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1 Introduction

Neural networks have found important applications in various areas such as combinato-
rial optimization, signal processing, pattern recognition, and solving nonlinear algebraic
equations. We notice that a lot of practical systems have the phenomenon of time de-
lay, and many scholars have paid much attention to time delay systems [1-8]. As is well
known, stochastic functional differential systems which include stochastic delay differen-
tial systems have been widely used since stochastic modeling plays an important role in
many branches of science and engineering [9]. Consequently, the stability analysis of these
systems has received a lot of attention [10-12].

In some applications, besides delay and stochastic effects, impulsive effects are also likely
to exist [13, 14]; they could stabilize or destabilize the systems. Therefore, it is of interest
to take delay effects, stochastic effects, and impulsive effects into account when studying
the dynamical behavior of neural networks.

In [11], Guo et al. studied the exponential stability for a stochastic neutral cellular neu-
ral network without impulses and obtained new criteria for exponential stability in mean
square of the considered neutral cellular neural network by using fixed point theory. To
the best of the authors’ knowledge there are only a few papers where fixed point theory
is used to discuss the stability of stochastic neural networks. In this paper, we will study
the exponential stability for a stochastic neural network with impulses by the contraction
mapping theorem and Krasnoselskii’s fixed point theorem.

2 Some preliminaries

Throughout this paper, unless otherwise specified, we let (€2, F, P) be a complete probabil-
ity space with a filtration {F;};>¢ satisfying the usual conditions, i.e. it is right continuous
and F, contains all P-null sets, Cféo ([~7,0]; R") be the family of all bounded, Fy-measurable
functions. Let R” denote the n-dimensional real space equipped with Euclidean norm | - |;.
B = [b;(t)]xn denote a matrix, its norm is denoted by || B(¢)||3 = ZZFI |b;j(2)].
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In this paper, by using fixed point theory, we discuss the stability of the impulsive

stochastic delayed neural networks:

dx(t) = [-(A + AA(E)x(t) + f(t, x(¢), x(¢t — 71))] dt
+ o (t,x(t),x(t — 1)) dow(t), tHt,

Ax(ty) = I(x(t)), t=t,keZ,,

x(t)=y(t), -Tt=<t=<0,

where T = max{r, 75}, 71 and 1, are positive constant. t — ¥ (f) € C([—r,O],L’}O(Q,R”))
with the norm defined by || l2 = sup_, <y [¥(0)]1, x(£) = (x1(8), %2(8), ..., %,()T is the
state vector, A = diag(ay, ay,...,a,) >0 (i.e. a; >0,i=1,2,...,n) is the connection weight
constant matrix with appropriate dimensions, and AA() represents the time-varying pa-
rameter which is uncertain with |AA(¢)|3 bounded.

Here f (¢, u1, u3) € C(R x R" x R") is the neuron activation function with f(¢,0,0) = 0 and
o(t) = (w1(8), w2(t), ..., 0n(6)T € R is an m-dimensional Brownian motion defined on
(2, F, P). The stochastic disturbance term, o (¢, 1y, u5) € C(R x R" x R"), can be viewed as
stochastic perturbations on the neuron states and delayed neuron states with o (¢, 0,0) = 0.
Ax(t) = I(x(tx)) = %) — x(¢;) is the impulse at moment f, and & < £, < - is strictly
increasing sequence such that limy_, o tx = +00, x(¢{) and x(t;) stand for the right-hand
and left-hand limit of x(¢) at ¢ = £, respectively. Ix(x(¢x)) shows the abrupt change of x(¢)
at the impulsive moment #; and I (-) € C(Lf:t(Q; R”),Lf;t(Q;R”)).

The local Lipschitz condition and the linear growth condition on the function f(t, -, -)
and o (¢, -,-) guarantee the existence and uniqueness of a global solution for system (2.1);
we refer to [9] for detailed information. Clearly, system (2.1) admits a trivial solution
x(£;0,0) = 0.

Definition 2.1 System (2.1) is said to be exponentially stable in mean square for all ad-
missible uncertainties if there exists a solution x of (2.1) and there exist a pair of positive

constants 8 and u with
2 -Bt
E|x()|, < wElly 3¢, t>0.

In order to prove the exponentially stability in mean square of system (2.1), we need the

following lemma.

Lemma 2.1 (Krasnoselskii) Suppose that 2 is Banach space and X is a bounded, convex,
and closed subset of Q. Let U, S : X — Q satisfy the following conditions:

(1) Ux+SyeX forany x,y € X;

(2) U is contraction mapping;

(3) S is continuous and compact.

Then U + S has a fixed point in X.

Lemma 2.2 (C, inequality) If X € L?(2,R"), then

p n
E 52E|Xi|p, forO<p<1

i=1

n
>

i=1
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and

n p

2 X

i=1

n
E §np_1ZE|Xi|p, forp>1.

i=1

3 Main results
Let (3, ] - ||g) be the Banach space of all Fy-adapted processes ¢(t, ®) : [-7,00) x Q@ — R"
such that ¢ : [-7,00) = Lf;o (2, R") is continuous on ¢ # fy, lim;_, 6 o(t,-) and lim,_, ¢ o(t,-)

exist, and limt_>tl: o(t,") = o(ty, ), k=1,2,...; we have

2
1’

lellg == SugE|<p(t) for ¢ € 8.
=

Let A be the set of functions ¢ € §§ such that ¢(s) = ¥ (s) on s € [-7,0] and e*E|p(t,
w)|? — 0 as t — oo. It is clear that A is a bounded, convex, and closed subset of 3.

To obtain our results, we suppose the following conditions are satisfied:

H;) there exist pu1, g > 0 such that |[f(¢,u,v) — f(t, %, V)1 < palu —uly + palv—7v|1;

H,) there exist vy, vy > 0 such that |0 (¢, u,v) — o (£, %, V)7 < vi|u —Ul} + vo|v - V|3

H3) there exists an « > 0 such that @ < min{ay, as,...,a,};

H,) fork=1,2,3,..., the mapping Ii(-) satisfies It(0) = 0 and is globally Lipschitz function
with Lipschitz constants py;

(Hs) there exists a constant p such that infx_1 2, {tx — &1} > p;

(Hg) there exists constant p such that px < pp,forie N and k=1,2,....

The solution x(¢) := x(£;0, ) of system (2.1) is, for the time ¢, a piecewise continuous
vector-valued function with the first kind discontinuity at the points ¢ (k =1,2,...), where

it is left continuous, i.e.,
x(t,:) = x(ty), x(t,j) =x(t) + I (x(tk)), k=1,2,....

Theorem 3.1 Assume (Hi1)-(Hg) hold and the following condition is satisfied:

2 1 ’
B UL PR et P Ce P N B

then system (2.1) is exponentially stable in mean square for all admissible uncertainties,

that is, e'E|x(t)|? — 0, as t — oo.

Proof System (2.1) is equivalent to

x(t) = exp(—At)y¥(0) + /0[ expA(s —t) [—AA(s)x(s) +f(s,x(s),x(s - 1:1))] ds

+ /t expA(s — t)o (s, %(s), %(s — 72)) doo(s)

0
+ exp[—A(t - tk)]lk(x(tk)). (3.1)

O<ty<t
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Let

N1(2) := exp(=At)y(0),

J(t) = /0 expA(s — t)[—AA(s)x(s) +f(s,x(s),x(s - 'Cl))] ds,

J3:= /t expA(s—t)o (s,x(s),x(s - 1'2)) dw(s),
0

Ja(®) =) exp[-A(t - 1) [l (x(t0))-

O<ty<t

Define an operator by (Qx)(¢) = ¥ (¢) for t € [-7,0], and for t > 0, we define (Qx)(¢) :=
J1(t) + 2 () + J3(2) + Ja(£) (i.e. the right-hand side of (3.1)). From the definition of A, we have
Elo(t)|> <o, forall t>0,and ¢ € A.

Next, we prove that QA C A. It is clear that (Qx)(¢) is continuous on [-7, 0]. For a fixed
time ¢ > 0, it is easy to check that /;(¢), /2(¢), Ja() are continuous in mean square on the
fixed time ¢ # t, for k = 1,2,.... In the following, we check the mean square continuity of
J5(£) on the fixed time t # ¢ (k=1,2,...).

Let x € A and r € R such that |r| sufficiently small; we obtain

E

E’]g(t +7) —]3(15)‘3 / " expA(s—t-r)o (s,x(s),x(s - 'L'Q)) dw(s)
0

2

_ /t expA(s—t)o (s,x(s),x(s - 12)) dw(s)
0

1

E

ft[epr(s —t—r)—expA(s— t)]o(s,x(s),x(s - Tz)) dw(s)
0

+ /Hr expA(s—t—r)o (s,x(s),x(s - rz)) dw(s) ’

1

IA

t
2
2(/ || [epr(s —t—r)—expAl(s- t)] ||3
0
X E’a (s,x(s),x(s - rz)) ‘f ds
t+r
+ / ||epr(s —t-7) ||§E|a (s,x(s),x(s - 12)) |f ds)
t
—0 asr—0.
Hence, (Qx)(¢) is continuous in mean square on the fixed time ¢ # t;, for k =1,2,.... On
the other hand, as ¢ = #, it is easy to check that J1(¢), /»(¢), /3(¢) are continuous in mean

square on the fixed time t = #.

Let r < 0 be small enough; we have

EJalte+ 1) ~Ja(@)]; = E| Y exp[~A(t + 7~ t) [ (x(tm))

O<ty<ty+r

2
- Z exp[—Atk — tm) | L (%(Em))

O<tm<tr 1
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< E|[exp(-A(t + 1)) — exp(-At)]
2
A m}tm m ’
X Z exp(At,)I, (x(t )) X

O<tym <ty

which implies that lim,_, o- E|Ja(t + 1) — Ja(tx)|? = 0.
Let r > 0 be small enough, we have

E|Jalt + 1)~ Ja(to)[; = E|[exp(=Ati + 1)) — exp(-Aty)]

2
X Z exp(Atm)Im(x(tm))+exp(—Ar)1k(x(tk)) ,

O<tm <ty 1
which implies that lim,_, o+ E|J4(tx +7) — Ja(£x)1? = E| L (x(£))13.
Hence, we see that (Qx)(¢) : [-T,00) — LEO(Q,R”) is continuous in mean square on ¢ #
tr, and for t = &, limt_";(Qx)(t) and limt_"];(Qx)(t) exist. Furthermore, we also obtain
limt_"/; (Qx)(2) = (Qx)(tx) 7!1imt—>t; (Qx)(2).
It follows from (3.1) that

4
FE|(Qu)(@)]; <4y Eli(0)];.
i=1

By (Hs), it is easy to see e*’E|/;(£)|? — 0, as t — oo. Now, we prove e*’E|J,(¢)|} — 0,
e“E|3(t)|7 — 0, and e’ E|J4(£)|? — 0, as t — o0o.
Note, for any € > 0, there exists t* > 0 such that s > t* — t implies that e*E|x(s)|? < €.

Hence, we have from (H;), (Hz)

2
E|(0)|) = ¢“E

/t expA(s — t)[—AA(s)x(s) +f(s,x(s),x(s - 'L’l))] ds
0

1

< &E /0 lexpA(s — )] [~AA(s)x(s) +/ (5,2(5), x(s — m))] |} s
- &“'E /0 lexpAs = 0)[2|[~AAWG(s) + (s, %(5), x(s — )] ds
+ e [ expts = )3 [-AAGI) +£ (5305065 - )]

e [ espats- [ [|246) ),
0
+ pd1|x(s)|1 + u2|x(s - 1:1)|1]2 ds
e [ Jexpats -0 |546) ),

+ [x(@)], + palals — m)| ] ds

< e Pmini2 (| AAGS) ||, + 11+ p2)

t
xE( sup |x(s)‘f>/ ePrmin(A)s Jo
0

—T<s<t*
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e2et [ [(1246)], + ) e e E(x0)])

+ 2 E|y(s — 1) ] Hmin @60 g,

where || expA(s—t)l3 =Y 1, €60, )\ nin(A) represents the minimal eigenvalue of A. Thus,

we have e*’E|J,(£)|? — 0 as t — oo.
From (H,) and (H3), we have

e E|Js(

ol

IA

IA

2
e*'E

/t expA(s—t)o (s,x(s),x(s - r2)) dw(s)
0 1

e‘”E/O |expA(s - t) ||§|a(s,x(s),x(s— rz))ﬁds

eatE/O lexpA(s = 0|30 (5, x(5), (s = 1)) |} dis
ek [ Jexpats ~0[E o (s v69,x6 - ) L ds

t*
ea—Z)»min(A)tHZ(vl_l_vz)E( sup ’x(s)’f>/ eZXmin(A)st
0

—T<s<t*

t
+ eatn2(vl + VZ)/ e—aseasE< sup |x(s)ﬁ)62)»min(/()(s—t) ds
[*

—T<s<t

— 0 ast— oo.

As x(t) € A, we have lim,_, «, e*’E|x(t)|? — 0. Then, for any € > 0, there exists a non-

impulsive point 7 > 0 such that s > T implies e*'E|x(¢)|? < €. It then follows from the
conditions (H4)-(Hg) that

e E|Ja(

Dl

IA

IA

IA

IA

IA

2

e“'E Z eXp[—A(t - tk)]lk (x(tk))

O<ty<t

1

2

e”'E Z ||epr(tk - ﬂ”si[k(x(tk))h

O<ty<t

2

L E Z ne)hmin(A)(tk*t)pk |x(tk) |1
O<ty<t

et E Z nelmin(A)(tk—t)pk|x(tk)|1
O<ty<T

N Z nexmm(A)(tk—t)pp|x(tk)|1
T<ty<t

2

2
2%t |:E

Z nexmin(A)(tk—f)pk‘x(tk)’1

0<ty<T
2
Z nekmm(A)(fk*f)p,o|x(tk)|1 ]
Z min@ [x(8) |

T<ty<t
O<ty<T

+E

2
2e(a*2)hmin (A))tnzp]%E

Page 6 of 10
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+2e”E Z neminAr=t g t) |x(t) |

T<tr<ty

2
+ ,,[e/\min(z‘\)(tlrt)p'o}x(tk)|1

3 emn)

O<ty<T

26(0‘*2}\min (A))tnzpiE

A

2
+2e%E

t
/T ;flek"‘i“(“‘)(s")p}x(s)f1 ds + np,o}x(t) |1

Z ¢min(4)

O<ty<T

t
/nemm J6=Dpla(s)|, ds
T

Z ¢min(4)

O<ty<T

IA

2e(@2hmin(A))t 2 Pi E

2

+4e”'E +4e*E|npp|x(1)|, |

IA

Ze(a_z}hmin (A))tnszE

t

+ 4n2p26(a-zxmin(A))t/ e(ZAmi“(A)_“)Sea5E|x(s)|fds+4n2p2p26
T

2

IA

2e(@2kmin(A))t 2 P12<

Z e}‘min(A)tk |x(tk) |1

0<ty<T

t
+ 4n?pP el Pmin it f e@rmin(A)=s g 4 412 p% p2e
T

Z e)hmin(A)

O<ty<T

IA

2e(@=2hmin(A))t 2 Pi E

4n’pe
+ —
2)Vmin (A) -«

— 0 ast— oo.

+4n*p? ple

Thus we conclude that Q: A — A.
Finally, we prove that Q is a contraction mapping. For any ¢, ¢ € A, we obtain

sup E[(Q¢)(t) - (Qa)(0)];

/0 expA(s — ) ~AAE) (¢(s) - ()

= sup {E
+(f (s, 0(8), 0ls — 1)) = f (s, ¢(5), (s — 1)) | s
[ expats =0l (5606065~ ) -0 561,006 - ) dts)

|

<3 sup £ [[fespas- D[ 240 et - 40,

+ ) MWL (@) - Ii(¢(@)]

O<ty<t

+ 1] p() = )|, + palols - 1) - $(s - )|, ] ds
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E /0 lexpAGs — B]2[1]0(5) = pO)[” + valols - 12) - (s - )] ds
]

2
<3l oS8O, )+ e ]

+E

3 expAtt - &) i o) - o2,

O<ty<t

2A min (A )

Z e)‘min (A)(tk_t)p

O<ty<t

2
+n*p’E

};g_p Elg(s) - ¢(6)];

1

2
< B{ﬁn(A)[(HAA(t)II3 +pa+p12)” v+ ]

+ I’lzsz Z e)‘min(A)(tr—t)(tr_'_l _ tr)

O<tyr<ty

2 2
+ @0 p } sup E|¢(s) - ¢(s)|
t>-1 1

1

[(”AA(t) ||3 + U1+ pcg)z + v+ \)2]

<3 n
a )\min(A)

2.9 1 2 ,
Ty ()\min(A) +'0> }[Sf_prE|<ﬂ(S)—¢(s)|l,

From the condition (P;), we find that Q is a contraction mapping. Hence, by the contrac-

tion mapping principle, we see that Q has a unique fixed point x(¢), which is a solution of
(2.1) with x(¢) = ¥(¢) as £ € [-7,0] and e E|x(¢)|? — 0 as t — o0. O

The second result is established using Krasnoselskii’s fixed point theorem.

Theorem 3.2 Assume (H;)-(Hs) hold and the following condition is satisfied:

2

n
(PZ) 2)\min (A)

(n+1) <1,

then system (2.1) is exponentially stable in mean square for all admissible uncertainties,
that is, e E|x(t)|? — 0, as t — oo.

Proof For Vx € X, define the operators I/ : X — X and S: X — X, respectively, by

(Ux)(t) = exp(=At)¥(0) + /t expA(s—t)o (s,x(s),x(s - Tg)) dw(s)
0
and

(Sx)(t) = /*f expA(s —t) [—AA(s)x(s) +f(s,x(s),x(s - rl))] ds
0

+ Z exp[—A(t — &) | Ik (x(2)).

O<ty<t

By the proof of Theorem 3.1, we can verify that Sx + Uy € A when x,y € A and S is mean

square continuous.

Page 8 of 10
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Next, we show that U is a contraction mapping. For x,y € A, we have

sup E

t>-1

sup|L(x)(0) - UO)O);

/t expA(s — t)[o (s, x(s), x(s — 72))
0

2
—o(s,x(s),y(s — 12))] dw(s) X

IA

£s>uP E/o ||epr(s —t) ||§[v1 |x(s) —y(s)}f

+ vz|x(s —Ty) —y(s— 1'2)|f] ds

2

n 2
< " sup Elxt) -y
< A |x(t) - y(2)|

From the condition (P3), we find that U is a contraction mapping.
Finally, we prove that S is compact.
Let D C A be abounded set:|x|; < M, Vx € D, we have

|(Sx)(t)|1 = ‘/0 expA(s — £)[-AA(s)x(s) +f (s, %(s), x(s — 7)) | ds

+ > exp[-A(t - i) i (x(t)) 1

O<tg<t
< [ lexpats =1L 84 |56, + pls@), + st = )]s

+ Z expA(ti — ppla(a)],

O<ty<t

t
< (| 2Aw) ||3 U+ Mz)M/ e mindl=D) g 4 ppoM
0

1
< 57—y 24O; + p + iz + npo) M.

Therefore, we can conclude that Sx is uniformly bounded.
Further, let x € D and &, € [tx_1, t], with ¢ < £; we have
—_ z —_
|(Sx)(t) - (Sx)(g)!1 = '/ expA(s — t)[—AA(s)x(s) +1 (s, %(5), x(s - 11))] ds
0

+ Z exp[—A(f—tm)]lm(x(tm))

O<tyy<t

_ /éepr(s —D[-AA(s)x(s) +f (s, %(s), x(s — 71)) ] ds
0

= 2 exp[-A-tn) | ln(aln) |

O<tim<t

/E[epr(s —f)—expA(s— g)]
0

x [~AA()x(s) +f (s, %(5), x(s — 7)) ] s
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+ /t expA(s — f)[—AA(s)x(s) +f(s,x(s),x(s - rl))] ds

+ Z [epr(tm —1) —expAlt, - E)]Im (x(tm))
1

O<tyy<t

—0 ast— L

Thus, the equicontinuity of S is obtained. According to the PC-type Ascoli-Arzela lemma
[15, Lemma 2.4], S(D) is relatively compact in A. Therefore S is compact. By Lemma 2.1,
U + S has a fixed point x in A and we note x(s) = (U + S)(s) on [-7,0] and e**E|x(£)|? — 0
as t — oo. This completes the proof. 0
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