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Abstract

Motivated by the recent work of the second author (Ozarslan in Appl. Math. Comput.
229:350-358, 2014), we present, in this paper, some fractional calculus formulas for a
mild generalization of the multivariable Mittag-Leffler function, a Schlafli's type
contour integral representation, some multilinear and mixed multilateral generating
functions; and, finally, we consider a singular integral equation with the function
Eé;:i’(k”(xh...,x,) in the kernel and we provide its solution.
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1 Introduction
The celebrated Mittag-Leffler function [1, 2] is defined by

Eu(2) = kX:(; m (1.1)

(2 € GR(w) > 0;2€C),

where C denotes the set of complex numbers.

The Mittag-Leffler function arises naturally in the solution of fractional integral equa-
tions [3]. A generalization of the Mittag-Leffler function E,(z) has been investigated by
Wiman [4]. He studied the following function:

Zk

Eyp(2) = kgo m (1.2)

(a,ﬂ e C;R(a)>0;N(B) >0;z ¢ (C).
Other generalizations of the Mittag-Leffler functions were given in [5, 6]. Let us recall the
one given by Srivastava and Tomovski [6]:
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y,K _ = (V)Kn é
Falp )= kXO: Tk + ) K -3

(B, 7 € G (e) > max{0, R(K) - 1} R(K) > 0;%(B) > 0;z € C),
where (1), denotes the Pochhammer symbol defined, in terms of the Gamma function, by

' +«) ~ AMA+1)---(A+n-1) (k=neN;1LeC),

A i=
) r'(x) 1 (k =0;1 € C\ {0}),

(1.4)

where N denotes the set of positive integers.
Multivariable analog of the Mittag-Leffler function has been introduced and investi-
gated by Saxena et al. [7, p.536, Eq. (1.14)] in the following form:

E?) (z1,ee0z) =E (2.0 2)
k
_ i i e, 22l s
oty ko1 +--+kepr + ) Kql--- k! )

(k,zj,)/j,pj e C;NR(p) > 0;j = 1,2,...,r).

This function is, in fact, a special case of the generalized Lauricella series in several vari-
ables, introduced by Srivastava and Daoust [8] and Srivastava and Karlsson [9].
A mild generalization of the multivariable analog of the Mittag-Leffler function, which

will play an important role in this paper, has been given by Saxena et al. [7, p.547, Eq. (7.1)]:

kr

) . Wt s, 4Lz

EV Nz, z) = T 16

o (2 ) ka:oF(k1p1+-~+krpr+k) kite - k! o
L1reeer=

(A € C\ Zg; v, 0 € C;%R(p) > 0;R() > 0;j = 1,2,...,7).

Recently, the second author in [10] introduced a class of polynomials suggested by the

multivariate Laguerre polynomials in the following form:

Z;(,loll) nr(xl; e X Plyee ey /Or)

.....

1seensPlr

B F(p1n1+~~~+prnr+o{+1)"2
- m!---n,!

k k
(=mky -~ (=m)ixy -

1.7
Dotk + -+ + pokr + @ + D!+ k! (17)

kl ‘‘‘‘‘ kr

(@015 0r €CGR(P) >0 (/=1,2,...,7)).

It is easy to see that the following relation between the class of polynomials given by (1.7)

and the generalized multivariable Mittag-Leffler function (1.6) exists:

25101[) X1 %05 1,5 )

,,,,,

F(,Oll’ll RS ol O 7 P O A 1) (=11 re=11r),(Lol) {p1
,,,,, r) Ly Lr
nll e nr! E(,Ul ~~~~~ or)a+l (x1 reeerX )’ (18)
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Note that by further specializing the several parameters involved, we can obtain many
well-known classes of polynomials such as the Laguerre polynomials of r variables defined
by Erdélyi [11] and the Konhauser polynomials [12].

Another interesting generalization of the polynomials fo{?,,,,,,,(xl,...,x,; Olse.vs 0r) 18

given by

Z;“;Nl """ N’)(xl,...,x,;pl,...,p,)

LseensHly
2711] ’’’’’ [;\‘T;] p1ky orkr
_ F(p1n1+...+prnr+a+l) Z (_nl)NIkl.”(_nV)Nrerl ce e X (1 9)
m!- - n,l =, Tloki+ -+ pk + o+ Dkl k! ’
Lreeer r=

(@01 0r €CR(p;) >0,N; €N (i =1,...,7)).

Obviously, setting N; =1 (i =1,...,r) leads to (1.8).

In this paper, we obtain a Schlifli’s type contour integral representation for the multi-
variable polynomials given in (1.9). Next, we give some multilinear and mixed multilateral
generating functions. We also recall the fractional order integral of the generalized mul-
tivariable Mittag-Leffler function. Finally, we consider a singular integral equation with
EEZ:;:(AD(’CI’ ..., %) in the kernel and we give its solution. Throughout this paper, the vari-

ables x,...,x, are assumed to be real variables.

2 Schlifli's type contour integral representation of Z,(,‘fff\{‘_’,,,,' ’N’)(x1 yeeer Xp}
p'l JAXXY] pr)

Let us define the following polynomials set:

Ni,...N; .
PEll,l...,ny r)(xl’ e s X Plreees /Or)

(R L]

xplkl . 'xprkr
1 r
= E (—m)nk - - (10N, Tkl (2.1)
ki .ky=0 1 r

(,oje(C;ER(,o/)>0;Z\IjeN(j:1,...,r)).

The Schlafli’s type contour integral representation of Zi,offﬁl;,;"N’)(xl,...,xr; P12, 0p) In

terms of Pfff},jj,’;;N’)(xl, weesXy; P1y-- ., Pr) is given in the next theorem.

Theorem 2.1 Leta, pj € CwithR(p;) >0 (j=1,...,r)andletN;e N (j=1,...,r). Then the

following integral representation holds true:

ZONUND (3 x5 01y s Pr)

T(om +---+pmy+a+1) 1

m!---n,! 2mwi

(0+) x X
x/ P,S’Yl’",;ﬁ\“)(—l,..., f;pl,...,pr) e dt. (2.2)

.....
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Proof We have

1 (0+) x x
— P;];{{j:,';f\[’) —1,...,?r;p1,...,p, o tet dt

21i J_ oo t
(& D[]
) L (0+) M (—m)niky - ()N, iy ok et & (23)
270 J_ oo o k! k! 1 T gorkitetprkeratl T :
With the help of Hankel’'s formula [13]
1 1 (0+)

- —/ el dt, (2.4)

I'z) 2miJ)_ o
we find from (2.3) and (2.4) the result asserted by Theorem 2.1. O

3 Multilinear and multilateral generating functions
We begin this section by proving a linear generating function for the polynomials
(%1 ..., Xj; P1,. .., pj) by means of the mild generalization of the multivariate ana-

......

log of Mittag-Leffler functions.

Theorem 3.1 We have

(at;N1,...,Nj)
i (Vl)nl t (Vj)n/any...,lnj ! (xl’ e X Pl pj) tnl tn/
— — R
=0 C(owm + -+ pnj+a +1)

! P N;
= | |(1_t,)*ViE(V/)’(Ni) xfl(—tl)N1 X; (—tj) J
o i pl..‘.,p,',a+1 (l—tl)NI yeees (l_tj)Nj s

where |t;| <1 (i=1,...,)).

Proof Direct calculations yield

(ot;N1,...,N})
i (Vl)nl e ()’j)annl,..,,lnj ! (xl,...,x}'} p11~~’pj) t”l tnj
- i 1y
<0 C(om + -+ pjmj+a +1)

j -+ Nik; k ki nj
) (_1)N1k1+ +N,k,( PIKL 'xil /tfl et

_ i Z yl)nl e (V/)n,-’ﬁ j
- " F(plkl + o +pjk/+O[ +1)(l’11 —lel)‘(n/—Nkk])‘kl‘k}'

ot N k 0jki N ki nj+Njk;
(_1)N1k1+ +Nj P1 1”_le /till*' L N A

,(j(J/l)n1+N1k1 e (yj)n]‘+1\[jk]'x1

o0 oo
=0 k-0 C(ovky + -+« + pjki + o + D! - - - il ! - - - k!

i (YONik - ()/,')N/k, W (=)yNyk. (x]?i(_tj)zvj)k,
T(prky + -+ pik; + o + D! - - k!

t’/
m!---nj! ! /

. i 1+ Nuk )y - + Nk

. P
- ﬁ(l - t.)‘ytE(Vi)'(Ni) (xfl (-t 5 )
o A=) -V )
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where we have interchanged the order of summations which is guaranteed because of the
uniform convergence of the series under the conditions |¢;| <1 (i =1,...,)). O

Now let (V) = (yly"')/j)v () = ()‘l)"w)\'j); (TI) = (n17'~'tnj)7 (W) = (%7---:%), (p) =
(o15...50j), (N) := (N1,...,N;) be complex j-tuples. By making use of the above theorem
we have the following.

Theorem 3.2 Corresponding to an identically non-vanishing function Q) (&,...,&) of
complex variables &, ...,& (s € N), let

Ay & s & 615005 6))

o0
k ki
= Z akl ..... kiQmH//]kl,...,njH/I/k/ (El) LRES] Es)gl T S.]/ (akl,,..,k/ # 0)' (3'1)
/q,...,k]':O

Suppose also that

(), (), ()0, (N)
®n1,...,nj;q1,..., / (

gl;uwgs;xlwurxj; (/0); [STRERY) 5‘])
()]

= Z Afy,..., k/QmH//lkl ..... n/-+1//,'k]'(€17-~~r$s)
lq,...,kj=()

(&;N1,...N))
(J/l + )‘lkl)nl—qlkl c (V/ + )\'jl(j)n/_q/kfznl—qlk1»~~»”j—qjkj (xl, s X Py ;01)

X
C(o1(m —quk) + - - - + pj(nj — qik;) + ¢ + 1)
k,
xglkln-gj’ (q1,...,q; € N). (3.2)
Then
- 5 5
»(A),(n), (¥ )., . . .51 j nj
> @%}“{fygﬁ(gl)ﬁ/’%a ) (gl,,..,gs,xl,...,x,-, (p); P ﬁ)tf” ot
VI1,...,n1'=0 1 j
! S1 Sj
= l—t‘_yiA PERRS] 5 yeee 4
ll;[( ) (M%) <g1 & 1-t)h 1- tj))»j )
Pj N:
) ()N x ()Y (33)
pl,...,pj,01+1 (1 _ tl)Nl yeeey (1 _ tI)AII ) .
provided that each member of (3.3) exists and |t;| <1 (i=1,...,)).
Proof Following similar lines to [10], the proof is completed. O

4 Fractional integrals and derivatives

In this section, we first recall the definitions of the Riemann-Liouville fractional inte-
grals and derivatives. Next, we give the fractional integral and derivative of the gener-
alized multivariable Mittag-Leffler function Eg:;:f\l’)(xl, ...,%,) where x; are real variables

forj=1,...,r.
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Definition 4.1 Let Q = [a, b] be a finite interval of the real axis. The Riemann-Liouville
fractional integral of order o € C with %(«) > 0 is defined by

P | * f(t)de
A3 f1= T ). _oe (x> a). (4.1)
It is well known [14, p.71] that
o FA+p) e
2[4 = r;fa)xp (9h(@) > 0;9(p) > -1). (4.2)

Definition 4.2 Let Q = [a, b] be a finite interval of the real axis. The Riemann-Liouville
fractional derivative of order a € C with R(«a) > 0 is defined by

d n
D [f1 = <d ) L1 (n=[R(@)] +La>a), (4.3)

where [0(«r)] denotes the integral part of (w).

Using (4.2), we see easily that

ra+p o

R ol b e

(iﬁ(a) > 0;N(p) > —1). (4.4)

Now, let us give two fractional calculus formulas obtained by Jaimini and Gupta [15,
p.145, Egs. (1) and (2)] involving the generalized multivariable Mittag-Leffler function.

Theorem 4.3 Let a, A, pj, ), lj, w; € C such that R(a) > 0; R(A) > 0; N(p) > 0; R(j) >0
(j=1,...,r). Then the following fractional calculus formulas:

L [ TEI (0, 0)] = AT BT (a0x, L ) (4.5)
and

DG+ [x’\’lE((Z:;"y’)(a)lxm,...,a),x”')] X 1E V’ l’ (a)lx”l .,a),x"') (4.6)
hold true.

Setting A =A+1,/j=w;=1(j=1,...,r), replacing 1, ..., ¥, respectively, by —ny, ..., -n,,
where #; (j = 1,...,r) are positive integers in (4.5) and (4.6), and making use of (1.8) yield
the following special cases given by Ozarslan [10, p.353, Theorem 6 and Theorem 8]:

A A2 %501 00)]

F(,oml to kot A1) G

= Z Ky ey Xy Plyoves 4.7
C(oih + -+ priy + A+ +1) A Pro-sr) (4.7)
and
D [x AZM?M” (s es X5 0150 07)]
F(,Oll’ll+..-+prnr+)\.+1) )»CKZ}H-O[ (x % 1 ,O) (48)
1 )Vyy L AR r]e .

:F(p1n1+"'+prnr+)\—0(+1) ’’’’’ ny
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Further special cases of (4.5) and (4.6) can be obtained by suitably specializing the coeffi-
cients involved. For instance, if we set [; =1 (j=1,...,r), then (4.5) and (4.6) reduce to two
results obtained by Saxena et al. [7].

We end this section by giving a recurrence relation for the generalized multivariable

Mittag-Leffler function E(Z’; Al’ (z15...,20).

Theorem 4.4 Let A, pj, y),lj € C such that (1) > 0; R(p;) > 0; () >0 (j=1,...,r). Then

the following recurrence relation holds true:

=<

rhH\tr. T lr T lr
Eézr;,; )(Zlv cee :Zr) = )‘EE)/ ))»+l Zl) ¢Zr) + Z PiZi _E 4 )A+1(Z1’ ,Zr). (4-9)

Proof From (1.6), we have

)Ly )l
WEI (21, ,zr)+ZpLzz E(f,,) W (@,....2)

= s - (Vi AT
10 1) Kyly 1 7
= A+ orki + -+ ok ] ————
2 F(/<1pl+---+krpr+/\+1)[ o prki] kil k!
k1,eerky=0
)Ly
=EQ (. 02). (4.10)

5 Singular integral equation

In this section, we solve a singular integral equation with the generalized multivariable
Mittag-Leffler function in the kernel. To do so, we first find the Laplace transform of the
function Eg:;:f\l”)((ux)"l, .., (ux)Pr) and we compute an integral involving the product of
two generalized multivariable Mittag-Leffler functions.

We denote the Laplace transform of a function f [16, p.218] by

L)) Fo) - [ ersd (1)) G

Lemma5.1 Letp, X, 4, pj, vj» | € C such that R(p) > 0; R(w) > 0; R(X) > 0; R(py) > 0; N(;) >
0(G=1,...,r), we have

L[ EQR ()™, .., (ue)") )

= i i M (E)plkuvm"'/)rkr (5 2)
) A’ ... . .
p ki yenskyr=0 k! k! P)
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Proof Using (5.1), we get

LI EZ (1m0 () | ()

T

[eoe]

- Z ity - Vit prieeorks '/‘ooe_pttplk1+m+,0rky+)n—1 dt
Clkor+--+kepr + 1) k! k! o

k1 ey =0
- i it it Mol Ty + - + Kepy + 4)
Pyt Ckipr+- + ko +2) kil -kt pruprethkepred
Loeees r=
K+t prky
1 i it ity (7 (5.3)
P k! k! p ’ ’
k1serky=0

where we used the well-known formula [16, p.218, Eq. (3)]

/oo e PPl gy — F(f) (min{i)t()\), %(P)} > 0)' (5.4)
0 p O

Theorem 5.2 Let p, A, 11, v, pj, V), lj; 05, m; € C such that R(p) > 0; R(w) > 0; R(v) > 0;
NR(A) > 0; N(py) > 0; N(oy) > 0; R(J) > 0; N(my) >0 (j=1,...,7), we have

fo (= ey B (e =) (e~ 1))

x E (uo), L (nt)r) dt

ng

= R T () (0t (Y (D)), (5.5)
Proof With the help of the convolution theorem for the Laplace transform (see [17])
L[/Oxf(x —t)g(t) dt} () = LIf @) (@)L [g®) ] @), (5.6)
we have
]L|: /0 - P E O (- 2)™, L (- £)")

X t“*lEEZ:;:ima ((;u:)”l, ) (;u,‘)”’) dt} (p)

= L[ EQY ()™, (n2)) ] (p)

: L[t“‘lEEZ:;ﬁmr) ((ut)s,..., (u)) ] (p). (5.7)
From Lemma 5.1, we have
X
]L[ /0 (v =t E N (el - £)™, L (- £))

X t”‘lE((;:;:(vma ((wt),..., (o)) dt} (»)

Page 8 of 10
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L i M(ﬁylkﬁ.._ﬂ%

1okt
P My k- k! p
L Z (Gl)i1m1 e (Gr)iymy (E)Pll1+ +0rir
n il g
b o heee e p

_ 1 i (yl)klll o (J/r)k,l, : (Ul)ilml T (ar)irmr (ﬁ

pr(ky+in)++pr(kr+ir)
p)wrvk kl‘kr'll'lr' p)

LoesosKpsidseenir =0

1 Ve VsG oG Lk sl P11y . . .
= L[H LR o Ol e () (), () () | (). (5.8)
Finally, taking the inverse Laplace transform on both sides of (5.8), the result follows. [

Now, let us consider the following convolution equation involving the generalized mul-
tivariable Mittag-Leffler in the kernel:

f = O ETI (=), (e —0)7) - p(0) dt =y (), (5.9)
0
where f(a) > -1.
Theorem 5.3 The singular integral equation (5.9) admits a locally integrable solution
$(x) = / =B (e - 10),.. (e - £)7) - LW (2) it (5.10)
0

provided that I (t) exists for R(w) > N« + 1) and is locally integrable for 0 < t < § < oo.

Proof Applying the Laplace transform on both sides of (5.9), using the convolution theo-
rem as well as Lemma 5.1, we find

00 . prki+-+prky
2y, i (%) L[¢0]() = L[y 0] @), (5.11)

which under the assumptions that |%| <1 can be rewritten as

4 AN
,%1_[(1-(%)> L{o®)]®) = L[v O] @) (5.12)
j=1

Therefore, we have

Ll¢®)]w) = i]i[(l - <%>pj>yjp"“”} ALy ®]@)}. (5.13)

Taking the inverse Laplace transform on both sides of (5.13) and with the help of the fol-
lowing property [5, p.217, Eq. (3.8)]:

P'LIFO]) = LI, O] ) (p € C;9R(p) >0), (5.14)
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which holds for suitable f, we thus obtain

P(x) = fo (=) ECT (e~ £)™,. (il = £)7) - Lp2 () dit. (5.15)
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