x e R.

Here |[F(t,%)l17 = supllyl : y € F&0)} < (¢ + 1) = p@)y(lxl), x € R, with p(e) = ¢ + 1,
¥ (|lx]]) = 1. It is easy to verify that M > 10.5. Then, by Theorem 3.3, the problem (3.3)
with F(¢,x) given by (3.5) has at least one solution on [0,1].

4 Second-order impulsive g,-difference inclusions
In this section, we study the existence of solutions for the second-order impulsive g-
difference inclusion (1.5).

We recall the following lemma from [1].

Lemma 4.1 Ify € C(J,R), then for any t € ], the solution of the problem

Dy x(0)=y(0), telt#t,
Ax(t) = Ik(x(tk)), k=1,2,...,m,

(4.1)
Dy x(£) = Dy %(t) = I (%(&)),  k=1,2,...,m,

x(0) = «, Dy, x(0) = B,

is given by

£y < / ' (t = qrors — (1 = qre1)tenr ) y(s) dgy s + I (x(tk))>

-1

+ t|: Z </ kfy(s)quls+1;(‘(x(tk))):|
O<tp<t k-1
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_ Z tk</ y(s)dy,_ 1s+1k(x(1fk))>

O<ty<t

+ f (£ = s — (L= q0t)y() dys, 42)

Tk
with Y y.0(-) =0.

Definition 4.2 A function x € PC(J,R) is said to be a solution of (1.5) if x(0) = xo,
Dyox(0) = B, Ax(ty) = Ie(x(tx)), Dy x(t{) — Dy, ,x(tx) = I (x(tx)), k = 1,2,...,m and there
exists f € L'(J,R) such that f(¢) € F(t,x(¢)) on J and

x(t) = a + Bt
3
+ > < / (tk = qr1s — (1= qro) b )f () dgyy s + I (x(tk))>
O<ty<t Y k-1
[ (/ f(s)dg,_ 1s+1k(x(1,‘k)))]
O<ty<t
_ Z t </ f()dy s+1I; (x(tk)))
O<ty<t
- [ (- as- Q-0 O dys (43)
73

with ) () =0.

Theorem 4.3 Assume that (Hy), (Hy) hold. In addition we suppose that:

(A1) there exist constants cx, ci such that |[(x)| < ¢, |IEW| < ¢, k=1,2,...,m for each
xyeR;

(Ay) there exists a constant M > 0 such that

M
leel +1BIT + lIplly (M)A1+ 3737 [er + i (T + )]

>1,

where

m+1 m

(t — tre1)?
M Z ll<+q];<—1 E(T”k)(‘k‘tkfl)' (4.4)

Then the initial value problem (1.5) has at least one solution on J.

Proof Define the operator H : PC(J,R) — P(PC(J,R)) by

Hx)=hePC(,R): h(t) =a + Bt + Z (/ ‘ (tk —qr1s— (1 - qk_l)tk_l)f(s) dyg, s

O<tp<t Y tk-1

+1k(x(tk))> [ (/ F(8)dg s+ I (x (tk)))}

O<t<t
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_ Z tk(/ f(&)dg s+ (x(tk)))

O<ty<t

t
e [ (e as- 00000 dyes
k
for f € Sgx.

We will show that H satisfies the assumptions of the nonlinear alternative of Leray-
Schauder type. The proof consists of several steps. As a first step, we show that H is convex
for each x € PC(J,R). This step is obvious since Sg, is convex (F has convex values), and
therefore we omit the proof.

In the second step, we show that H maps bounded sets (balls) into bounded sets in
PC(J,R). For a positive number p, let B, = {x € PC(J,R) : ||x|| < p} be a bounded ball
in PC(J,R). Then, for each & € H(x), x € B,, there exists f € Sg, such that

h(t) = a + Bt
tk
+ Z </ (tk = qr1s — (1= o)t )f () dgyy s + I (x(tk)))
O<ty<t Y k-1
[ (/ f(8)dg, s +Ik(x(tk))>]
O<ty<t
-y tk( / f(s)dy s +1;(x(tk)))
O<ty<t

+ / (t = qrs — (L= gt )f (s) dys

3

Then for t € ] we have
|h(0)] < || + 1Bl

+ Z (/t k (tk —qr1s— (1 - 6Ik—1)tk—1) [f(s)| dg,,s+ ‘Ik(x(tk)) ’)

k-1

et ([ Foldus+ )] |
O<ty<t k-1
+ Z tk(_/ [f(s)|qu 1S+ |Ik(x(t/< )|>

O<ty<t

+/t( - qrs — (1= q)t) |[f (s)| g,

Lk
<le|+|B8IT

+ Z (/ ' (tk — qrrs — (L= gt ) ()W (1) dg, s + [T (%(5)) |>

k-1

, T|: )3 ( /:1 PO (Il dy s + IIZ(x(tk>)|)]
) tk(/ POV (Ixl) dgyys + |1 (¢ tk))l>

O<ty<T
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T
. / (T = G = (L= @)t )0V (2] iy

= la +|BIT + Z((LZ 2 ||1/f(||x||)+ck)

k=1

[Z 21 (1lell) (e — i 1)+ck)}
k=1

* (T_tm)z
+ Ztk Il (110) (= txa) + €5) + Tllplll/f(llxll)
k=1 ”
m+1 (t _t )2 m
= la| + |BIT + ||p||w(||x||){2% +Z(T+tk)(tk—tk_1)}
PR L
+ Z[ck +ci (T + &)
k=1
Consequently,
m+1 (t ¢ ) m
IAll < Il +1B1T + ||p||w<p){2 % Z(n B (8 — b 1)}
k=1 -
+ Z[ck + (T + 1))
k=1

Now we show that H maps bounded sets into equicontinuous sets of PC(J,R). Let
1, s €J, 1 < o with 1y € Jy,, 79 € ], u < v for some u,v € {0,1,2,...,m} and x € B,,. For
each /1 € H(x), we obtain

|h(12) = h(n)| < |BllT2 - Tl

oy (ftk_kl (tx = qraas = (1= qr) i) [ (5)| dgy_ys + | e (%(5)) |)
([ y0ldus s |

+f2[ > < /tkkllf(s)|qu1s+ |I,’:(x(tk))|):|

TI<lk<T2

o ([ s )]

T1<lk<T2

f (1 = qus — (L= @) [F6)| dygs

+]12 - T1||:
0<ty<t1

+

- / 1 (71 = axs = (L= q)te) [f (5)| dg,s)-

Obviously the right hand side of the above inequality tends to zero independently of x €
B, as 1y — 1 = 0. Therefore it follows by the Arzeld-Ascoli theorem that H : PC(J,R) —
P(PC(J,R)) is completely continuous.

Page 11 of 16
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Since H is completely continuous, in order to prove that it is upper semicontinuous it is
enough to prove that it has a closed graph. Thus, in our next step, we show that H has a
closed graph. Let x,, — x., h, € H(x,) and h,, — h,. Then we need to show that /1, € H(x,).
Associated with /1, € H(x,), there exists f, € S, such that, for each ¢ €/,

() =a+pr+ Y ( | (- gs-0-aen)fio)dy, s+ lk(x(m))

O<ty<t k-1

N t[ 3 ( [k i fuls)dy,_s +[Z(x(tk))):|

O<t<t

_ Z tk(/ kﬁ,(s)quls+1,’(‘(x(tk))>
tk-1

O<ty<t

+ / (t —qrs—(1- qk)tk)fn (s)dy,s.

73

Thus it suffices to show that there exists f, € Sr,, such that, for each t € J,
Lk
ha(t) = o + Bt + Z (/ (tx = qrers = (L= qrar)trr ) fi() dgyys + Ik(x(tk)))

O<t<t k-1
+ t|: Z (/ kf*(s) qu_ls+1,f(x(tk)))]
O<ty<t Lk-1

_ Z t (/ kf*(s) dg_,S +I,f(x(tk)))
-1

O<ty<t

[ s 0- a0y

73

Let us consider the linear operator @ : L1(J,R) — PC(J,R) given by

f=>0)(t) =a+pt+ Z (/ ' (tx = qers = (L= qre))trr )f () dgy,s +1k(x(t/<))>

O<ty<t k-1

+ t|: Z ( kf(s) dg s +1I; (x(tk)))]
O<ty<t

tk-1

_ Z tk(/ kf(s) qu_ls+1,f(x(tk)))

O<ty<t

‘ / (£ qus = (1= @)t )f (s) dys.

k

Observe that

o) -0l = | 3 [ (0= girs— 0= @) (o0 -£00) i

O<ty<t ¥ tk-1

T (@n () = I (e (20)) |

O<ty<t
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+T Y. ’ (fu(w) = fu(w)) dy_, s

O<ty<t ¥ thk-1
+T 3 | (o) = B (2 (80)|
O<ty<t
+ Z tk/ (f(u) f*(u)) a1
O<ty<t

SN A

O<ty<t

— 0,

+ / (t — qrs — (1= qu)t) (fu() —f(w)) dy,s

k

as 1 — o0.
Thus, it follows by Lemma 2.3 that © o Sr is a closed graph operator. Further, we have
hy,(t) € ©(SE,, ). Since x, — x,, therefore, we have

@ =a+pr+ Y ( [ (- gas- - a0t 0 dy sk (x(tk)))
k-1

O<ty<t
=p> (] £+ 11 :0) )|
O<ty<t
- Ztk</ fuls)dy, 15+Ik(x(tk)))
O<ty<t

+ / (6= s — (L= qOE)(S) s

73

for some f; € Sr, .

Finally, we show there exists an open set I/ € C(J,R) with x ¢ H(x) for any A € (0,1) and
all x € 0U. Let A € (0,1) and x € AH(x). Then there exists f € L'(J,R) with f € S¢, such
that, for ¢ € J, we have

x(t)=a+pt+ ( / ' (tx = qrers = (L= qre)trr )f () dgy s + I (x(tk))>

O<ty<t \Y k-1

([ o)

-3 tk</ f(s)dy,_ 1S+Ik(x(tk))>

O<ty<t

+ / (£ qus = (1= q)t)f (s) dys.

73

Repeating the computations of the second step, we have

m+1 _ 2 m
|%()] < lar| + |BIT + ||p||w(||x||){z % + Y (T + )t — tin)
k=1 - k=1

m
+ Z o+ (T + tk)
k=1

Page 13 0of 16
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Consequently, we have

[l
loel + [BIT + lIplly (%D A + 32 ek + e (T + t0] ~

In view of (A,), there exists M such that ||x|| # M. Let us set
U={xePC(,R): x|l <M}.

Note that the operator  : L — P(PC(J, R)) is upper semicontinuous and completely con-
tinuous. From the choice of U, there is no x € U such that x € AH(x) for some A € (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 2.2), we de-
duce that H has a fixed point x € I which is a solution of the problem (1.4). This completes
the proof. O

Example 4.4 Let us consider the following second-order impulsive g-difference inclu-

sion with initial conditions:

22 x(t) € F(t,x(t)), te]=[0,1],t7t = 15,

% ()| _
Ax(t) = el k=1, 2,(. - 9, 45)
— @)l _ ’
D x(tf) D _x(t) = pyfiys k=129,

x(0) =0, D%x(O) =0

Here qx =2/(3 + k), k=0,1,2,...,9,m=9, T=1,a =0, B =0, Ik(x) = |x|/(15(6 + |x])),
and I} (x) = |x|/(19(3 + |x])). We find that |[It(x) — I(y)| < 1/90)|x — I, [[{(x) — L (y)]| <
(1/57)|x — yl, and Ix(x) < 1/15, I}}(x) < 1/19; and we have

m+1 m

te—t,
A Z(k )’ + 3 (T + )tk — teor) & 1.42663542.

1+qia P

(a) Let F:[0,1] x R — P(R) be a multivalued map given by

||

4
x — F(t,x) = |: +t+1,e’x2+gt2+3]. (4.6)

x| + sin?x + 1
For f € F, we have

x >
VlSmax(Nigl+t+l,e‘x +t2+3) <5 «xeR.
x| +sin?x +

Thus,
|E(t,%)| = sup{lyl : y € F(t,%)} <5 =p&)y (Ix]), x€R,

with p(¢) =1, ¥ (||l%||) = 5. Further, using the condition (A;) we find

M
S 1.1 >
5A1+ ) il + 51+ &)
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which implies M > 8.44370316. Therefore, all the conditions of Theorem 4.3 are satisfied.
So, problem (4.5) with F(¢,x) given by (4.6) has at least one solution on [0,1].
(b) If F: [0,1] x R — P(R) is a multivalued map given by

(4.7)

©2(|x +1)

x> Fltx) = |:(t-2k1)x2 t|x|(cos®x + 1)i|
x?+1

For f € F, we have

] < max (t+1)x% tlx|(cos®x +1)
= x2+1 7 2(x]+1)

>§t+1, x e R.

Here ||F(t,x)|p := sup{ly| : y € F(t,x)} < (t + 1) = p@O)¥ (llx[), x € R, with p(¢) = ¢ + 1,
¥(|lx]l) = 1. It is easy to verify that M > 3.45047945. Then, by Theorem 4.3, the problem
(4.5) with F(¢,x) given by (4.7) has at least one solution on [0, 1].
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