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Abstract

In this paper, we consider the existence of positive solutions for a second-order
discrete boundary value problem A(g(k - 1) Au(k — 1)) + w(k)f(k, u(k)) = 0 subject to
the boundary conditions: au(0) - bg(0) Au(0) = 3" h(i)u(),

au(n) +bgn-1Au(n-1)= Z,.”:’ﬂ h()u(i), where a,b > 0, Au(k) = ulk + 1) — u(k) for
ke{0,1,...,n=1},g(k) > 0is symmetricon {0, 1,...,n = 1}, w(k) is symmetric on
{0,1,...,n},f:{0,1,...,n} x [0,+00) is continuous, f(k,u) = f(n — k, u) for all

(k,u) € {0, 1,...,n} x [0,4+00), and h(i) is nonnegative and symmetricon {0, 1,...,n}. By
the fixed point theorem and the Holder inequality, we study the existence of
symmetric positive solutions for the above difference equation with sum form
boundary conditions.

Keywords: difference equation; sum form boundary conditions; symmetric positive
solutions

1 Introduction

A class of boundary value problems (BVPs) with integral boundary conditions arise in
thermal conduction problems, semiconductor problems, and hydrodynamic problems
[1-3]. Recently, such problems have been investigated by many authors [4—10]. The equa-
tion (g()u/'(t)) + w(t)f (t, u(t)) = 0, 0 < £ < 1, describes many phenomena in the fields of gas
dynamics, nuclear physics, chemically reacting systems and atomic structures [11-15]. In

[10], Feng considered the following differential equation BVP with integral boundary con-

ditions:
(g(t)u/(t))/ + w(t)f(t, u(t)) =0, O<t<l, (1.1)
1
au(0) — b lim g(¢)u'(¢) :/ h(s)u(s) ds, (1.2)
t—0% 0
1
au(1) + b lim g(8)u/'(¢) =/ h(s)u(s)ds. 1.3)
t—1- 0

Applying the fixed point index theorem and the Holder inequality, the author studied the
existence of symmetric positive solutions for BVP (1.1)-(1.3).
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Motivated by the above works, we will study the following BVP with sum form boundary

conditions:
A(glk =) Autk - 1)) + wk)f (k, u(k)) =0, kefl,...,n-1}, (1.4)
n-1
au(0) — bg(0)Au(0) = Z h(@)u(i), (1.5)
i=1
n-1
au(n) + bg(n —1)Au(n-1) = Zh (1.6)
i=1

Throughout this paper, the following conditions are assumed:

(A1) a,b> 0, w(k) is symmetric on {0,1,...,#n}, and there exists m > 0 such that w(k) >
- on{0,1,...,n}, g(k) >0 for k € {0,1,...,n}, and g(k) is symmetric on {0,1,...,n —
1}, h is nonnegative, symmetric on {0,1,...,n}, and 0 < s < a, where s = ) '] (i),
f:{0,1,...,n} x [0,+00) is continuous and f(-, #) is symmetric on {0,1,...,n} for all

u>0.

Remark 1 The conditions that g and / are symmetric on the different sets, which can
guarantee the symmetry of associated kernel function for BVP (1.4)-(1.6). The kernel func-
tions are then used to obtain the existence of symmetric positive solutions for BVP (1.4)-

(1.6) by constructing a suitable operator.

In order to study the existence of symmetric positive solutions of problem (1.4)-(1.6),

we need the following lemmas.

Lemmal.1[16] Let P be a cone of the real Banach space E and Q2 be a bounded open subset
of E and 6 € Q. Assume A: PN Q — P is a completely continuous operator and satisfies
Au=pu,uc PNoQ, u<1. Then i(A,PNQ,P) =1.

Lemma 1.2 [16] Suppose A: PN Q — P is a completely continuous operator, and satisfies
(1) inf,epraq lAu|l > 0;
(2) Au=pu,uc PNo, u ¢ (0,1].

Then i(A,PNQ,P) =

Lemma 1.3 (Holder) Suppose u = {uy,uy,...,u,} is a real-valued column, let

O ke lukP)Me, 0 < p< oo,

llzellp =
SUPkef12,..n) [Ukls P =00,

where p, q satisfy the condition i + é =1, which are called conjugate exponents, and q = 0o
forp=1.1If1 < p < oo, then

lavily < llullplivilg,
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which can be denoted as

n Qo L PP (i v DY, 1< p < oo,
Z vl < § Qoiy I Supgeqa,m 1), P=1,
k=1 (Sque{Lz ,,,, ) |Mk|)(ZZ=1 [vel),  p=o0.

2 Preliminaries
Let E = {u(k) : {0,1,...,n} — R}. It is well known that E is a real Banach space with the
norm || - || defined by |lu| = maxkeo,1,..,n) |4(k)|. Let K be a cone of E,

Kr={ueK:||u||§r}, 81(,:{ueK:||u||:r},

where 7 > 0.

In our main results, we will use the following lemmas.

Lemma 2.1 Assume that (A1) holds. Then for any y € E, the BVP

~A(gtk =1 Au(k -1)) =y(k), ke{l,...,n-1}, (2.1)
n-1

au(0) — bg(0)Au(0) = Y~ h(i)u(i), (2.2)
i=1

au(n) + bg(n —1)Au(n-1) = Zh(z (2.3)

has a unique solution u given by

n-1

u(k) =Y Hk, i)y(i),

i=1

where
1 n-1
Hk,i) = Glk,i) + — 3 Gz, dh(x), (2.4)
a-st=
1 b+aznklgb b+a2107 0<i<k,
G(k,i) = X ) (2.5)
b+ay s 745) (b+ay )y %’ k<i<n,
and A =2ab + a® %,s—znlh

Proof From the properties of the difference operator, it is easy to see that
—g(k)Aulk) + gk = 1) Au(k - 1) = y(k),
then we have

-g(1)Au(1) +g(0)Au(0) = y(1),
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—g(2)Au(2) + g(1) Au(1) = y(2),

—g(k)Au(k) + gk — 1) Au(k — 1) = y(k).

From the above equalities, we can obtain

—~g(k) Au(k) + g(0 Zy(z)

Let g(0)Au(0) = A, then

pul- - am 30
T gl &7

i=1
that is,
u(k +1) - u(k)—m P Zy()

So,

u(2) - ull) = A (DZW)

u(3) - u(2) = Zy(z)

1 1 .
u(k)—u(k—l)=g(k_1)A—g(k_1) ;y(z).

It follows that

k)—u(0)+AZ 0 Z )Zyo

By the boundary conditions, we get

n-1

au(0) - bA =y " h(i)u(i),

i=1

au(0)+<b+az ) Zh(z)uz)+az Zy(l)+be(l)
i=1
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Then

1 j n-1
e ON O RD )]

-1 j n-1 1 n-1
u(0) = m( 21: 21: y(i)+by y(z)) += Zh(z)u(z).

i=1

Thus,

) el b n-1 1 j ‘ n-1 )
— ! J

. s y(@)+b y(l))
10g)2b+ Z}Og(])(/Zl: Z Z
1y

(@)

j=1 £0) ;

1 n-1 n-1

= =) hul@) + Y Gk, i),

where G(k, i) is defined by (2.5). Multiplying the above equation with /4(k), and summing

from 1 to n — 1, we can get
n-1
> h(iui) = Z h(k) Z Glk, i)y
i=1 a=-Yioh

One deduces that

n-1

u(k) =y " Glk, DY) + Zh(k)ZG(kz (i)
- klh(k) m

i=1
n-1

= Y Hky0)
i=1

where H(k, i) is defined by (2.4). The proof is complete. O

From the above work, we can prove that H(k, i) and G(k, i) have the following properties.
Proposition 2.1 If (A;) holds, then we have

H(k,i) >0, G(k,i)>0, fork,i€e{0,1,...,n}; (2.6)
Gn—-k,n—1i)=Gl(k,i), Hn-kn-i)=H(ki), forkie{0,1,...,n} (2.7)

%bz < G(k,i) < G(i,i) < %D, %ab%/ < H(k,i) < H(,i) < %aya (2.8)

whereD:(b+aZ;’=0$)2,y—aS,kze{O1 ,n}.
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Proof 1t is clear that (2.6) holds. Now we prove (2.7) holds.
Ifie{0,1,...,k—1},then n — i > n -k, from (2.5) and (A;) we get

n—k-1
Gn-k,n— <b+a2 (I))(thdZﬁ)
j=0

j=n—i
n—k-1
b
(”;grz 1 ;))( ZO g1 1))

1 i-1 1 n-1 1
= Z<b+a;m><h+a;@)

= G(k,i), ie€{0,1,...,k—-1}.

Similarly, we can prove that G(n -k, n—i) = G(k,i), i € {k,...,n}. So we have G(n —k,n —
i) = G(k, i), for k,i € {0,1,...,n}. From (2.4) and (A;), we have

n-1

H(n-kn-i)=G(n- kn—z)+LZG(rn—z)h()
=1
1 n-1
= Glki) + — 21: G(n—7,i)h(n—7)

n-1
= G(k, i) + ﬁ ;G(r,i)h(r)

= H(k, Q).

So, (2.7) is established. Next we prove (2.8) holds. In fact, for k,i € {0,1,...,n}, if i €
{0,1,...,k =1}, then

n-1 i-1
1
Gk,i)=—|b+a i b+a L
A ,zkg) = &0)
1 n-1 1 i-1 1
<—|b+a — |l b+a —
A = &0) = 40)
= G(i,1)
1 "1 "1
<—\b+a) —||bt+ta) —
A gl = &0
1 "1\’
<—\|b+a —
A = &0
1
= —D.
A

Similarly, we can prove that G(k,i) < G(i,i) < %D, for i € {k,k +1,...,n}. Therefore
G(k,i) < G(i,i) < +D. For k,i € {0,1,...,n}, we can get
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n-1

HkD) = Glhi) + i Zl Gz, )h(z)

n-1

< G(,i) r— Z G(z,i)h(7)

= H(i,i)
n-1

< G(i,i) + — Z G(t,t)h(T)

1 1 n-1
—1+— h D
A( s “’)
a 1
= —ayD.

- A(a—s)D_ A

On the other hand, from (2.5), we have

’ 1 n-1 1
G(k,l)zK<b+a;;@) (b+az (/)> = Z

So, by (2.4), for k,i € {0,1,..., n}, we can obtain

n-1

H(k, i) = G(k,i) r— Z G(z,i)h(7)

1 ) b2 n-1
b+ T > k()

Thus,

—_

1
Ab2 < G(k,i) < G(i,i) < —D,

A
—1b2 <H(k ’)<H(H)<—1D

a , 1 1234 ay.
A Y = Y

The proof is completed. O

Remark 2 The symmetry of g(k) on {0,1,...,n—1} can guarantee that G(k, i) is symmetric
for k,i € {0,1,...,n}, and the symmetry of (k) on {0,1,...,n} can guarantee that H(k, i) is

symmetric for k,i € {0,1,...,n}.
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Next, we can construct a cone in E by

K= {u € E:u > 0,u(k) is symmetric on {0, 1,...,n}, A(g(k)Au(k)) <o,

ke{0,1,....,n—2), and min u(k)28*||u||],
ke{0,1,...,n}

where 8, = %bz. Then we define an operator

n-1

(Tu)(k) =Y Hk, iywi)f (i, u(i)). (2.9)

i=1

It can be observed that u is a solution of problem (1.4)-(1.6) if and only if « is a fixed
point of operator 7.
We can get the following lemma from Lemma 2.1.

Lemma 2.2 Suppose (A1) holds. If u is a solution of the equation

n-1

u(k) = Tu(k) = Y H(k, )w(i)f (i, u(i)),

i=1
then u is a solution of BVP (1.4)-(1.6).

Lemma 2.3 Assume (A1) holds. Then T(K) C K and T : K — K is completely continuous.

Proof For u € K, from (2.9), we obtain A(g(k — 1)ATu(k — 1)) = —-w(k)f (k, u(k)) < 0. By
Proposition 2.1, it is to see that (Tu)(k) > 0, for k € {0,1,...,n}. Using the fact that w, i,

f(k, u) are symmetric on {0, 1,...,n}, we have

n-1
(Tu)(n = k) = Y H(n -k, )wii)f (i, uli))

i=1

n-1

=Y H(k,n - iyw(n - i)f (n — i, u(n - i)
i=1

n-1

= > Hk, iyw(i)f (i, uli)
i=1

= (Tu)(k),

then Tu is symmetric on {0,1,...,n} for k € {0,1,...,n}. And from (2.8) we can see

n-1 n-1
(Tu)(k) = Y Hk, iyw(i)f (i, u(i)) < %ayD > wli)f (i, u(i)).
i=1 i=1

Thus,

n-1

| Tu|| < %ayD > wli)f (i, uli)).

i=1

Page 8 of 12
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Similarly, by (2.8) we obtain

n-1

> Hk, iwi)f (i, uli)

i=1

(Tu)(k)

v

n-1
%ab%/ ; w(i)f(i, u(i))

n-1

%aS*Dy D wli)f (i, uld)
i1

> 8| Tu.
Thus, Tu € K and T(K) C K. It is clear that T': K — K is completely continuous. (I

Remark 3 The symmetry of the kernel function H(k, i) for k,i € {0,1,..., n} can guarantee
that Tu is symmetric on {0,1,...,n} for u € K.

3 Main results

In this section, we will establish that problem (1.4)-(1.6) has at least one positive solution
with Lemma 1.1 and Lemma 1.2. We need consider the following situations: p >1, p = 1,
p = 0o. Next, we will prove a theorem for p > 1. At first, we define

n-1 Up
: ||H||,,=<Z\H(i,i)|").

IHI = sup |H(,i)
i€{1,2,..n-1} —
i=1
Let
k,lxl . . . k:”
FP = lim sup max I ), Fg=liminf min S ),
u—p ke{0,1,...,n} u u—p ke{0,1,...,n} u

where 8 denotes 0 or oo, and

n-1 1/q
N7'= max{||H||p (Z\w(i)}q> )

i=1

n-1 n-1
<Z|H(i, i)|> (o (wO]).1e7) <Z|w(i)|> }

i=1 i=1

1
L= XS*aymbz.

Theorem 3.1 Assume that conditions (A1) hold. In addition, suppose that

(Ag) 0<F°<N,andL < Fy, <00, 0r
(A3) 0<F*® <N,andL < Fy <00

are satisfied. Then problem (1.4)-(1.6) has at least one symmetric positive solution.

Proof We only consider (A,) case, (A3) is similar to (A,). If 0 < FO < N, then there exist
r>0, &9 >0 suchthat N — gy >0 and for all 0 < # < r, we have

flk,u) <(N —¢gop)u <(N-go)r, ke{0,1,...,n}. (3.1)
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For all # € 3K,, from Lemma 1.3 we obtain

n-1

(Tu)(k) =Y " H(k, w(i)f (i, ui))

i=1

n-1
< > Hk dwi(N ~ go)r
i=1

n-1

< H@)w()(N - go)r

i=1

n-1 Up /p-1 lgq

< (Z{H(i, i) |”> (Z|w(i) |"> (N - &o)r
i=1 i=1

<N'(N-eg)r

<r.

So Tu # Au, for Vu € dK,, A > 1. From Lemma 1.1, we can get i(T, K, K) = 1. Next, we prove

it satisfies Lemma 1.2. Because L < F,, < 00, there exist R > §,.r > 0, &1 > 0 such that
flk,u) > (L +e)u, Yu=>Rke{0,1,...,n}.

Let r* = §,'R, then r* > r, and

,,,,,

Now we prove that Tu # lu, Yu € 0K,, 0 < 1 < 1. If not, then there exist #y € K+ and

0 < Ag <1 such that Tug = Aguo; thus we have

= uo(K) = 25" (Tuo) (k)
n-1

= Ao Y H(k, iywli)f (i, uli))

i=1

v

n-1
%abzy(L +&1) lzzl w(i)u(i)

n-1

> %abzy(L +e)R Y wli)

i=1

\

n-1

1
Xﬂbzy(L +£1)8, 1" lzﬂ: w(i)

v

1
Zabzy(L +&1)8.r ' m

=L YL +e)r*
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i.e.,, ¥* > r*, which is a contradiction. In addition, because (Tu)(k) > r*(1 + %) > r*, so
infycox . || Tull > 7* > 0, from Lemma 1.2 we have i(T, K+, K) = 0. On the other hand, from

the above work with the additivity of the fixed point index, we get
i(T,Kp - K, K) = i(T, K+, K) — i(T, K, K) =0 =1 = —1.

So, T has at least one fixed point #* on K.+ — K,. Then it follows that problem (1.4)-(1.6)

has a symmetric positive solution #*. The proof is complete. O

Remark 4 From the proof of Theorem 3.1, we can establish that problem (1.4)-(1.6) has

another nonnegative solution u**, u** € K,.
The following corollary deals with the case p = 1.

Corollary 3.1 Suppose that (A;), (A;) hold. Then problem (1.4)-(1.6) has at least one sym-

metric positive solution.

.....

place (375 [H (G, i)1P)"7 (315! [w(i)|9)Y4 and repeat the argument of Theorem 3.1. O
Finally, we consider the case of p = occ.

Corollary 3.2 Assume that (A1), (Ay) hold. Then problem (1.4)-(1.6) has at least one sym-

metric positive solution.

Proof It is similar to the proof of Theorem 3.1. For all # € 9K, we have

n-1
(Tu)(k) = Y H(k, w(i)f (i, ui))
i=1

n-1

< H@)w()N - go)r

i=1

n-1
< (s [HG0]) (;\wu)\) (N ~eo)r

<N N -g)r

<r.

So Tu # Au, u € 9K,, A > 1. By Lemma 1.1, we can get i(T, K, K) = 1. This together with
i(T,K,*,K) = 0 in the proof of Theorem 3.1 completes the proof. d
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