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Abstract

In this paper, we consider a Cauchy problem for the Poisson equation with
nonhomogeneous source. The problem is shown to be ill-posed as the solution
exhibits unstable dependence on the given data function. Using a new method, we
regularize the given problem and obtain some new results. Two numerical examples
are given to illustrate the effectiveness of our method.
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1 Introduction

The Poisson equation is

Au=f, )

where A is the Laplace operator, f and u are real or complex-valued functions on a mani-
fold.

In case of f = 0, equation (1) is called Laplace’s equation which arises naturally in many
areas of engineering and science, especially in wave propagation and vibration phenom-
ena such as the vibration of a structure [1], the acoustic cavity problem [2], the radiation
wave [3] and the scattering of a wave [4]. For example, certain problems related to the
search for mineral resources, which involve interpretation of the earth’s gravitational and
magnetic fields, are equivalent to the Cauchy problem for Laplace’s equation. In another
application of geophysical underground prospection, the geoelectrical method has been
initiated in recent years (see the historical account in Zhdanov and Keller [5]). In fact, by
now the geoelectrical method involves, even in its most basic formulation, the solution of
the Cauchy problem for Laplace’s equation.

Nowadays, the Cauchy problem for Laplace’s equation, and more generally for ellip-
tic equations, has a central position in all inverse boundary value problems which rep-
resent electrical impedance tomography, optical tomography and transient phenomenon
in a time-like variable, while elliptic equations describe steady-state processes in physical
fields.
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In physics, a gravitational field is a model used to explain the influence that a massive
body extends into the space around itself, producing a force on another massive body.
Therefore, a gravitational field characterizes gravitational phenomena and is measured in
Newtons per kilogram (N/kg). In its original concept, gravity was a force between point
masses. Following Newton, Laplace attempted to model gravity as some kind of radiation
field or fluid, although the 19th century explanations of gravity have usually been sought
in terms of a field model rather than a point attraction. A gravitational field is the force
field created around massive bodies that causes attraction of other massive bodies. A dis-
tribution of matter of density p = p(x,y,2) gives rise to a gravitational potential ¢ which

satisfies the three-dimensional (3D) Poisson equation
Ap =-4mGp (2)

at the points inside the distribution, where G is the universal gravitational constant.

Motivated by important applications of the Poisson equation, in this paper we are in-
terested in considering the Cauchy problem of identification of the gravitational field ¢
which satisfies a Poisson equation (two-dimensional case or three-dimensional case). As
first pointed out by Hadamard, the Cauchy problem for Laplace’s equation is an ill-posed
problem. It means the problem’s solutions do not always exist and, whenever they do exist,
there is no continuous dependence on the given data. A small perturbation in the Cauchy
data therefore can affect the solution significantly. Readers are referred to [1-4, 6-13] for
earlier materials on the Cauchy problem for Laplace’s equation. For the homogeneous case
of source term, the elliptic problem was considered in a series of articles analyzing the sta-
bility and convergence (see, e.g,, [6-8, 10, 11, 14]). A similar version of Laplace’s equation
with homogeneous case was considered by Reginska ez al. [15, 16], Lesnic et al. [17], Taut-
enhahn [18] and Wei et al. [19-21].

Although we have many works on the homogeneous case of the elliptic problem, the lit-
erature on the inhomogeneous case, for example, the Poisson equation, is quite scarce. The
earlier work on the abstract elliptic second order equation with inhomogeneous source
was introduced in [22] by Showalter (see p.469). The main aim of this paper is to present
a general regularization method and investigate the error estimate between the regular-
ized solution and the exact solution.

Our paper is organized as follows. In Sections 2 and 3, we construct stable approximate
solutions of the equation and give the convergence estimates for 2D and 3D cases, respec-
tively. Finally, in Section 4, two numerical examples for each 2D and 3D case are devised

to test the effectiveness of proposed methods.

2 The 2D case of the Poisson equation
2.1 Mathematical model
We consider the problem of finding ¢(x, y) such that

AP = ux + ¢yy :f(x’y)’ (x’y) € Qx(0,1) (3)

subject to the boundary condition ¢(x,y) = 0, x € Q. Here Q = (0,7) and ¢,g € L*(0, )

are given functions. We will derive the solution of Problem (3) for source term f(x,y) €
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L*(0,1;L%(0,7)). Let {u,(x)} be an orthogonal system of L*(0, ). Then

Px,9) = Y (¢, 1y () (),
p=1
and we have
(¢xx + d’yy’ up(x)) = (f(x7y)r up(x))- (4)

Set ¢, () = (¢(x,9), 1, (x)) = [ $(x, y)u,(x) dx. By transformation of (4), we have
B10) + Dty (1) ~ 910, i (0) - Y, ()
+ 6090 - | ey x) dix
- {F ), ).
By choosing , and A, such that
W) = dpuy®), 1y(0) = () =0, 5)

we have the following system:

$0) + by () = o),
$p(0) = ¢y, (6)
d)l/g(o) = gp;

where £,(y) = (f(x,9), up(%)), @p = (@(x), u,(x)), & = (g(x), up(x)). By solving (5), we obtain
Ap = —p* and u,(x) = sinpx. This leads to

¢,(y) = cosh(py)g, +

o 7 sigh(p(y_
smp(py)ngr/; Wﬁn@d& @)

Hence, we obtain the solution of Problem (3) as follows:

o(x,y) = Zl:cosh(py)qop + sinl;(py)gp + /Oy Wﬁ,(s) ds:| sin px. (8)

p=1

From (8), we see that the data error can be arbitrarily amplified by the ‘kernel” function
cosh(py). That is the reason why equation (3) is ill-posed in the sense of Hadamard. In the
paper of Hadamard, he provided a fundamental example which shows that a solution of
a Cauchy problem for Laplace’s equation does not depend continuously on the data. The
example is as follows:

Au=0, (x,9) eR*y>0, )
u(x,0) =0, (10)
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uy(x,0) =A,sinnx, xeR. (11)
We have
A, .
uy(x,y) = — sinnxsinh ny. (12)
n

If we choose A, = ni,, for some p > 0, then u,,,(x,0) — 0 uniformly as # — oo; whereas, for
any y > 0, the function u,(x, y) containing factor sinh ny blows up as n — oo.

2.2 A general filter regularization method

To find some regularized solutions, we should replace ‘instability’ kernels cosh(py),
sinh(py), sinh(p(y — s)) by the ‘stability’ kernels A(B,p,y), B(B,p,y), C(B,p,y) that satisfy
the following properties:

}iﬂ% A(B,p,y) = cosh(py),
(Py)  lim B(8,p,y) = sinh(py), (13)

lim C(8,p,,5) = sinh(p(y -5))

and some suitable conditions which are given later. Following property (P;), one can con-
struct other kernels. Furthermore, the idea of the above property can be applied to other
ill-posed problems such as, e.g., the backward heat conduction problem [23].

Throughout this section, we assume that the functions ¢,g € L2(0,7) and f € L2(0,1;
L%(0,7)). In reality, they can only be measured with some measurement errors, and we
would actually have noisy data:

¢ (x) = i g,sinpx,  g°(x) = ig; sinpx
p=1 p=1
for which
le*-ol=e e -gf =e
Here the constant € > 0 represents a bound on the measurement error and || - | denotes

the norm in L%(R2). As noted above, we present the following general regularized solution:

> ) ) y C ) ’ ’ .
Z[ (B, Y05 + Bb.p y)g,i + / pys), ds} sinp, (14)
p=1 p 0 p

where

P(ﬁ’ 5 )eP}’_l_e*PJ’
A(B,p.y) = #,
P(B,p,y)e? —e??

2

P(B,p,y)e?t=) — e

CB,p,y,s) = ) ,

B(:Bun’y) = ’ (15)

and P(B,p,y) is chosen suitably.
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Theorem 1 (A general regularization method) Assume that ¢(x,y) is the exact solution of
Problem (3) and M, is a real-valued function such that

SNy, . 2 Mj(p) : 2 2
2 2 I ) y\As V) = 3
E M (p)|<¢(x y) smpx)| + » |(¢ (%,9) smpx)| <2E (16)

p=1

where E is a positive number. Let P(8,p,y) be a function in such a way that, for any g > 0,
there exist My(B) and Ms(B) satisfying

(@) 1-P(B,p,y) = Mi(B)M>(p), 17)
(b)  P(B,p,y) < Ms(B)e™. (18)

Then ¢¢(x,y) defined by equation (14) fulfills the following estimate:

|9 — @] < e\/2M5(B) +2 + Mi(B)E. (19)

A choice B = B(€) is admissible if
lirr(l) Ble) = lirr(l)Ml(ﬁ) = ling) eMs3(B) = 0. (20)

Proof The proof will be split into two parts as follows.
Part 1. We estimate ||¢€ — v¢||, where 1 is defined as

o]

V(x,y) = Z[A(ﬂ,p,ym +

p=1

@ - /y % o) ds] Sinpx. (21)

By a simple calculation, we get

[ee) B D, 2
o=l = S 4Bp G5 - 0) + 22D () |

p=1

<2Y ABpy) (e -9) +2Y B(Bri (g -2)

p=1 p=1
M? 1
< MO o — 2] el
<2e*(M3(B) +1). (22)

Hence

8¢ (o) = v (. p)|| < €y/2M3(B) +2. (23)

Part 2. We estimate ||v¢ — ¢||. In fact, we have

(¢(x7y) -V (x7y)r Sinpx>

B(B,p,y) — sinh
— (A(B,p,) — cosh(py)g, + 2L y)p sinh(y)
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.\ /y C(B,p,y,s) — sinh(py — ps)  (5)ds
0 p
2 _ P(B,p,y)et” v
:%<%+%+/o e”fp(s)ds). (24)

From (8), the partial derivative of ¢ with respect to y is

by,3) = Z[sinh - cosf;(py)gp . /‘y W £(s) dsi| sinpx.
0

p=1

This implies that

1 y
(¢(x,y), sinpx> + l—g(d)y(x,y), sinpx) =e” ((pp + ‘% + / e, (s) ds>‘ (25)
0
Combining (24) and (25), we obtain

1-P(,p,))

(#(x,) = v*(x,9),sinpx) = >

<<¢(x,y), sin px) + ;(%(x, 9), sinpx)) . (26)

Hence
16C.2) v En|* =Y |(@6xy) - v (6,9, sinpa)|*

M ((¢(x,y), sinpx) + I%((by(x,y), sinpx))

7@ (|(¢(x,y), sian>|2 + }% |(¢y(x,y), Sil’lpx)|2>

M2(B) & 2
Myl Z(Mz(p)| b(x,9), smpx>| + A%(quby(x,y), sinpx>|2>

p=1

< M;(B)E>. (27)

Combining (23) and (27), we have

loCy) =69 < |G v ] + [6°Co) = v ()|
< €\/2M3(B) + 2 + My(B)E. (28)
This completes the proof. d

Theorem 2 (The first regularized solution) Let P(8,p,y) = e PP’V Assume that ¢ is the
exact Solution of Problem (3) such that ||¢x(- y) 1> + gy (-, MI> < 2E% for y € [0,1]. If we

select 8 = 4kl T (0<k<1), then
E
o€ -] < -+ V2€? 4+ 2e272k, (29)
4k1In(2)
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Proof First, we find the functions M;, M,, M3 such that P(8,p,y) holds (17), (18). Using
the inequality 1 — e < m, we have

2
1-P(B,p,y) =1-e "7 < pp’y < Bp*.

Since (17), we can choose M;(8) = 8 and M,(p) = p*. The condition

0 2
Z(M%(p)|<¢(x,y), sinpx>|2 + M;gp) |y (%, ), sinpx)|2) < 2F? (30)
p=1

is equivalent to

[e¢]

Z(p4 |<¢(x,y), sinpx) |2 +p? \(%(x,y), sinpx)|2)

p=1
Using the inequality p — Bp* < ﬁ, we get

A

P(B,p,y) = o P-BP)y <ef < 34175'

1
Since (18), we can choose M;5(B) = e*. The admissible regularization parameter is

B = 4kli(l) (0 <k <1). In fact, it is easy to check that

lim B(e) = lim M, (B) = li 1y
1m €)= 1m = lim =
e—0 e—0 ! e—0 4.k ln(%)

and
S
lim eM;(B) = lim €e? = lim e = 0.
e—0 e—>0 e—>0

Applying Theorem 1, we obtain

E
C— | <e/2M3(B) +2 + Mi(B)E < ———— + V262 + 2622, 32
lo° - 9| <e2015(8) {BES gy V2er 1 2627k ( D)
Theorem 3 (The second regularized solution) Let P(B,p,y) = —ﬁ;;?py. Assume that ¢ is

the exact solution of Problem (3) such that || (-, y)|1* + gy (- 3) I < 2E* for y € [0,1]. If
we select B = €* (0 < k < 1), then

||¢>6 - ¢>|| < +V2€2 + 2272, (33)

4k ln(é)
Proof First, we find the functions M;, M,, M3 such that P(8, p, y) holds (17), (18). We have

e_py IBP

1-P(B,p,y) =1~ = .
(8,p,9) Bpiem  Bprem
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On the other hand, for 0 <y <1, we have

1 1 1

< < , € (0,e).
foren = pprer =gy P
Hence
1-P(B,py) < —2p-. (34)
IH(E)
Since (17), we can choose M;(B) = ﬁ, M, (p) = p. The condition
g
o0
. M3 (p) .
Z(M%(p)|<¢<x,y>, sinpx)|” + ;ﬁ” [y (x.9), smpx>|2) <2 (35)
p=1
is equivalent to
ad 2 2
> (P y)sinpx)[” + [(y(x,9), sinpa)| )
p=1
2 2
= e C|” + o )| " < 2% (36)
Since (18), we can choose M3(B) = 5 1( - Next, we prove that this regularization param-
g

eter B = €* (0 < k <1) is admissible by checking condition (20). In fact,

. . . 1
lim B(e) = lim M;(B) = lim —— =0
e—0 e—0 €e—

0 ]n(elk)
and
. . L . 1-k 1
lim eM3(B) = lim €e® = lim € — =0.
e—0 e—0 e—0 ln(e_k

Applying Theorem 1, we obtain

E 62—2k
|0 - ¢|| < e/2M2(B) +2 + My(B)E < i * |22 + W (37)

O

3 The 3D Poisson equation
Let p be the given mass density. For simplification, we consider the problem: determine

the gravitational potential ¢ such that the Poisson equation
Ad(x,y,2) = -4n Gp(x,y,z) (38)
subject to the homogeneous Dirichlet boundary condition ¢(x,y,2) = 0, (x,y) € 0, z €

(0,1), where © = (0,7r) x (0, 7). The data of ¢ at z = 0: ¢(x,y,0) = ¢(x,) and ¢,(x,y,0) =
g(x,7), where ¢, g are known.

Page 8 of 21
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By a similar way as in (8), we find the solution of (38) that

> sinh(z\/p? + ¢%)
bl 7 = h 2 2
o(x,9,2) p’ngllicos (z\/p +q )(ppq + Y g

Y sinh((z — $)</p% + g2
+4ﬂG/ sinh((z—9)vp +q )ppq(s)ds] sinpx sin gy. (39)
0 VP + g

Physically, ¢ can only be measured with some measurement errors, and we would actu-

ally have a disturbed data function

o0
< (x,y) = Z <p;q sin pasingy € L*(Q),
pq=1

g (x,y) = Zg;q sin pxsingy € L*(Q)

pq=1
for which
lec-vl<e e -gf <e
where the constant € > 0 represents a bound on the measurement error, || - | denotes the
L%-norm.

By a similar method as in Section 4, we present the following general regularized solu-

tion:
3 B(.p,0,2)
0 a2 2 [ ABpasegy + 2 g,
pg=1 pe+q
4 C Y 278 4) . .
+47G M'qu@) ds:| sinpxsin gy, (40)
o VR
where
P(IB»[}) 9, Z)eZ\/I’ZTqZ + e—ZW
A(IB)p; q, Z) = 2 ,
P(B, p, q, 2)eN T _ g P d
B, pg2) = L4 2 ; (41)
P(B,p,q,2)e=INP+P _ NP+

C(B,p,q,25) =

2 )
and P(B, p,y) is chosen suitably.

Theorem 4 Assume that ¢(x,y,z) is the exact solution of Problem (38) and N1(p,q) is a
real-valued function such that

- 2 . . 2 N22 (P» 61) . . 2
Z N, (p, q)|<¢(x,y,z),smpx smqy>| + e |(¢Z(x,y, z), sinpx smqy)’
p=1

<2E?, (42)
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where E is a positive number. Let P(B,p, q,z) be a function such that for any B > 0, there
exist functions N1(B) and N3(B) satisfying

(@ 1-P(B,pq2) <Ni(B)Na2(p,q), (43)
(b) P(B,p,q,2) < Ns(B)e VP, (44)

then ¢ (x,y,2) defined by equation (40) fulfills the following estimate:
|¢ - || < ey/2N3(B) +2 + Ni(B)E. (45)
A choice B = B(e€) is admissible if
lim B(e) = lim Ny(B) = lim eN3(8) = 0. (46)
B se NP

solution of Problem (3) such that

Theorem 5 Let P(B,p,q,z) = for m > 1. Assume that ¢ is the exact

((p2 + qz)m/Z ‘((j)(x,y, z), sin px sin qy)|2 + (p2 + (]2)"171 |<¢Z(x,y, z), sin px sin quz)

M

S
I
=

<2FE? (47)
forz € [0,1]. If we select B = €F (0 < k < 1), then

+ /262 + 2272, (48)

o -¢] < 4kin(1)

Proof First, we find the functions Nj, Na, N3 such that P(8,p,q,z) holds (43), (44). We
have

eV _ B )
BOPP + @) + NPT B PP+ ) v e NP

On the other hand, for 0 <z <1, we have

1-P(B,p,q,2) =1—

1 1
< .
BG/P2+ ) + e NPHTE B2+ P+ e NPT

Now, we prove that

1 m"

Wy e L)

In fact, let the function /4 be defined by k(x) = 3 By taking the derivative of %, one

1
M e Mx
has

ﬁmxm—l _ Me—Mx

i

(49)
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The equation /#'(x) = 0 gives a unique solution x, such that Bmxy ! — Me~*0 = 0. It means
that x' 1Mo = mﬂﬁ Thus the function /4 achieves its maximum at a unique point x = x;.
Thus

h(x) < (50)

exq + e~M#o

o K
Since eM*0 = “2xk1 one has

1 1
h(x) < 51
() < exy + T Bt + B 1 o

By using the inequality eM*0 > Mx,, we get

— xgq—l eMxo
me

e(m—l)Mxo e]\/[xo

<

- Mm—l
1

= Mm—l

emeo .

This gives e"M* > M—ﬁ or mMzxo > In(22 ) Therefore

1 M
X0 > ——1In .
mM (Vnﬁ)

Hence, we obtain

1 (mM)™
"= 5 = iy ‘52)

Using this inequality for M =1, we have

-P(B,p.0,2) < i (VP + 4?)" (53)

and
P(B,p,4,2) < —e VP, (54)
A" (L
By choosing N;(8) = Nz(p q) = (Vp* +q*)" and N3(B) = T m( —n mt , the conditions
/3

(43), (44) hold. It is easy to check that (46) holds.
Applying Theorem 5, we obtain

. 5 E €2-2k
|0 - ¢|| < e/2M3(B) +2 + My(B)E < ) 2e2 + W (55)

O
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4 Numerical experiment
In this section, simple examples for the 2D and 3D Poisson equations are devised for ver-

ifying the validity of our proposed methods.

4.1 Example 1

Consider the 2D Poisson equation as follows:

bex + byy =f(x,9),  (%,9) €(0,7) x (0,1),
¢(x’ O) = QD(X), X € (0: 7T), (56)
dy(x,0) =g(x), xe(0,m),

where

@(x) =0,
fley) = (4% + 49> —7° - S)e"“z*y2 sin(x) sin(7r y)

_(x2 +y2

- (2ny + n2)e ) sin(x) cos(my)

?C2 +y2

— 4xe ) cos(x) sin(mry)

+ 2 gin(2x) sin(27ry)(16y* — 4x* — 47> - 8)
— 2 sin(2x) cos(2y) (8ym + 4712)

—12xe7 2547 cos(2x) sin(27y),

gx) = e sin(x) + 2we > sin(2x).
Problem (56) has a unique solution as follows:

o(x,y) = x4y sin(x) sin(rry) + e 267+ sin(2x) sin(27y).
Now we are seeking a solution of the following problem:

buy + by, =f(x9),  (x9) €(0,7) x (0,1),
¢°(x,0) = 9°(x), x€(0,7), (57)
¢y (x,0) =g°(x), x€(0,7).

We assume /€ to be a measured data as follows:

bo

h(x) = Z(hp +€ rand(p)) sin(px),

p=1
where po < poo and {rand(-)} is an array of pseudo-random numbers satisfying
Po

X:|rand(p)|2 <1.

p=1
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Let (po, pso) satisfy

Poo
O(llnll):= | > lhl2<e. (58)

p=po+l

In this paper, we choose py = 30, p = 100, then (58) is satisfied.
Step 1. Choose L and K to generate the temporal and spatial discretization in such a

manner that

T
x;i=iAx, Ax=—,i=0,...,K,
K

. 1,
Yi=jBy, Ay=1.j=0,...,L

Of course, the higher value of K and L will provide more accurate and stable numerical
results; however, in the following numerical examples K = L = 101 are satisfied.

Step 2. We choose the following functions:

@€ =@ + e xrand(),
g° =g+ € xrand(),

f€=f+exrand(, ).

Step 3. Set ¢ (x;) = P J and ¢(x;) = ¢;, construct two vectors containing all discrete val-

ues of ¢ and f denoted by A} and W, respectively,

K+1
Ay =[e5, @51 - dhx] €RCY
V=[gy ¢ -+ dra ¢x] R

Step 4. Error estimate between the exact solutions and regularized solutions. At a fixed

point y*, the error estimation §*¢ in L, between the exact solution ¢ and the regularized

solutions ¢*¢ is given by the following formula. Relative error estimation:

VTR0
Yo 1@ g,

In one example, we have the first regularized solution (defined in Theorem 2). In method
two, we have the second regularized solution (defined in Theorem 3). With parameter
k =1/2, in the first method we choose 8 = ﬁ, and in the second method we choose
B =€l

Tables 1 and 2 show the computed error estimations §¢ at each fixed value y = j/10,
j=0,...,10. The errors are significantly small when € < 10~3. Comparing the errors of two
regularized solutions in the table, we can see that the second one is better. We show the

-1

error between the exact solution and the regularized solution at f = 57~ For the purpose

Page 13 of 21


http://www.advancesindifferenceequations.com/content/2014/1/258

Tuan et al. Advances in Difference Equations 2014, 2014:258
http://www.advancesindifferenceequations.com/content/2014/1/258

Table 1 Discrete relative error estimations for the regularized solution at fixed values from

y=0.0toy=0.5

0.0 0.1 0.2 0.3 0.4 0.5

107 510E-03  2.10E-03  560E-03  4.70E-03  7.19E-04  3.40E-03
1072 292E-05 3.16E-04 189E-04 691E-05 133E-04 3.72E-04
103 430E-07 1.76E-05 6.78E-05 231E-05 2.14E-06  2.24E-05
10 145E-06 635E-07 102E-06 351E-07 134E-07 1.28E-06
107 1.13E-07 282E-09 204E-07 561E-08 105E-07 181E-07
10°  183E-08 195E-08 393E-08 124E-08 123E-08 107E-08
1077 136E-09 441E-09 7.11E-10 7.04E-10  9.19E-10  7.78E-10
108 160E-11  169E-10 274E-10 292E-10 2.18E-10 9.72E-11
10°  904E-12 108E-11 183E-12 384E-12 757E-12  140E-11
10710 239E-13  163E-12 6.78E-12  3.14E-13  654E-12  2.35E-12

Table 2 Discrete relative error estimations for the regularized solution at fixed values from

y=06toy=1.0

0.6 0.7 0.8 0.9 1.0

107" 350E-03 1.70E-03 267E-04 6.23E-05 2.52E-06
102 1.16E-04 675E-05 396E-06 791E-06 293E-06
103 239E-06 675E-06 347E-06 121E-06 2.21E-07
0%  1.12E-06 164E-07 144E-08 136E-08 161E-08
10°  172E-07 130E-08 444E-08 7.34E-09 9.97E-11
10°  448E-10 867E-09 234E-10 877E-10  125E-11
107  177E-10 183E-10 1.79E-11 143E-10 437E-11
1078 1.14E-10 5.09E-12 1.13E-11 1.59E-12 7.58E-12
109  886E-14 467E-12 144E-12 552E-13  4.74E-14
10710 780E-13  1.14E-12 138E-13 157E-14 121E-15

of better illustration, we also present some graphical figures. Figure 1 is the 3D represen-

tation of the exact solution and regularized solutions when € =107}, ¢ = 1072 and € = 1073,

Figure 2 shows graphs of section cut of these solutions at value y = 0.5 when € = 107},

€ =10"2 and € = 1072. It is easy to see that our methods are stably convergent.

4.2 Example 2

We consider the following 3D problem:

Pux + ¢yy + ¢z =f(xryr Z)r
=0, (xy) €,

#(x,9,2)
#(x,9,0)

= (%),

¢.(x,9,0) = g(x,7),

where Q = (0,7) x (0, 7).

Step 1. Choose Q and K (in our computations, Q = K = 101 are chosen) to have

Xi = iAx,
¥ =jAY,
zk = kAz,

Ax =

(%, 9,2) € Q2 x (0,2),

(59)
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Figure 1 3D graphs of the exact solution ¢(x, y) and three regularized solutions ¢"€(x,y) ati=1,2.

Step 2. We choose the following functions and fix z,

¢° = ¢ +erand(, "),
g =g +erand(,,-),
fé('; ’;Z) :f(" ',Z) t+€ rand(': ')*
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Figure 2 Section cut of the exact solution and regularized solutions at y = 0.5, e = 107", € = 1072,
€=1073.

Step 3. In this example, we fix z. We put ¢(:, -, z* ;(e (xi97) = o(-, )ﬂ(e i and ¢(-, -, z%)(x;,

) =
by Aj and E, respectiv

~ Ble)e
$0,0,0)

€),€
¢(0,1,0)
¢/3(6),e

€ _
B = | Y020

ol
I

ely,

Ble)e
¢(0,0,1)
Ble)e
¢(0,1,1)
Ble)e
¢(0,2,1)

Ble)e
P00y

DQ.K-1)

Ble)e
¢(o 0,K-1)
Ble)e
¢(0,1,K—1)

Ble)e
¢(o,2,1<-1)

Ble)e
P0,0.x-1)
®(0,k-1)

¢(1,I(—1)
¢(2,K—1)

D0,x)
oK)
d@.K1)

b |

u;j, construct two vectors containing all discrete values of ¢(:, ) 5 and ¢(-,-) denoted

Ble)e T
¢(0 0,K)

Ble)e
¢’(0 1,K)
¢ﬂ(e).e

(0.2) = RK+1 % RQ+1,

Ble)e
b0,0.0

c RK+1 % RQ+1.
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Step 4. The error estimation.

Relative error estimation:

R S
2 =

\/Zgl Z]Iil |¢(xl)y}’Z*)|i2(Q)

where

Q=(0,7) x (0,7),

)

Flx9,2) = (-;ﬁ - (%)2) sin(r (x — 7)) sin(%(y - n))

)

2 T
cos(—(x —)

3

P(x,) = sin(r (x — 7)) sin(%(y - 71)>,

)

glx,y) = sin(n'(x - 71)) sin(g(y - 71)) cos(%(x - 71)) cos(%(y - n)).

From (59) and (60), we get

o(x,y,2) = sin(n(x - n)) sin(%(y - n)) [1 + zcos(%(x - n)) cos(%(y - n))].

Table 3 Discrete relative error estimations for the regularized solution at fixed values

y=m/12andz=1.5fromy=0.0toy =0.5

0.0 0.1 0.2 0.3 0.4 0.5
1071 3.15E-04 283E-02 172E-02 9.10E-03 1.10E-02  5.90E-03
1072 3.50E-03 1.15E-04 250E-04 3.27E-04 132E-04 1.00E-04
1073 435E-05 1.16E-04 360E-05 1.19E-04 1.01E-05 253E-05
107 9.84E-06  2.76E-05 1.18E-05 1.16E-05 1.13E-05 1.11E-06
107 203E-06  401E-07 1.17E-07 170E-06  234E-07 295E-07
107 1.87E-08  423E-08 1.23E-07 137E-07 256E-08 1.05E-08
107 802E-09 3.16E-09 107E-08 631E-09 128E-08 875E-10
1078 191E-09 202E-10 3.07E-09 1.24E-09 897E-10  1.65E-09
107 9.30E-11 1.77E-10  162E-11  251E-11  392E-11 1.07E-10
10710 173E-11  393E-12 406E-12  398E-11 1.74E-13  143E-11

Table 4 Discrete relative error estimations for the regularized solution at fixed values

y=m/12andz=15fromy=0.6toy=1.0

0.6 0.7 0.8 0.9 1.0
107! 900E-03  950E-03  492E-04 890E-03  190E-03
1072 495E-04  1.50E-03  1.36E-04 1.10E-03 643E-04
1073 1.04E-04 1.17E-04 217E-04 137E-05 497E-05
107 6.05E-06  8.17E-06  143E-05 4.80E-06 8.62E-07
107 4.09E-08 846E-07 201E-07 832E-08 6.73E-08
107 519E-08 707E-09 1.76E-08 549E-08 852E-09
1077 140E-08  550E-09  398E-09 172E-09 7.54E-09
1078 993E-10 996E-10  2.19E-10 6.04E-10  1.18E-09
107° 1.74E-12  856E-11  730E-11  202E-11  596E-11
1071 248E-12  330E-12  165E-11 1.85E-12  1.85E-12
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Now we are seeking a solution of the following problem:

et O+ 0 = p,2),  (x9) €(0,7) x(0,2),
¢ (x,9,0) = ¢ (x,9), x€(0,7), (61)

¢§(x:y:0)=g5(x,y), X € (0,7‘[).

Due to the computational cost, we only computed the value of regularized solution
o< (x,y,2) at the fixed values y* = 7/12 and z* = 1.5. The discrete relative error estimation
in one dimension is defined as follows:

f:ol ¢(xi,}/*,Z*) - ¢€ (xt,}’*,Z*)|2

8¢ *,Z* —
(y ) 57:01 |¢(xi$y*¢z*)|2

(62)

with N = 30 being the grid size along x axis. The regularized solution is calculated by
formula (40) and Theorem 5 with parameter 8 = € 2, Computational results are shown in

Tables 3 and 4 (the relative error) and in Figure 3 (section cut graphs). In this problem, the

3 3
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I 5 A o o+ & A »
7/ 3 e ; T
-0.5r H. » - ¥ (‘;. i . 3 froe “0.5F4 . . g _;a . —
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Figure 3 Section cut of the exact solution and regularized solutions aty = 5 and z=1.5.
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Figure 5 3D graphs of g(x,y) and three regularized solutions g€ (x, y).

regularized solution is very accurate just with € = 1071, € = 1072 and € = 1073, respectively.
In Figures 4 and 5, we show the 3D representation of the exact ¢ and the regularized ¢
and 3D representation of the exact g(x,y) and the regularized g¢(x,y) at € = 107}, € = 1072
and € = 1073. In Figure 6, we show the 3D representation of the exact solution and the
regularized solution when € =107, € =1072, € = 1073,
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Figure 6 3D graphs of ¢(x,y) and two regularized solutions ¢’ (x, ).

5 Conclusion
The study on the inverse Poisson-type problem with inhomogeneous source in 2D and 3D
is still limited. This work is a continuous development of our previous study.

In theoretical results, we have suggested a general filter regularization method of regu-
larized solution (Section 2.2). Subsequently, we have shown which sets are fundamental to
solving problem (3) numerically and obtained the error estimation of logarithm type. We
deduced two regularized solutions. In Section 2.2, we have shown the regularized solution

for this case, method one. In Section 2.2, we have shown the regularized solution for the
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second method. The numerical results prove the efficiency of the theoretical suggestion,
i.e., regularized solutions stably converge to the exact solution.
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