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Abstract

In this paper, we deal with the zeros of the g-shift difference-differential polynomials
[P() ]_[jj:1 f(giz + )% - a(z) and (PO T, [Fgz + 6) - F2I)Y - au(2), where P(f) is a
nonzero polynomial of degree n, g;,¢; € C\ {0} (= 1,...,d) are constants,
nd,s(G=1,...,d) € Ny and a(z) is a small function of f. The results of this paper are
an extension of the previous theorems given by Chen and Chen and Qi. We also
investigate the value sharing for g-shift difference polynomials of entire functions and
obtain some results which extend the recent theorem given by Liu, Liu and Cao.
MSC: 39A50; 30D35
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1 Introduction and main results

The purpose of this paper is to study some properties of zeros and uniqueness of com-
plex g-shift difference polynomials of meromorphic functions. A polynomial Q,(z,f) can
be called a g-shift difference-differential polynomial in f whenever Q,(z,f) is a polyno-
mial in f(z), its g-shift f(gz + ¢) and their derivatives, with small functions of f(z) as the
coefficients. The fundamental results and the standard notations of the Nevanlinna value
distribution theory of meromorphic functions will be used (see [1, 2]). A meromorphic
function f means f is meromorphic in the complex plane. If no poles occur, then f re-
duces to an entire function. Given a meromorphic function f(z), a meromorphic function
a(z) is called a small function with respect to f if T'(r,a(z)) = S(r,f), where S(r,f) is used

to denote any quantity satisfying S(r,f) = o(T'(r,f)) for all r outside a possible exceptional

d
nE T
any quantity satisfying S;(r,f) = o(T(r,f)) for all r on a set F of logarithmic density 1; the

set E of finite logarithmic measure lim,_, » f[1 " < 00. We also use S;(r,f) to denote

logarithmic density of a set F is defined by

. 1 1
limsup — - dt.

r—oo logr Junr t
In addition, for some a € C U {oo}, if the zeros of f(z) — a and g(z) — a (if a = 0o, zeros of
f(z) — a and g(z) — a are the poles of f(z) and g(z), respectively) coincide in locations and
multiplicities we say that f(z) and g(z) share the value a CM (counting multiplicities) and
if they coincide in locations only we say that f(z) and g(z) share a IM (ignoring multiplic-
ities).
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Definition 1.1 (see [3, 4]) Let / be a nonnegative integer or infinity. For a € C U {o0}, we
denote by Ej(a;f) the set of all a-points of f where an a-point of multiplicity & is counted
k times if kK <[ and [ + 1 times if k > [. If Ej(a;f) = Ei(a; g), we say that f, g share the value
a with weight /.

Definition 1.2 (see [5]) When f and g share 1 IM, we denote by N (r, f%l) the counting
function of the 1-points of f whose multiplicities are greater than 1-points of g, where
each zero is counted only once; similarly, we have N (r, é). Let zy be a zero of f — 1 of
multiplicity p and a zero of g — 1 of multiplicity g, we also denote by Ny (r, ]%1) the counting
function of those 1-points of f where p =g =1.

In recent years, there has been an increasing interest in studying difference equations,
difference products and g-differences in the complex plane C, and a number of papers
(including [6-13]) have focused on the value distribution and uniqueness of differences
and differences operator analogs of Nevanlinna theory.

For a transcendental meromorphic function f of finite order, herein and hereinafter, cis a
nonzero complex constant and a(z) is small function with respect to f, Liu et al. [14], Chen
et al. [15], and Luo and Lin [16] studied the zeros distributions of difference polynomials
of meromorphic functions and obtained: if # > 6, then f(z)"f(z + ¢) — @(z) has infinitely
many zeros [14, Theorem 1.2]; if n > m, then P(f)f(z + ¢) — a(z) has infinitely many zeros
(see [16, Theorem 1]), where P(z) = a,2" + @,_12" "' + - - - + a1z + a is a nonzero polynomial,
where ag, a1, ...,a, (# 0) are complex constants, and m is the number of the distinct zeros
of P(z).

For transcendental meromorphic (resp. entire) function f of zero order and nonzero
complex constant ¢, Zhang and Korhonen [17] studied the value distribution of g-
difference polynomials of meromorphic functions and obtained the result that if n > 6
(resp. n > 2), then f(2)"f(qz) assumes every nonzero value a € C infinitely often (see [17,
Theorem 4.1]).

Recently, Liu and Qi [18] firstly investigated the value distributions for g-shift of mero-
morphic function and obtained the following result.

Theorem A (see [18, Theorem 3.6]) Let f be a zero-order transcendental meromorphic
function, n > 6, g € C\ {0}, n € C, and let R(z) be a rational function. Then the q-shift
difference polynomial f (z)"f(gz + n) — R(z) has infinitely many zeros.

In this paper, we assume gj,¢; € C\ {0} (j=1,...,d) are constants, #,d, si(j=1,...,d) €
N,, A =s1+83+---+84,and a(z) is a small function of f. We will study the value distribution
of difference polynomials of more general form,

d
F@z)=P(f) | [f(giz + ), @
j=1
d
F(2) =P [ [[f gz +¢)-fD]7, (2)
j=1

where P(f) is a nonzero polynomial of degree n, m is the number of the distinct zeros of
P(z), and we obtain the following results.
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Theorem 1.1 Let f be a transcendental meromorphic (resp. entire) function of zero order
and F(z) be stated as in (1). Ifk e Nand n > m(k +1) + 2d + 1+ A (resp. n > m(k +1) + d — A).
Then (F(2))© — a(z) has infinitely many zeros, where (F(z))® = F(z), ifk = 0.

Theorem 1.2 Let f be a transcendental meromorphic (resp. entire) function of zero order
and Fy(z) be stated as in (2). Assumek e Nandn > (m+2d)(k+1)+A+d+1 (resp.n> (m+
2d)(k +1)). Then (Fy(z))® — a(z) has infinitely many zeros, provided that f(qjz + c;) #f (2),
j=12,....d.

Recently, there were obtained some results on the existence and growth of solutions of
difference-differential equations (see [19, 20]). Here, from Theorem 1.1 and Theorem 1.2,

we get the following result on some nonlinear g-shift difference-differential equations.

Corollary 1.1 Let p(z), q(z) be nonzero polynomials and F(z) be stated as in (1). Then the

nonlinear q-shift difference-differential equation

[F@)]" - p(2) = q(2) 3)

has no transcendental meromorphic solution of zero order, provided that n > A + 1.

Corollary 1.2 Let p(z), q(z) be nonzero polynomials and F(z) be stated as in (2). Then the
nonlinear q-shift difference-differential equation

[F@)]Y - ) = q2) (4)

has no transcendental meromorphic solution of zero order, provided that f(q;z + c;) # f (2),
j=12,...,d,and n> 1 +1.

For the uniqueness of difference and g-difference of meromorphic functions, some re-
sults had been obtained (see [17, 21-23]). Here, we only state some of the latest theorems

as follows.

Theorem B (see [16, Theorem 2]) Let f and g be transcendental entire functions of finite
order, c be a nonzero complex constant, P(z) be stated as in Theorem 1.3, and let n > 2T +1
be an integer, where I'g = my + 2my, m is the number of the simple zero of P(z), and m; is
the number of multiple zeros of P(z). If P(f)f (z + ¢) and P(g)g(z + ¢) share 1 CM, then one
of the following results holds:

(i) f = tg for a constant t such that t' = 1, where | = GCD{\o, A1,..., Ay} and

_Ji+l, a;i #0,

Ai=
n+l, a;=0,

i=0,1,2,...,n

(i) f and g satisfy the algebraic equation R(f,g) = 0, where
R(wy, wy) = Plwr)wi(z + ¢) = P(wy)ws(z + ¢);

(il) f(z) = e*?, g(z) = eP?, where a(z) and B(z) are two polynomials, b is a constant
satisfying o + B = b and a’e" VP = 1.
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In this paper, we will investigated the uniqueness problem of g-shifts of entire functions
and obtain the following results.

Theorem 1.3 Let f, g be transcendental entire functions of zero order, F(z) be stated as in
(1) and

d

G(z) = P(g) 1_[ g(giz + )7,

j=1

where Ty is stated as in Theorem B. If F(z) and G(z) share1 CM and n > max{2(I'y + 2d) —
A, A}, then one of the following cases holds:
(i) f =tg for a constant t such that t* =1 where k = GCD{ o + A, A1 + A,..., Ay + A} and

_ i+1, ai;/O,

A=
n+l, a;=0,

i=0,1,2,...,n

(i) f and g satisfy the algebraic equation R(f,g) = 0, where

d d
R(wy, wp) = P(wr) ]_[ wi(g;z + ¢;)¥ — P(wy) sz(%‘z +cj)Y.
j=1 j=1

Theorem 1.4 Under the assumptions of Theorem 1.3, if

d d
E (1;P(f) Hf(qu + Cj)sj> =E (1;P(g) ]_[g(q;z + Cj)sf)

j=1

j=1

and I, n, m are integers satisfying one of the following conditions:
() I>=3,n>max{2g +4d — A, A};
(I =2, n>max{2lg +5d + m— A —dyx,\};
(IIT) I=1,n>max{20y +6d +2m — A —2dx,\};
(IV) 1=0,n>max{2g +7d + 3m — A —3dx, \}.
Then the conclusions of Theorem 1.3 hold, where x = min{®(0,f), ©(0,g)}.

2 Some lemmas
In the following, we explain some definitions and notations which are used in this paper.
For a € C U {00}, we define

 Neb)
O(a,f) =1-limsup Tf)

For a € C U {oo} and k is a positive integer, we denote by N, «(r, ]%ﬂ) the counting function
of those a-points of f whose multiplicities are not less than k in counting the a-points
o_ff we ignore the multiplicities (see [1]) and Nk(r,ﬁ) = ﬁ(r,}%ﬂ) + ﬁ@(r,ﬁ) et
N (r, ﬁ)'

Lemma 2.1 (see [2]) Let f and g be two meromorphic functions. If f and g share 1 CM,
then one of the following three cases holds:
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(i) T(r.f)+ T(r,g) <2Ny(r,f) + 2Ny (r,g) + 2N2(r,fl) + 2Ny (r, é) +S(r,f) + S(r,2);
(ii) f=g
(iii) f-g=1.

Lemma 2.2 (see [24]) Let f and g be two meromorphic functions, and let | be a positive
integer. If E/(1;f) = E;(1;g), then one of the following cases must occur:
(i)

T(rf) + T(r,g) < No(rf) + Na(r,g) + No (” }) *NZ(” 1) ( f- : 1)

Wgms) ) o 3)

+N(l+l<r:gi1> +S(V,f)+5(”;g);

(i) f= %, where a (#0), b are two constants.

Lemma 2.3 (see [24]) Let f and g be two meromorphic functions. If f and g share 1 IM,

then one of the following cases must occur:
(i)
1 1
T(rf)+T(rg) =2 [Nz(hf) +N, (r];) +Na(r,g) + Na (r, é)}
1 ) — < 1
+ 3NL r,
-1 g-

(i) f= %, where a (#0), b are two constants.

3N, (r, ; 1) & S(rf) + S(r, )

By combining [7] and [17], we get the following lemma easily.

Lemma 2.4 Let f(z) be a transcendental meromorphic function of zero order and q, n be

two nonzero complex constants. Then

T(r,flqz +n)) = T(r.f@) + Si(r f)N(r,f( Zl+n)) N(r }) + S1(r,f),

N(r,f(qzw))=N(r,f)+51(r,f),ﬁ<r, N(} +S1(r.f),

Z )
f(q + n
N(J )f(qz ‘7)) N(‘ ’f) 51(; ’f)'

Lemma 2.5 (see [18, Theorem 2.1]) Let f(z) be a nonconstant zero-order meromorphic
function and g € C\ {0}. Then

( flgz+n)
m|r,———

on a set of logarithmic density 1.
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Lemma 2.6 Let f be a transcendental meromorphic function of zero order, and F(z) be
stated as in (1). Then we have

(1= 2)T(r.f) + Si(r.f) < T(r,F@)) < (n+ DT (r,f) + Si(r.f). (5)
Iff is a transcendental entire function of zero order, we have

T(r,F@) = T(rPA)*) + $i(r.f) = (1 + DT f) + S, )
where L =8, + 8y + -+ + 8.

Proof If f is a transcendental entire function of zero order, from the Valiron-Mohon’ko

lemma and Lemma 2.5, we have

d o
= m(r,P(N)f*(2) + $i(r.f) = T(r, PO (2)) + $i(0rf)

=m+M)Tr,f)+ Si(r.f).
On the other hand, from Lemma 2.5, we have

(m+A)T(r,f) = (r,P(ff'\ )+Srf (r,P(ffA )+Srf)
f1(z) )

H,ilf(qu + Cj)sj

=T (r,F(2)) + S1(r,f).

< m(r, F(z)) + m(r,

Thus, we get (6).
If f is a meromorphic function of zero order, from the Valiron-Mohon’ko lemma and

Lemma 2.4, we have
d d
T(r,P(f) l_[f(qu+cj)5/) < T(r,P(f)) + T(r, Hf(qu+ c,»)sl) < (m+1)T(r,f)+S1(r.f).
j=1 J=1

On the other hand, from the Valiron-Mo’honko lemma and Lemma 2.5, we have

(n+ T (r.f) = T(r,P(A)f*) + S(r. f) = m(r, P(F)f*) + N (r, P(F)f*) + S(r.f)

<m (V, F(Z) d'f#)
1_[/:1f(q/‘z +¢j)7

f2) )
+N(7rF(z) =——————— ) +S(r.f)
( ]_[1 Slgiz + )’

T(r,F(2)) + 20T (r,f) + S1(r,f).
Thus, we get (5). O

Using the same method as in Lemma 2.6, we get the following lemma easily.

Page 6 of 16
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Lemma 2.7 Let f be a transcendental meromorphic function of zero order, and F(z) be

stated as in (2). Then we have
(m=AT(r.f)+S(r.f) < T(r,Fl(z)) <(m+20)T(r,f) + Si(r.f).

Iff is a transcendental entire function of zero order, we have
d
T(V,Fl(z)) = T(r,P(f) l_[[f(qu +¢) —f(z)]S’) >nuT(r,f) + Si(r.f).
j=1

Lemma 2.8 (see [2] and [25, Lemma 2.4]) Let f be a nonconstant meromorphic function,

and p, k be positive integers. Then

T(r,f®) < T(r,f) + kN(r.f) + S(r.f),
N, <V,J%) < T(r,f(k)) = T(r.f) + Npk (r,%) +S8(r.f),

N, (r,]%) < kﬁ(r,f) +Npyok <r,}) +8(r.f).

Lemma2.9 Letf(z) and g(z) be transcendental entire functions of zero order, P(z) be stated

as in Theorem 1.1. If n > A, then for any complex constant t # 0, we have

d d
P(f) Hf (gjz + ¢;)7P(g) Hg(q,z +¢)Y #¢.
j=1 j=1
Proof For any complex constant ¢ # 0, suppose that
da d
PN [ [faz+)P@ ] |2z + ) =t 7)

Jj=1 Jj=1

Suppose that the roots of P(z) = 0 are by, b, ...,b,, with multiplicities [, /5,...,/,. Then

we have [} + Iy + -+ + 1, = n. From (7), we have

d
(f = b)) (f = bo)2 -+ (f = by)™ | [f(gjz + )"

j=1
d

X (g=b)"(g=by)? (@ -bw)" [ | 2lgz+ ) =t 8)
j=1

Since f, g are nonconstant entire functions, from (8), we deduce that b, = b, =--- = b,, = 0.

If fact, from (8), we get that by, b, ..., b, are the Picard exceptional values. If m > 2 and
b; #0 (j=1,2,...,m), by Picard’s theorem of entire function, we can see that the Picard
exceptional values of f are at least three. Thus, we get a contradiction. Hence, m =1 and

l1 = n, that is, there exists a complex constant y satisfying P(f) = a,(f — y)” and P(g) =
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ay(g—y)". Then

d d
an(f —y)" | [f @z +c)ang - )" [glajz + )7 =t 9)

j=1 j=1

Since f, g are transcendental entire functions, by the Picard theorem, we can see that f —
¥y =0 and g — y = 0 do not have zeros. Then we obtain f(z) = e*@ + y, g(z) = /@ + y
where «(z), B(z) are two nonconstant functions. From (9), we see that f(g;z + ¢;) # 0 and

g(giz + ¢j) #0. Thus, we get y =0, that is,

d d
af@" | [fgz+c)e@" ] [elgz+c) =t (10)

Jj=1 Jj=1

Set M(z) = f(2)g(z). If M(z) is nonconstant, from (10), we have

d
a>M(z)" HM(qu +¢)i =t
j=1
that is,
t
2 n
My = — (1)
" l—Ldzl M(qIZ + Cl')s/

Since f, g are transcendental entire functions of zero order, from (11), Lemma 2.4 and
n > A, we get a contradiction.
Thus, M(z) is a constant. From (11), we get f(2)g(z) = u, where u is a complex constant
n+h —

satisfying a>u"** = t. Since f, g are entire functions of zero order, then f, g are constants,

which is a contradiction with f, g being transcendental. Hence,

d d
P [ [f@z+ ) P@] [glaz+ )T #t.

j=1 j=1

This completes the proof of Lemma 2.9. O

3 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 From (1), by the Valiron-Mohon’ko lemma and Lemma 2.6, we find
that F(z) is not constant and S;(r, F®) = S,(r, F) = §,(r,f). Next, we will consider the fol-
lowing two cases when k > 1.

Case 1. If f is a transcendental meromorphic function of zero order, we first suppose that
(P(f) ]_[/‘i1 flgiz+c)’ )® = a(z) has finitely solutions. By the Second Fundamental Theorem

for three small functions (see [1, Theorem 2.25]) and the Valiron-Mohon’ko lemma, we
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have

1

— — — 1
k 3 k
T(r,F( )) EN(V,F( )) +N<r,m) +N(r, W) +S(r,F( ))
- 1
k
+Zl q,z+c,)+N1<r,m>+S(r,F< ))
j=
<(d+1)T(rf)+T(r F(k))—T(r F) + Nl r L +S(r F(k))
= ), ’ ) k+1 ’F(k) ) .
By Lemma 2.6 and Lemma 2.8, we obtain

(mn=A)T(r.f) + S(r.f)

<T(rF)<(@d+1)T(r,f)+ Nra (r, F(k)) +S(r.f)

§(d+1)T(r,f)+m(k+1)N(r, > ZN( >+Sl(r,f)+S(r,f)

f(%

< [m(k+1)+2d+1]T(r,f)+Sl(r,f)+S(r,f). (12)

From the definitions of S1(r,f), S(r,f) and n > m(k + 1) + 2d + 1 + A, we get a contradiction
to (12). Then F(z)®) — a(z) has infinitely many zeros.
Case 2. If f is a transcendental entire function. Suppose that (P(f) ]_[;il flgiz +c;))® =

a(z) has finitely solutions. By using the same argument as in Case 1 and (4), we have

(m+X)T(r,f) + S:(r.f) < [m(k +1)+ d] T(r,f) + Si(r.f) + S(r.f),

which is a contradiction with n > m(k + 1) + d — A.
For k = 0, similar to the proofs of Case 1 and Case 2, and by the Second Fundamental
Theorem and Lemma 2.6, we get the conclusions of Theorem 1.1.

Thus, we complete the proof of Theorem 1.1. d

Proof of Theorem 1.2 Similar to the proof of Theorem 1.1, and using Lemma 2.8, we can

prove Theorem 1.2 easily. 0

4 Proofs of Corollaries 1.1 and 1.2
The proofs of Corollaries 1.1 and 1.2 are similar. Here, we just give the proof of Corol-

lary 1.2.

Proof of Corollary 1.2 Assume that f is a transcendental meromorphic solution of zero
order of (4), provided that f(g;z + ¢;) #f(2),j=1,2,...,d, then

d (k)
[P(f [ [f @z +c)-f@)] } =p(2) + q(2).

j-1
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Integrating above equation k times, it follows

H@) L@z +6) /@)
P 1 ’

where H(z) is a polynomial. From Lemma 2.5 and since f is a meromorphic function of

zero order, we have

[TLU gz +¢) -f@)
)
d , N 5
_ N(r, l_[j:1 [f(qu;\cl) f(2)]
<2AT(r,f) + Si(r.f),

(m+A)T(r,f) = T<r,

>+Sl(r,f)

which is contradiction with z > A.

This completes the proof of Corollary 1.2. g

5 Proofs of Theorems 1.3 and 1.4
Proof of Theorem 1.3 From the assumptions of Theorem 1.3, we see that F(z), G(z) share
1 CM. Then the following three cases will be considered.

Case 1. Suppose that F(z), G(z) satisfy Lemma 2.1(i). Since f(z), g(z) are entire func-
tions of zero order, from the Valiron-Mohon’ko lemma and Lemma 2.6, we have S;(r, F) =

Sl(r1f)r Sl(r, G) = Sl(rrg):

N2("%) NZ(”pm) Z (JW)

<ToT r,f)+2ZN( ) < (Lo +2d)T(r,f) + S1(r.f), (13)

1
f(q/
and

1
N, (r, 5) < (Lo +2d)T(r,g) + Si(r,g). (14)
Then, from Lemma 2.1(i) and Lemma 2.7, since f, g are entire, we have
1 1
T(r, F(z)) + T(r, G(z)) < 2N, (r, f) + 2N, (r, 6) +8@r,f) +S(r, )
<2(To +2d)[T(r.f) + T(r,g)] + S1(r.f) + S1(r, Q). (15)
From Lemma 2.6 and (12), we have

(m+ A)[T(r,f) + T(r,g)] <2(Tp + Zd)[T(r,f) + T(r,g)] +S1(rf) + S1(r, 2),
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that is,
(n+ A =200 —4d)[T(r,f) + T(r,@)] < S1(r,f) + S1(r,g). (16)

Since n > 2(I'g + 2d) — A and f, g are transcendental functions, we get a contradiction.
Case 2. If F(z) = G(z), that is,

d d
P [ [f@z+ ) =P@ ] [ gz + ). (17)

j=1 j=1

Set i = {E' If /1 is not a constant, from (17), we find that f and g satisfy the algebraic
equation R(f,g) = 0, where

d d
R(wy, wy) = P(wr) ]_[ wi1(gjz + ¢;)7 — P(ws) sz(qu +¢j)7.
i=1 =1

If i1 is a constant. Substituting f = gk into (17), we get

d

Hg(qu +¢)7[ang” (W™ = 1) + @y g (K = 1) + - v ag (W -1)] =0, (18)
j=1

where a, (#0),a,_1,...,d9 are constants.
Since g is transcendental entire function, we have ]_[/‘i1 g(gjz +¢;)¥ # 0. Then, from (18),

we have
ang" (W =1) + @y g (W =1) + - +ao (W -1) =0. (19)
Ifa,#0 and a,1 =a, 5 =--- = ag =0, then from (19) and g is transcendental function,

we get Bt =1,

Ifa, #0andthereexistsa; #0 (i € {0,1,2,...,n—1}). Suppose that #"** 1, from (19), we
have T(r,g) = S(r,g) which is contradiction with transcendental function g. Then A"+ =1.
Similar to this discussion, we can see that #/** =1 when a; # 0 for some j = 0,1,..., 7.

Thus, from the definition of /, we can see that f = g where ¢ is a constant such that
=1,k = GCD{ho + M AL + Ay evny by + A).

Case 3. If F(z)G(z) =1. From Lemma 2.9, we get that fg = u for a constant p such that
a‘u

Thus, this completes the proof of Theorem 1.3. d

n+k=1

Proof of Theorem 1.4 From the assumptions of Theorem 1.4, we have E(1;F(z)) =
E(1;G(2)).
(I) I > 3. Since

N 1 N 1 N 1
GW%J+GQWJ+W&WWJ

_ 1 1
+Nm (r' Glz) - 1) ~ N <r’ F(z) - 1)



http://www.advancesindifferenceequations.com/content/2014/1/249

Wang et al. Advances in Difference Equations 2014, 2014:249 Page 12 of 16
http://www.advancesindifferenceequations.com/content/2014/1/249

N ! ! ! S(r,F)+S(r,G
(=) 2 am) +sem e st0

T(r,F)+ %T(r, G) + S8(r,F) + S(r, G).

Case 1. Suppose that F(z), G(z) satisfy Lemma 2.2(i). From (13), (14), and Lemma 2.6, we
have

(n+ V[T (.f) + T(r,)] <2(To +2d)[T(r,f) + T(r,0)] + Si(r,f) + S1(r,2),
that is,
(n+ 1 =200 —4d)[T(r,f) + T(r,@)] < +S1(r,f) + S1(r, ).

Since n > 2"y + 4d — A and f, g are transcendental, a contradiction is obtained.
Case 2. If F(z), G(z) satisfy Lemma 2.2(ii), that is,

~ b+1)G+(a-b-1)

F= bG + (a-b) ’ (20)

where a (#0), b are two constants.
We now will consider three subcases as follows.
Subcase 2.1. b #0,-1. If a — b — 1 #0, then by (20) we know

— 1 — 1
N(V,ﬁ) ZN(V,F>.
G+ b+l

Since f, g are entire functions of zero order, by the Second Fundamental Theorem, we

have

T(l G)<N rn—=|+N|\r,———— +S(r )<N r,—=|+N|\r —= +S(I )
) — ) ) ) p— ) ) )
G G a—b-1 g G F g

< (m+d)T(r,g) + (m+d)T(r.f) + Si(r.f) + Si(r,g).

Then from Lemma 2.6, we have

m+r-—m—-d)T(r,g) <(m+d)T(r,f)+Si1(r.f) + S1(r,2).
Similarly, we have

(1 + k= m—d)T(r.f) < n + DT(r,g) + S, f) + Si(rg).
From the definitions of m and I'y, we have m = m; + m1,. Since n > 2T + 4d — A, we have
n+rom—2d>20 +4d — L+ A —2m—2d =20"g + 2d — 2m > 0. From the above two
inequalities, for any ¢ (0 < & < 2I'g + 2d — 2m), we have

(m+A—-2m—2d— 8)[T(r,f) + T(r,g)] < Si(r.f) + S(r,92),

which is a contradiction with f, g are transcendental.
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Ifa —b—1=0, then by (20) we know F = ((b + 1)G)/(bG + 1). Since f, g are entire func-
tions, we see that —% is a Picard’s exceptional value of G(z). By the Second Fundamental

Theorem, we have
— 1
T(r,G) < N(r, 6) +8(r,G) <(m+d)T(r,g) + Si(r,g).

Then, from Lemma 2.6 and # > 2Tg + 4d — A, we know T'(r,g) < S1(r,g), a contradiction.
Subcase 2.2. b = —1. Then (20) becomes F = a/(a + 1 - G).
Ifa+1+#0, then a +1is a Picard exceptional value of G. Similar to the discussion as in
Subcase 2.1, we can deduce a contradiction again.
Ifa+1=0,then FG =1, that s,

4 d
P(f) Hf(qu + C/)S’P(g) Hg(q/z +¢ Si=1.

j=1 j=1

Since n > max{2I"y + 4d — A, 1}, by Lemma 2.9, we see that fg =  for a constant u such
that a2p"* =1.

Subcase 2.3. b = 0. Then (20) becomes F = (G +a —1)/a.

Ifa—1+0,then N(r, Gm o) =
deduce a contradiction again.

Ifa—-1=0, then F =G, that s,

N(r, F) Similar to the discussion as in Subcase 2.1, we can

d d
P(f) nf(qu +¢)7 =P(g) l_[g(q,z +cj)7.

j=1 j=1

Using the same argument as in the proof of Case 2 in Theorem 1.3, we can see that f, g
satisfy Theorem 1.3(ii).
(I) [ = 2. Since

— 1 1 F 1 F
Nl <-N|r,—=|)==N[r,—= | +S(r,F)
F-1 2 F 2 F

T(rf)+ dN(r,}) +S1(r.f), (22)

Page 13 0of 16
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and

— 1 d—( 1
N([+1<7’, G—1> =< %T(V;g)"' EN(né) +Sl(r7g)'

Case 1. If F(z), G(z) satisfy Lemma 2.2(i), from the fact that f(z), g(z) are transcendental
entire functions and (21)-(22), we have

T(r,F(2)) + T(r,G(z)) <2N, (r, %) + 2N, (r, é) +mT(r,f) + mT(r,g)
+ dﬁ(r,}) + dﬁ(r, é) +S1(r.f) + S1(, 2).

From (13), (14), Lemma 2.6, and x = min{®(0,f), ®(0,g)}, forany e (O <e<nm+ i —m -
20 — 5d + dx ), we have

(n+A—m—-2Tg=5d+dx —&)[T(r.f) + T(r,g)] < Si(r.f) + Si(r,g). (23)

Since n> 20"y +5d + m— X —dx and f, g are transcendental functions, we get a contradic-
tion.

Case 2. If F(z), G(z) satisfy Lemma 2.2(ii). Similar to the proof of Case 2 in (I), we get
the conclusions of Theorem 1.4.

(III) I = 1. Since

M) 12 (ve)
< -N|r, +=N|{r,
2 F-1 2 G-1
< %T(r,F) + %T(r, G) + 8(r,F) + S(r, G), (24)
we have
NQ(;’, ll-") §N<r, l§> =N(r, %) +S(r,f) §N(r, %) +8(r,f)
<mT(r,f) +dﬁ<r,}> +S1(r,f), (25)
and
N (r l) <mT(r,g) +dﬁ<r 1) +85,(r,g) (26)
2 »G = ) ’g \nhE)

Case 1. If F(z), G(z) satisfy Lemma 2.2(i), from f, g are entire functions, (13), (14), (21),
(22), (23), and (24), we have

T(r,F)+T(r,G) <2y +2d + m)[T(r,f) + T(r,g)] + ZdN(V,})

+ 2dﬁ<r, élr) +S1(r.f) + S1(r,2).

Page 14 of 16
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From Lemma 2.6 and x = min{®(0,f), ®(0,g)}, forany e (O <e<n+ A -2 —6d —2m +
2d ), we have

[m+X—20g—6d—2m+2dy — 8][T(V,f) + T(r,g)] < Si(r,f) + Si(r, 2). (27)

Since n > 2T + 6d + 2m — A — 2dx, from (27) and f, g are transcendental, we get a contra-
diction.

Case 2. If F(z), G(z) satisfy Lemma 2.2(ii). Similar to the proof of Case 2 in (I), we get
the conclusions of Theorem 1.4.

(IV) [ = 0, that is, F(z), G(z) share 1 IM. From the definitions of F(z), G(z), we have

_ 1 F F — 1
N, <N|r,—=)=N|r,—= | +Sr,F)<N|r,= | +S(rF)
F-1 F’ F F

<mT(r.f) + dﬁ(r,}) +81(r,f), (28)

similarly, we have

— 1
NL r, G-

Case 1. Suppose that F(z), G(z) satisfy Lemma 2.3(i). From (28) and (29), we have

1) <mT(r,g) + dﬁ(r, }g) + S1(r.f). (29)

1 1
T(r, F(z)) + T(r, G(z)) <2N, (r, f) + 2N, (r, 6) +3mT(r,f) + 3mT(r,g)
/1 (1
+ 3dN<r, —) + BdN(r, —) + S1(r.f) + S1(r, 2).
f g
From Lemma 2.6 and (13)-(14), forany ¢ (0 <e <n+ A — 2o —7d — 3m + 3dx ), we get
(m+A-2Ig—7d-3m+3dy - 8)[T(V,f) + T(r,g)] < &(r.f) + Si(r,9). (30)

Since n > 20"y + 7d + 3m — 1 — 3dx, we get a contradiction.
Case 2. Suppose that F(z), G(z) satisfy Lemma 2.3(ii). Similar to the proof of Case 2 in (I),
we get the conclusions of Theorem 1.4 easily.

Thus, the proof of Theorem 1.4 is completed. d
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