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Abstract

In this paper, by considering Barnes’ multiple Bernoulli polynomials as well as
generalized Barnes’ multiple Frobenius-Euler polynomials, we define and investigate
the mixed-type polynomials of these polynomials. From the properties of Sheffer
sequences of these polynomials arising from umbral calculus, we derive new and
interesting identities.
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1 Introduction

In this paper, we consider the polynomials

BH,(x) = BH,(x|a; b; A; ) = BH,(x|a1, ..., 4,51, ..., D My ey Mgy 1y v v v s M)

called Barnes’ multiple Bernoulli and generalized Barnes’ multiple Frobenius-Euler

mixed-type polynomials, whose generating function is given by

ll[ t l_[ 1-A W"t—iBH()tn )
edit — 1 i ebit_xj ¢ _n=0 o

i=1

where ay,...,a,,b1,..., b5, 1,0 A, 15, s € Cwith ay,...,a,,b1,...,bs #0, A1, hs #
1. When x = 0,

BHn ZBH,,(O) :BHn(O;dl,...,ﬂr;bl,...,bs;)nl,...,)nr;/il,...,ﬂy)

are called Barnes’ multiple Bernoulli and generalized Barnes’ multiple Frobenius-Euler
mixed-type numbers.

Recall that Barnes’ multiple Bernoulli polynomials, denoted by B, (x|ay, . . ., 4;), are given
by the generating function as

r

(o) Sopinn o
—_— ex = Bn(x|a1,.”,ﬂr)_; (2)
eait _ 1 e n!

i=1
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where ay,...,a, #0 [1, 2]. In addition, the generalized Barnes’ multiple Frobenius-Euler
polynomials, denoted by H,(x|b; A; ) = H,(x|b1, ..., b A15. .., As; 101, - - ., [Ls), are given by
the generating function as

S 1 - )\,} Hj ot g tVl
H(eb/t—k) e =ZHn(x|b;k;u)E 3)
j=1 ] n=0
(seee.g [3-7]). If w1 =--- = s =1, then

Hrl(x|blr--nbs;)‘-lr--n)‘-s):Hn(x|b11-n,bs;)‘-lwn;)‘-s;lrn-,l)

are called Barnes-type Frobenius-Euler polynomials. If further A; =--- = A, = X and b; =
... =bs =1, then H,(f)(xM) =H,(x|1,...,1;A,...,A;1,...,1) are called Frobenius-Euler poly-
nomials of order s (see e.g. [8,9]). If &1 = --- = A; = —1, then E, (x|by,...,bs; 41, ..., lhs) =

H,(x|by,...,bs1,...,1; u1,..., us) are called generalized Barnes-type Euler polynomials.
These polynomials arise naturally in connection with the study of Barnes-type Peters poly-
nomials. Peters polynomials were mentioned in [10, p.128] and were investigated in e.g.
[11].

In this paper, by considering Barnes’ multiple Bernoulli polynomials as well as general-
ized Barnes’ multiple Frobenius-Euler polynomials, we define and investigate the mixed-
type polynomials of these polynomials. From the properties of Sheffer sequences of these
polynomials arising from umbral calculus, we derive new and interesting identities.

2 Umbral calculus

Let C be a complex number field and let F be the set of all formal power series in the

variable ¢:
o) a
}':!f(t)zzﬁtk zzke(C}. (4)
k=0 '

Let P = C[x] and let P* be the vector space of all linear functionals on P. {L|p(x)) is the
action of the linear functional L on the polynomial p(x), and we recall that the vector space
operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), (cL|p(x)) = c({L|p(x)),
where c is a complex constant in C. For f(t) € F, let us define the linear functional on PP
by setting

fOl")=a, (n=0). (5)
In particular,

(tk|x”> =nld, . (n,k>0), (6)
where §,,; is the Kronecker symbol.

For fi(t) = > 1o (L}:k) tk, we have (f; (t)|x") = (L|x"). That is, L = f; (¢). The map L > f;(¢)
is a vector space isomorphism from P* onto F. Henceforth, 7 denotes both the algebra

of formal power series in ¢ and the vector space of all linear functionals on P, and so an
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element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call 7 umbral algebra, and umbral calculus is the study of umbral algebra. The order
O(f(t)) of a power series f(t) (# 0) is the smallest integer k for which the coefficient of X
does not vanish. If O(f(¢)) = 1, then f(¢) is called a delta series; if O(f(t)) = 0, then f(¢) is
called an invertible series. For f(t),g(t) € F with O(f(¢)) = 1 and O(g(¢)) = 0, there exists
a unique sequence s, (x) (degs,(x) = ) such that (g(t)f (£)|s,(x)) = n'8,x for n,k > 0 [10,
Theorem 2.3.1]. Such a sequence s,(x) is called the Sheffer sequence for (g(t),f(t)) which is
denoted by s, (x) ~ (g(£),f(2))-
For f(t),g(t) € F and p(x) € P, we have

(f(Og®)p)) = {f(OIgE)pE)) = [g@)|f ©)p)), ?)
and
fO=3 o) 5 pe) = (b)) ®)
k=0 : k=0 :

[10, Theorem 2.2.5]. Thus, by (8), we get

dk
rkp(x):mx):%kx) and  €"p(x) = plx +9). 9)

Sheffer sequences are characterized in the generating function [10, Theorem 2.3.4].

Lemma 1 The sequence s,(x) is Sheffer for (g(t),f(t)) if and only if

1 7 > sk(»)
0 Y ©),
g(f @) kXO: k! et

where f(t) is the compositional inverse of f(t).

For s,(x) ~ (g(¢),f(¢)), we have the following equations [10, Theorem 2.3.7, Theo-
rem 2.3.5, Theorem 2.3.9]:

f(t)sn(x) = nsn—l(x) (I’l > 0): (10)
519 = 3 1 eF0) /1), ()
j=0 7
su(x +y) = Z (7>3j(x)Pn—j(Y)’ (12)
j=0

where p,(x) = g(t)sn (%).
Assume that p,(x) ~ (1,f(¢)) and g,,(x) ~ (1,g(¢)). Then the transfer formula [10, Corol-
lary 3.8.2] is given by

qn(x) = x(%) 17 pa(x)  (n>1).
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For s,(x) ~ (g(¢),f(¢t)) and r,(x) ~ (h(¢), [(t)), assume that

551®) = Y Comrm(®) (1> 0).
m=0
Then we have [10, p.132]

1 [h(f®), = \m
Co = — | ———1
m!<g(f(t)) (@)

x”>. 13)

3 Main results
From definitions (2), (3) and (1), B,(x|ay,...,a,), H,(x|b1,...,bg A1,..., As; i1, .., its) and
BH,(x|ay,...,ar;b1,...,bs; A1s. .y Ass U1, - .., s) are the Appell sequences for

Uy | : ebit—)»,- 4 Lleft -1\ ¢ ebit—)‘i i
l_[ t ) l_[ 1-2 and H t 1_[ 1-% )’
i=1 j=1 U i=1 j=1 U
respectively. So,
r ait
et -1
B,,(x|a1,...,ar)~<Z( ; ),t), (14)
i=1
s bit i
evr —xi\"
[ 2 e, (15)
, 1-4

Jj=1

Hn(x|b1f'--;bs;)"lw-n)"s;u“l)'--’ll-s)N (

BHn(x|a1,...,a,;bl,...,bs;)q,...,)»S;/,Ll,...,us)
r a:t s b;t Hj
etit —1 et — A\
~(T1 2) Lt ). (16)
: ARG
i=1 =1

j
In particular,

d
tBn(x|a) = _Bn(xm) = an—l(xM)’
dx
d
tH,,(x|b; A; 1) = d—an(xlb; A ) = nHy,_y (x|b; A 1),
d
tBH,,(x|a; b; A; 1) = d—BHn(xlﬂ; b; s ) = nBH,,_1(x|a; b; A; ),
X
where a = (ay,...,a,), b= (b1,...,bs), . = (A1,..., As) and © = (g, ..., Us).

3.1 Explicit expressions
Let (n)j=n(n—-1)---(n—j+1) (j > 1) with (n)o = 1. The (signed) Stirling numbers of the
first kind S;(n, m) are defined by

(%), = Z S1(n, m)x™.
m=0

Page 4 of 16
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Notice that
@)~ (1€ - 1).

Theorem 1 We have

n
H,, (x|a; b A; 1) = (7)311"_/96’
]
0

1
[+
7N
~ X
N———"
(s3]
N
S
=
£
Nl
>
E

Proof By (11) with (16), we get

(e(F@®) " F ey 1x")

Thus, we obtain identity (18).

Next,

S i

BH,,(y|a; b; s j1) = <ZBH (yla; b; A; p,) >
i=0
L 1-%
i ea t 4 eb]'t _ )\‘/
! 1- 4
i ea t_ eb/'t _ )\‘1
r

< T ZHz()’lb % u) a

i= =0

- ln ('Z)Hz(ylb b <1L1[<eaitt_

i=

17)

(19)

(20)
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n n (o] ti ~
=y ( l)Hl(y|b;x;m<;Bi(a)E !

1=0

n

_ (’;)H,(yw;x;uwn_z(a).
0

I=

Thus, we obtain (19).
Finally, we obtain that

BH,(yla; b; 1; ) = <ZBH5()/|61; b; s M)F

i=0

x">
. t 1= \M
_ v M eyt n
<1l:1[(euit_]‘>!=_1[<ebjt_)uj> X >
: 1_)”/ g t t n
H(ebjt—)\,}') li__1[<ea,'t_1>eyx >
oo A
( ZBl(yla)ﬁx”

o =

S OeedlE)
;( >Bl(y|a)<ZH (b2 m >
- ; (’Z)Bz(ym)Hn_z(b;x; ).

Thus, we get identity (20).
3.2 The Sheffer identity
Theorem 2

BH,(x + yla; b; A; 1) = <n)BH (x|a; b; A; )y"
J
j=0

Proof By (16) with

r a;t S bit 0
e’ —1 et —xi\"
Pulx) = | |< > < ]> BH, (x|a; b; A; 1)
t h 1-4

i=1

~.

=x"~(1,1),

using (12), we have (21).

(21)
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3.3 Recurrence
Theorem 3

r
(1 - —)BH,,H(xm; b; ;)
n+1

1 r
=xBH,(x|a; b; \; 0) — —— ZaiBHnu(x +aila, a; by A; 1)
n+1 =

—Z wib ]BH (x + bjla; b; A; 1 + €). (22)

Remark When n =r -1, as the left-hand side of (22) is equal to 0, we have

1 r
x*BH,_1(x|a; b; 25 11) = - E a;BH,(x + a;la, a; b; A; 1)
r
i=1

S
wib;
+Zl—])1\ BH,_1(x + bjla; b; A; 1 + ;).

j=1 J

Proof By applying

_ g\ 1
Spa1 (%) = (x— 0 ) 7 t)sn(x) (23)

[10, Corollary 3.7.2] with (16), we get

g
g(®)

BH,.1(x|a; b; A; ) = xBH,, (x|a; b; A;

3b; M5 ).

Since

% = (lng(t))/ = <Zln(e‘”t - 1) —rint + Z Wi ln(ebl't - Aj) - ZN’/ In(1 - Aj))
j=1

i=1 j=1

r a‘eait r s I/ijjebjt 1 r < aiteal-t 1) s Mjbjeb/t
= — =+ = - — +
a;t bjt 3. Z ail _ b,'t 1.
i=1 e -1 ¢ j=1 € )\1 ¢ i=1 et 1 j=1 € )"}

and

() (oo

is a series with order at least one, we have

g
g(®)

BH, (x|a; b; A; )

S

1 a;te®t pibielt 11—
:(zz<ea,‘t_1_l>+z 1—xr ebit A BH,(x|a; b; A; )

it
i=1 j=1 j €
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1 [ ajteit
=—Z( : —1)BHn(x|a;b;x;m

it
t = etit —1
s 4T s :
+Zuib/€“’ 1—[( t ) 1-% H( 1-% )”’xn
j=1 1=4j g et =1/l A j=1 el ~ Aj

1 r (ll'teait s b
= 1 |BH, 1 (%|a; b; A5 1) + "L BH,,(x + bjla; b; s 11 + €;)
,,H_l(Zea,t_l Zl_)“/

i=1

Jj=1

J t = t 1= \M
— ﬂeait ] xn+1
I’l+1; i eal‘t_lg(ea,,t_l)!;[(ebjt_)\'j>

N

b
_ LBHM(xla; by ;) + Z 1“1 A]'BH"(x +bjla;b; s+ )

n+1 Tl
1 ! r
= —— D @iBH(x + aila,az b;hs i) = —— BH, (xlas b s )
n+1 = n+1
S b
1 _] )’L‘BH,,(x +bjla;b; A+ ).
j=1 !

Here (a,a;) = (a1,...,a,,a;) and ¢; = (0,...,0,1,0,...,0) (i =1,2,...,r). Therefore, we obtain

i-1 r—i

(1 S )BHn+1(x|u; b; ;)
n+1

1 r
=xBH,(x|a; b; \; ) — —— Z aiBH,.1(x + ajla, a; b; 1; 1)
n+1 =

S
b
—Z M’;\ BH,(x + bjla; b; 1; i + ej),
j

j=1
which is (22).
3.4 More relations

Theorem 4 For n > 1, we have

S

b

BH,(x|a; b; A; ) = xBH,,_1 (x|a; b; A; 1) — Z %BHn—l(x + bjla; b; A; 1 + ¢))
j=1 /

Ly ()8

m=1 i=1

e t 1=\,
_<H(euit_1>!=_1[<€b/t—)\.]’> ey

i=1

Proof For n > 1, we have

BH,(y|a; b; »s 1) = <ZBH;(y|a; b; A M)F
1=0 ’

= BH,_(xlas b; s 10) Y . (24)

Page 8 of 16
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xn—1>

: t 1=\,
at( (e‘”t—l) <e”ft—/\<> ¢
i=1 =1 ]
- < 1_)‘/ )Mjeyt xn—l
L \elt -y
1=\
8t < — J ) eyt xn—l
. e’ —)»j

The third term is

r s i
t 1-3 \Y
eyt n-1
y<ll:1[<eait_1) ’1<eb1‘l:_)\’j> X

£t " & (—a;)" B, t"
— . — r— Z ( l) : m
[Toa(e=1) i=1 m=0 "
£t > - Byt
= r- (-ai)™
nr (et -1) r; i=1 l :
t o (-D)"IB
_— ) alm( ) m gm-1
[Taer—1) &4 Z

the first term is
- t - 1_)‘/ Y t o m( l)mlemlnl
<1_[(eﬂit—1>l_[<ebjt—)\,-> ey ZZ l 4 X
i=1 j=1 ] m=1 i=1
Sy A [ ()T (5 ) e
eﬂ, -1 o ebjt—)\,]‘

j=

xn—m>

2 (1) (") B
TBHW —m(ylas b 2 M)Zﬂ

i=1

3
N
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Since
(E2) -2(G) ) e
¢ ! ebit _ _j=1 ebit—)\/ Vi ebvt — ),
T ( Ly >u/ — byt 11,
Y e A R

the second term is
S r s .
3 b, I t 1-2, I 1-4 N7 e
1—a, \L W\ eait —1 Jebvr —p LA\ byt _ 5.
v=1 i=1 j=1 ]
S
v=1

Therefore, we obtain

b
l'u_v Av BH, 1(y + by|a;b; s 1 + e,).

s
b,
BH(x|a; b33 1) = xBHyy-1 (815 b; 15 10) = D = BHyu 1 (v + bylas by s e + )
jr
n ~1(n-1 r
(_l)ml - B
+> %MBHH«(M&; b)Y al,

m=1 i=1

which is identity (24).

3.5 Arelation including Bernoulli numbers
Theorem 5 Forn—1> m > 1, we have

(n — m)BH,,_n(a; b; 15 1)

S

wib;

=—(n—m) Z 1 _’ )i,BH”"”‘l(b"m; b; ;1 +e))
j=1 /

(1)L n_m)BBH_ asbi s L
+;( ) ( ;) BBHw @ bidin) ) a
Proof We shall compute

i=1
r S .
t -2 \" .| .,
<H(m>n<m) e
i=1 j=1 j

in two different ways. On the one hand, it is equal to

r S .
t 1-2 \M
e "
<l,:1[(e“""1) g<eb”—%‘> >

_ T(_t 11l 1-%\"
= (n)Vn<l_[(ea,t _1) E(ebjt_)‘j)

i=1

xn—m>

= (M) uBH_m(@; b; A; ).

(25)

Page 10 of 16
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On the other hand, it is equal to

r t S 1_)\‘ Mj
3 ~) e
< t(!;[(eait_l)!;[<ebjt_)\j> )

x"-1>. (26)

The third term of (26) is equal to

r s i
t 1-2; \"
tm—l
A()1G)
i=1 j=1

=m(n —1),,.1BH,_u(a; b; A; 1).

xn1>

The second term of (26) is equal to
wib t 1-h = 1-%\"Y, L
el |t X"
Zl—)\.l !;I(e”it—l)eblt—)qL_l[(ebit—kj)
s r s .
wib; t 1-XA 1-2 K bt
=—(n-1 e’l
( )mgl—)\.l<li=_1[<eait_l)eblt_)"l!;[ ebjt—)\.j

b
_ —(n—l)mz 1’”; BHy- 1 (bilas b; 15 11 + €)).
=1

Since

(n=1)a(n =D = (n = Dpsm1 = (1 = Dy (1 — m)y,

the first term of (26) is equal to
oo

MGG x5

n-m [ r (_l)l_lB r t S 1=x \YM m
:Z<Z“lv)_ - l(n—l)z1<H<—eait_1)n(eb,t_;j> t
j=1

i=1

xn—l>

n-m r -1
= Z(Zav) %(n 1)1-1(1 — DnBHy (a3 b5 3 1)

(l’l l)mIZ( 111(” lm>BlBHnml(db)”:u Za

v=1

Page 11 of 16
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Therefore, we get, forn —1>m > 1,

(m)BH,_yn(a; b; X H/)
=m(n = 1), 1BH,_n(a; b; 15 1)

N

wib;
—(n-1), E 1 ])}L BH,_yu-1(bjla; b; ) 1 + €))
-

j=1
n-m r

n—m
+ (Vl _ 1)m_1 Z(_l)l—l ( ] )BZBHn—m—l(a; b; A /L) Z ﬂ§~
=1

i=1
Dividing both sides by (n — 1),,,-1, we obtain, forn —-1>m > 1,
(I’l - m)BHn—m(ﬂ; b; A I/L)

s

b
=—(n —m)Z 1 ])1\ BH,_u_1(bjla; b; ); 1 + €))

]

j=1
n-m n—m r
+ (—1)1‘1( ; )BzBHn_m_z(a; b;As ) Zﬂf
I=1 i=1
Thus, we get (25). O
3.6 A relation with Stirling numbers
The Stirling numbers of the second kind S, (n, m) are defined by
(e -1 & t"
p :_ZSZ(H’M)E'
Then
Pu(®) =Y Sa(m,m)x™ ~ (1,In(1 + 1)). (27)
m=0
Theorem 6
n n n
el biisn) = Y 3 ()5t Bt 16,0, (28)

m=0 [=m

Proof For (16) and (27), assume that BH,, (x|a; b; ;1) = Y _o Cum®m(x). By (13), we have

)

1 "
%(ln(1+t)) x >

1 1 " (ln(l + t))m

Cn,m =
el —A;

" < H;=1(eai;_l) [Tj-a i, )"

z ¢ S /1= \M
:<H<m)!](e@f—_&j)

i=1

S

) <]L[<eatf_1) H(eiﬂ_——%&)u

i=1 j=1

o] tl
> Sl m)—«"
£ I
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" (n d t S =3\
_l <Z>Sl(l,l’}1)<li—1[<egit_l) ) l(ebjt_)\/>

=m j=

xn—l>

n

- <';>Sl(l, m)BH,_,.

I=m

Thus, we get identity (28). d

3.7 Arelation with falling factorials

Theorem 7

BH, (xlas by s 1) = (’Z)sz(z,m)BHn_xx)m. (29)

m=0 [=m

Proof For (16) and (17), assume that BH,,(x|a; b; 15 ) = > ,_o Cuym (). By (13), we have

1 1 m|
Cn,m = %< . it . ebit_)L, ‘ (et — 1) X >
1_[1':1(6 t_ )szl( 1_)7,/)/11
' t 1=\, e,
:<l_[<e“it—1)l_[(ebit—)v> %(e _1) x >
i=1 j=1 J
. t : 1-x \Y > t "
:< <eﬂit—1)l_[(—eb/t—)\’»> ZSZ(l’m)ﬁx >
i=1 j=1 j l=m :
" (n : t 1=\ L
B <l>52(l’m)<l_[<eait_1>H(eb/t_k,) * >
I=m i=1 j=1 /
"\ (n
= <Z)Sz(l, m)BH,,_;.
I=m
Thus, we get identity (29). d

3.8 Arelation with higher-order Frobenius-Euler polynomials

Theorem 8

BH,(x|a; b; A; 1)

n p n-m _
a —loc)P 2 (Z) (Z (117) (n vm)(‘“)’”'l’”BHn—m—v)H(ﬁ)(xla). (30)

m=0

Proof For (16) and

HP (xla) ~ ((et‘“y, t>, (31)
l-o
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assume that BH, (x|a; b;A;0) = Y C,,,,,,H,(Z) (¢|or). By (13), similarly to the proof of (25),

we have
Cn,m = l< (6175 tm x”>
1_[1 1(6 I)H/ 1( 1— )‘1 )M]
_ (:4) - t 1_)‘1‘ " t P, n-m
_(l—O{)P ll-_1[<eﬂit_1>!'—1[(eb/t_)"j> (e —Cl) X
_ (:::) r< ¢ )5< )p() plltnm
S (- \ 1 et -1 !_1[ it 120:
G p(P) ot it '( t )S(l_kj )Mn_m
= (1 _ a)p ; / ( Ol) € ll;[ edit — 1 i ebjt _ )\} X
— (::4) - p —1 It = ¢ n-m
n p n-m _
S (e (i
=0 v=0
() (P N (n—m .
= oy Z <l>(—a)p lZ( } )BH )
=0 v=0
() N~ LA (n-m
T -y ;)2(1)(_“)'9 L < v )BH” oot
Thus, we get identity (30). O

3.9 Arelation with higher-order Bernoulli polynomials
Bernoulli polynomials B (x) of order p are defined by

£\ i B()
el -1 n!

n=0

(see e.g. [10, Section 2.2]).

Theorem 9

H,(x|a; b; \; 1) = (n)(z = l+p —t S (n—m— l+pp)BHl)%(P( ). (32)

=0

Proof For (16) and

B (x) ~ ((ett"l)p,t) (33)
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assume that BH,(x|a; b; 1 4) = Y 0 o C,,,m%(,‘z) (x). By (13), similarly to the proof of (25), we

have
1 d-ly
Cn,m = %< it ( : ) bjt—k- tm‘xn>
. 1_[;:1(6 ’til)l_[/s’:l( l_ij)u/
" r £ s 1_)\/ L et_l pn—m
GG ) ()
i=1 j=1 ]
AV t>s<1—ki>“/ > Lo
= — | [P!) _S:(l+pp)—a""
<m><i=1(elt—1 [1[ ebit — ) ; (I+p)!
n-m r s .
n (n—m), t =% \" s
EATD SUEE | TN (FEAUS
(m) = (I+p)! l;[ edit —1 EII el — 3
n-m (n—m
= " ( ! )SZ(Z"'prp)BHn—m—l
m (l+p)
=0 P
- (n) %Sz(n—m—l+p,p)BHz.
m =0 ( )4 )
Thus, we get identity (32). d
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