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1 Introduction
Fractional differential equations have been proved to be one of the most effective tools in
themodeling ofmany phenomena in various fields of physics, mechanics, chemistry, engi-
neering, etc. For more details, see [–]. In order to describe various real-world problems
in physical and engineering science subject to abrupt changes at certain instants during
the evolution process, impulsive differential equations have been used to model the sys-
tems. The theory of impulsive differential equations is an important branch of differential
equations, which has an extensive physical background [–].
Controllability is one of the important fundamental concepts in mathematical control

theory and plays an important role in control systems. The problem of controllability is to
show the existence of a control function, which steers the solution of the system from its
initial state to a final state, where the initial and final states may vary over the entire space.
A standard approach is to transform the controllability problem into a fixed point prob-
lem for an appropriate operator in a functional space. The problem of controllability and
optimal controls for functional differential systems have been extensively studied in many
papers [–]. For example, Wang JinRong and Zhou Yong [] proved the existence and
controllability results for fractional semilinear differential inclusions involving the Caputo
derivative in Banach spaces by using operator semigroups and Bohnenblust-Karlin’s fixed
point theorem. Wang Jinrong et al. [] established two sufficient conditions for nonlocal
controllability for fractional evolution systems under some weak compactness conditions.
Wang Jinrong et al. [] considered the nonlinear control systems of fractional order and
its optimal controls in Banach spaces and the sufficient condition is given for the existence
and uniqueness of mild solutions for a broad class of fractional nonlinear infinite dimen-
sional control systems. Wang Jinrong et al. [] studied optimal feedback controls of a
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system governed by semilinear fractional evolution equations via a compact semigroup in
Banach spaces. Wang Jinrong et al. [] studied optimal relaxed controls and relaxation of
nonlinear fractional impulsive evolution equations.Wang Jinrong et al. [] investigated a
class of Sobolev type semilinear fractional evolution systems in a separable Banach space.
Applying a suitable fixed point theorem as well as condensing mapping, controllability re-
sults for two classes of control sets are established by means of the theory of propagation
family and the technique of the measure of noncompactness. In [], Chang YongKui et
al. established a sufficient condition for the controllability of impulsive neutral functional
differential inclusions in Banach space by using the Dhage fixed point theorem. M Ben-
chohra et al. [] discussed the controllability for first-order, second-order functional dif-
ferential and integrodifferential inclusions in Banach space with finite delay. Jong Yeoul
Park et al. [] discussed the controllability for second-order neutral functional differen-
tial inclusions in Banach spacewith the help of somefixed point theorems. In [, ], Bing
Liu investigated the controllability of neutral functional differential and integrodifferential
inclusions with infinite delay. P Balasubramaniam and SK Ntouyas [] obtained the con-
trollability result of stochastic differential inclusions with infinite delay in abstract space.
R Sakthivel et al. [] considered a class of fractional neutral control systems governed by
abstract nonlinear fractional neutral differential equations and established a new set of
sufficient conditions for the controllability of nonlinear fractional systems by using a fixed
point analysis approach. Using fixed point techniques, fractional calculations, stochastic
analysis techniques and methods adopted directly from deterministic control problems,
R Sakthivel et al. [] gave a new set of sufficient conditions for approximate controllability
of fractional stochastic differential equations. In [], R Sakthivel and Y Ren investigated
the complete controllability property of a nonlinear stochastic control system with jumps
in a separable Hilbert space.
Since many systems arising from realistic models heavily depend on histories (i.e., there

is the effect of infinite delay on the state equations) [], there is a real need to discuss
partial functional differential systems with infinite delay. So, in the present paper, we will
concentrate on the case with infinite delay and establish sufficient conditions for the con-
trollability of systems (.) by relying on a fixed point theorem due to Dhage [].
In this paper we will concentrate on the case with infinite delay and impulsive effect, and

establish sufficient conditions for the controllability of the following fractional impulsive
differential inclusions:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

CDα
t [x(t) – g(t,xt)] ∈ Ax(t) + F(t,xt) + (Bu)(t),

t ∈ J = [,b], t �= tk ,k = , , . . . ,m,

�x|t=tk = Ik(x(t–k )), k = , , . . . ,m,

x = φ ∈Bh, t ∈ J = (–∞, ],

(.)

where CDα
t is the Caputo fractional derivative of order  < α < ; the state x(·) takes val-

ues in Banach space X with the norm | · |, A is the infinitesimal generator of an analytic
semigroup of the bounded linear operator {T(t), t ≥ } in X, the control function u(·)
is given in L(J ,U), and we have a Banach space of admissible control functions with U
as a Banach space. F : J × Bh → P(X) is a bounded, closed, convex-valued multivalued
map, g : J × Bh → X are given functions, where Bh is a phase space defined in prelimi-
naries.  = t < t < · · · < tm < tm+ = b, Ik ∈ C(X,X) (k = , , . . . ,m) are bound functions.
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�x|t=tk = x(t+k )–x(t
–
k ), x(t

–
k ), x(t

+
k ) represent the left and right limit of x(t) at t = tk .P(X) de-

notes the class of all nonempty subsets of X. The histories xt : (–∞, ] → X, xt(s) = x(t+ s),
s ≤ , belong to an abstract phase spaceBh.
The structure of this paper is as follows. In Section  we briefly present some basic

notations and preliminaries. The controllability result of system (.) is investigated by
means of a fixed point theorem and operator theory in Section . A conclusion is given in
Section .

2 Preliminaries
Let (E,‖ · ‖) be a Banach space. A multivalued map J : E → E is convex (closed)-valued,
if J(x) is convex (closed) for all x ∈ E. J is bounded on a bounded set if J(B) =

⋃
x∈B J(x) is

bounded in E for any bounded set B of E; i.e.,

sup
x∈B

sup
{‖y‖ ∈ J(x)

}
< ∞.

J is called upper semicontinuous (u.s.c.) on E, if for each x∗ ∈ E, the set J(x∗) is a
nonempty, closed subset of E, and if for each open set B of E containing J(x∗), there exists
an open neighborhood V of x∗ such that J(V ) ⊆ B.
J is said to be completely continuous if J(B) is relatively compact, for every bounded

subset B ⊆ E.
If the multivaluedmap J is completely continuous with nonempty compact values, then

J is u.s.c. if and only if J has a closed graph (i.e., xn = x∗, yn = y∗, yn ∈ Jxn imply y∗ ∈ Jx∗).
Let BCC(E) denote the set of all the set of all nonempty, bounded, closed, and convex

subsets of E. For more details of multivalued maps see the books of Deimling [], and of
Hu and Papageorgiou [].
If T is an uniformly bounded and analytic semigroup with infinitesimal generator A

such that  ∈ ρ(A) then it is possible to define the fractional power (–A)α , for  < α ≤ ,
as a closed linear operator on its domain D((–A)α). Furthermore, the subspace D((–A)α)
is dense in X and the expression

‖x‖α :=
∥∥(–A)αx∥∥, x ∈D

(
(–A)α

)

defines a norm on D((–A)α). Hereafter we represent by Xα the space D((–A)α) endowed
with the norm ‖ · ‖α . We suppose that A is the infinitesimal generator of an analytic semi-
group of bounded linear operators T(t),  ∈ ρ(A), for t ≥ , then there exist constants M
such that |T(t)| ≤M. Then the following properties are well known [].

Lemma . [] Suppose that the preceding conditions are satisfied.
(a) Let  < α ≤ . Then Xα is a Banach space.
(b) If  < γ < α ≤  then Xα ↪→ Xγ and the embedding is compact whenever the resolvent

operator of A is compact.
(c) For every a > , there exists a positive constant cα such that

∥∥(–A)αT(t)∥∥ ≤ cα
tα
,  < t ≤ a.
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Definition . The fractional integral of order α with the lower limit  for a function f is
defined as

Iαf =


�(α)

∫ t



f (s)
(t – s)–α

ds, t > ,α > ,

provided the right-hand side is pointwise defined on [,∞). Here �(·) is the gamma func-
tion.

Definition . The Caputo derivative of order α with the lower limit  for a function f
can be written as

CDαf (t) =


�(n – α)

∫ t



f n(s)
(t – s)α+–n

ds = In–αf n(t), t > , ≤ n –  < α < n.

The key tool in our approach is the following fixed point theorem [].

Theorem . ([] Dhage’s fixed point theorem) Let X be a Banach space. � : X →
Pcl,cv,bd(X) and � : X →Pcp,cv(X) be two multivalued operators satisfying:
(a) � is a contraction, and
(b) � is completely continuous.

Then either:
(i) the operator inclusion λx ∈ �x +�x has a solution for λ = , or
(ii) the set G = {x ∈ X : λx ∈ �x +�x,λ > } is unbounded.

We present the abstract phase space Bh, which has been used in [, ]. Assume that
h : (–∞, ] → (, +∞) is a continuous function with l =

∫ 
–∞ h(t)dt < +∞. For any a >

, we define B = {ψ : [–a, ] → X such that ψ(t) is bounded and measurable} and equip
the space B with the norm ‖ψ‖[–a,] = sups∈[–a,] |ψ(s)|, ∀ψ ∈ B. Let us define Bh = {ψ :
(–∞, ] → X such that, for any c > ,ψ |[–c,] ∈ B and

∫ 
–∞ h(s)‖ψ‖[s,] ds < +∞}.

IfBh is endowedwith the norm ‖ψ‖Bh =
∫ 
–∞ h(s)‖ψ‖[s,] ds, ∀ψ ∈ B, then it is clear that

(Bh,‖ · ‖Bh ) is a Banach space [, ]. Now we consider the space Bb = {ψ : (–∞,b] →
X such that xk ∈ C(Jk ,X) and there exist x(t+k ) and x(t–k ) with x(tk) = x(t–k ),x = φ ∈ Bh,k =
, , , . . . ,m} where xk is the restriction of x to Jk = (tk , tk+], k = , , , . . . ,m. Set | · |b be a
seminorm inBb defined by

‖x‖b = ‖x‖Bh + sup
{∣∣x(s)∣∣ : s ∈ [,b]

}
, x ∈Bb.

3 Main result
In the following, we shall apply Theorem . to the study of the controllability of system
(.).

Definition . A function x : (–∞,b] → X is called a mild solution of system (.) if the
following holds: x = φ ∈ Bh on (–∞, ], �x|t=tk = Ik(x(t–k )), k = , , . . . ,m, the restriction
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of x(·) to the interval [,b) – {t, t, . . . , tm} is continuous and the integral equation

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(t) = Sα(t)[φ() – g(,φ)] + g(t,xt) +
∫ t
 (t – s)α–ATα(t – s)g(s,xs)ds

+
∫ t
 (t – s)α–Tα(t – s)f (s)ds +

∫ t
 (t – s)α–Tα(t – s)(Bu)(s)ds

+
∑

<tk<t Sα(t – tk)Ik(x(t–k )), t ∈ J ,

x = φ ∈Bh, t ∈ J,

(.)

is satisfied, where

f ∈ SF ,x =
{
f ∈ L(J ,X) : f (t) ∈ F(t,xt), for a.e. t ∈ J

}
,

Sα(t) =
∫ ∞


ξα(θ )T

(
tαθ

)
dθ , Tα(t) = α

∫ ∞


θξα(θ )T

(
tαθ

)
dθ ,

ξα(θ ) =

α

θ–– 
α α

(
θ– 

α
) ≥ ,

α(θ ) =

π

∞∑
n=

(–)n–θ–nα– �(nα + )
n!

sin(nπα), θ ∈ (,∞).

ξα is a probability density function defined on (,∞), that is, ξα(θ ) ≥ , θ ∈ (,∞), and∫ ∞
 ξα(θ )dθ = .

Lemma . [] The operators Sα(t) and Tα(t) have the following properties:
() For any fixed t > , Sα(t) and Tα(t) are linear and bounded operators, i.e., for any

x ∈ X ,

∥∥Sα(t)x
∥∥ ≤M‖x‖, ∥∥Tα(t)x

∥∥ ≤ αM
�( + α)

‖x‖.

() The operators {Sα(t)}t≥ and {Tα(t)}t≥ are strongly continuous and compact.
() For any x ∈ X , β ∈ (, ) and θ ∈ (, ], we have

ATα(t)x = A–βTα(t)Aβx,

∥∥AθTα(t)
∥∥ ≤ αcθ�( – θ )

tαθ�( + α( – θ ))
, t ∈ [,b].

Definition . System (.) is said to be controllable on the interval J if for every contin-
uous initial function φ ∈ Bh, x ∈ X, there exists a control u ∈ L(J ,U) such that the mild
solution x(t) of (.) satisfies x(b) = x.
To investigate the controllability of system (.), we use the following hypotheses:

(H) A is the infinitesimal generator of an analytic semigroup of bounded linear operators
T(t),  ∈ ρ(A), for t ≥ , there exist constantsM such that |T(t)| ≤M.

(H) The linear operatorW : L(J ,U)→ X defined by

Wu =
∫ b


(b – s)α–T(b – s)Bu(s)ds

has an induced inverse operatorW–, which takes values in L(J ,U)/kerW and there
exist positive constantsM,M such that |B| ≤M and |W–| ≤M.

http://www.advancesindifferenceequations.com/content/2014/1/234


Li Advances in Difference Equations 2014, 2014:234 Page 6 of 17
http://www.advancesindifferenceequations.com/content/2014/1/234

(H) There exist constants  ≤ β < , c, c, c, Lg such that g is Xβ -valued, (–A)βg is con-
tinuous, and

(i) ‖(–A)βg(t,x)‖ ≤ c‖x‖Bh + c, (t,x) ∈ J ×Bh;
(ii) ‖(–A)βg(t,x) – (–A)βg(t,x)‖ ≤ Lg‖x – x‖Bh , (t,xi) ∈ J ×Bh, i = , , with

C = Lgl
[∥∥(–A)–β

∥∥ +
c–β�( + β)bαβ

β�( + αβ)

]
< .

(H) There exists a constant dk such that ‖Ik(x)‖ ≤ dk , k = , , . . . ,m for each x ∈ X .
(H) There exist an integrable function p : J → [, +∞) and a nondecreasing function ψ :

R+ → (, +∞) such that ‖F(t,x)‖ = sup{|f | : f (t) ∈ F(t,x)} ≤ p(t)ψ(‖x‖Bh ) for almost
all t ∈ J and all x ∈Bh.

(H) There exists a positive constant r such that

r
F + Fr + Fψ(lr + ‖φ‖Bh + lM|φ()|) > ,

where

F = K +
MMMbα

�( + α)
· {|x| +M

∣∣φ()∣∣ +K
}
,

F = K +
MMMbα

�( + α)
·K, F =

[
 +

MMMbα

�( + α)

]
bαM

�( + α)
sup
s∈J

p(s),

K =M
[∥∥(–A)–β

∥∥(
c‖φ‖Bh + c

)]
+

[∥∥(–A)–β
∥∥ +

c–β�( + β)
�( + αβ)

· b
αβ

β

](
c‖φ‖Bh + clM

∣∣φ()∣∣ + c
)

+M
m∑
k=

dk ,

K =
∥∥(–A)–β

∥∥cl + c–β�( + β)
�( + αβ)

· b
αβ

β
cl.

Lemma . (Lasota and Opial []) Let I be a compact real interval and X be a Banach
space. Let F be amultivaluedmap satisfying (H) and let� be a linear continuousmapping
from L(I,X) to C(I,X). Then the operator

� ◦ SF : C(I,X) → BCC
(
C(I,X)

)
, x → (� ◦ SF )(x) = �(SF ,x),

is a closed graph operator in C(I,X)×C(I,X).

Lemma . [, ] Suppose x ∈Bb, then for t ∈ J , xt ∈Bh.Moreover,

l
∣∣x(t)∣∣ ≤ ‖xt‖Bh ≤ l sup

s∈[,t]

∣∣x(s)∣∣ + ‖x‖Bh ,

where l =
∫ 
–∞ h(s)ds < +∞.

http://www.advancesindifferenceequations.com/content/2014/1/234
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Now, consider the multivalued map L :Bb → Bb defined by Lx the set of ρ ∈Bb such
that

ρ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ(t), t ∈ (–∞, ],

Sα(t)[φ() – g(,φ)] + g(t,xt) +
∫ t
 (t – s)α–ATα(t – s)g(s,xs)ds

+
∫ t
 (t – s)α–Tα(t – s)f (s)ds +

∑
<tk<t Sα(t – tk)Ik(x(t–k ))

+
∫ t
 (t – η)α–Tα(t – η)BW–[x – Sα(b)[φ() – g(,φ)]

– g(b, yb + φ̄b) –
∫ b
 (b – s)α–ATα(b – s)g(s,xs)ds

–
∫ b
 (b – s)α–Tα(b – s)f (s)ds

–
∑m

k= Sα(b – tk)Ik(x(t–k ))](η)dη, t ∈ J ,

(.)

where f ∈ SF ,x.
We shall show that the operator L has fixed points, which are then a solution of system

(.). For φ ∈Bh, we define φ̄ by

φ̄(t) =

⎧⎨
⎩φ(t), –∞ < t ≤ ,

Sα(t)φ(), ≤ t ≤ b,

then φ̄ ∈Bb. Set

x(t) = y(t) + φ̄(t), –∞ < t ≤ b.

It is clear that x satisfies (.) if and only if y satisfies y =  and

y(t) = –Sα(t)g(,φ) + g(t, yt + φ̄t) +
∫ t


(t – s)α–ATα(t – s)g(s, ys + φ̄s)ds

+
∫ t


(t – s)α–Tα(t – s)f (s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds

–
∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]
(η)dη, t ∈ J .

LetB
b = {y ∈Bb : y =  ∈ Bh}. For any y ∈B

b ,

‖y‖b = ‖y‖Bh + sup
{∣∣y(s)∣∣ : ≤ s ≤ b

}
= sup

{∣∣y(s)∣∣ : ≤ s ≤ b
}
.

http://www.advancesindifferenceequations.com/content/2014/1/234
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Thus (B
b ,‖ · ‖b) is a Banach space. Set Bq = {y ∈ B

b : ‖y‖b ≤ q} for some q ≥ , then
Bq ⊆B

b is uniformly bounded, for any y ∈Bq, and from Lemma ., we have

‖yt + φ̄t‖Bh ≤ ‖yt‖Bh + ‖φ̄t‖Bh

≤ l sup
s∈[,t]

∣∣y(s)∣∣ + ‖y‖Bh + l sup
s∈[,t]

∣∣φ̄(s)∣∣ + ‖φ̄‖Bh

≤ l
(
q +M

∣∣φ()∣∣) + ‖φ‖Bh = q′.

Define the multivalued map � :B
b → B


b defined by �y, the set of ρ̄ ∈B

b such that

ρ̄(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

, t ∈ (–∞, ],

–Sα(t)g(,φ) + g(t, yt + φ̄t) +
∫ t
 (t – s)α–ATα(t – s)g(s, ys + φ̄s)ds

+
∫ t
 (t – s)α–Tα(t – s)f (s)ds +

∑
<tk<t Sα(t – tk)Ik(y(t–k ) + φ̄(t–k ))

+
∫ t
 (t – η)α–Tα(t – η)BW–[x – Sα(b)[φ() – g(,φ)]

– g(b, yb + φ̄b) –
∫ b
 (b – s)α–ATα(b – s)g(s, ys + φ̄s)ds

–
∫ b
 (b – s)α–Tα(b – s)f (s)ds

–
∑m

k= Sα(b – tk)Ik(y(t–k ) + φ̄(t–k ))](η)dη, t ∈ J .

(.)

Now we decompose � as � +�, where

�y(t) = –Sα(t)g(,φ) + g(t, yt + φ̄t) +
∫ t


(t – s)α–ATα(t – s)g(s, ys + φ̄s)ds,

�y(t) =
∫ t


(t – s)α–Tα(t – s)f (s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds

–
∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]
(η)dη, t ∈ J .

Theorem . Assume that hypotheses (H)-(H) hold, then system (.) is controllable
on J .

Proof We divide the proof into several steps.
Step . We remark that � for each y ∈ B

b has closed, convex values on B
b . Next we

show that � has bounded values for bounded in B
b . To show this, let Bq = {y ∈ B

b :
‖y‖b ≤ q} for some q > . Then, for any y ∈Bq, one has

∥∥�y(t)
∥∥ ≤ M

∥∥g(,φ)∥∥ +
∥∥(–A)–β

∥∥[
c‖yt + φ̄t‖Bh + c

]
+

∫ t



∥∥(t – s)α–A–βTα(t – s)Aβg(s, ys + φ̄s)
∥∥ds

http://www.advancesindifferenceequations.com/content/2014/1/234


Li Advances in Difference Equations 2014, 2014:234 Page 9 of 17
http://www.advancesindifferenceequations.com/content/2014/1/234

≤ M
∥∥g(,φ)∥∥ +

∥∥(–A)–β
∥∥(
cq′ + c

)
+
(cq′ + c)αc–β�( + β)bαβ

�( + αβ)αβ
.

Hence � is bounded.
Step . �y is convex for each y ∈B

b .
In fact, if ρ̄, ρ̄ belong to �y, then there exist f, f ∈ SF ,y such that, for each t ∈ J , we

have

ρ̄i(t) =
∫ t


(t – s)α–Tα(t – s)fi(s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds –

∫ b


(b – s)α–Tα(b – s)fi(s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]
(η)dη, i = , .

Let μ ∈ [, ], since the operators B andW– are linear, we have

(
μρ̄ + ( –μ)ρ̄

)
(t)

=
∫ t


(t – s)α–Tα(t – s)

[
μf(s) + ( –μ)f(s)

]
ds +

∑
<tk<t

Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds

–
∫ b


(b – s)α–Tα(b – s)

[
μf(s) + ( –μ)f(s)

]
ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]
(η)dη.

Since SF ,y is convex (because F has convex values), we have (μρ̄ + ( –μ)ρ̄) ∈ �y.
Step .Wewill prove that the operator� is a contraction operator onB

b . Let u, v ∈ B
b ;

we have

∥∥�u(t) –�v(t)
∥∥

≤ ∥∥g(t,ut + φ̄t) – g(t, vt + φ̄t)
∥∥

+
∫ t



∥∥(t – s)α–ATα(t – s)
[
g(s,us + φ̄s) – g(s, vs + φ̄s)

]∥∥ds
≤ ∥∥(–A)–β

∥∥Lg‖ut – vt‖Bh + Lg‖ut – vt‖Bh

∫ t


(t – s)α–

∥∥A–βTα(t – s)
∥∥ds

http://www.advancesindifferenceequations.com/content/2014/1/234
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≤ ∥∥(–A)–β
∥∥Lg‖ut – vt‖Bh + Lg‖ut – vt‖Bh

∫ t


(t – s)α–

αc–β�( + β)
(t – s)α(–β)�( + αβ)

ds

≤ ∥∥(–A)–β
∥∥Lg‖ut – vt‖Bh + Lg‖ut – vt‖Bh

c–β�( + β)bαβ

β�( + αβ)

≤ ∥∥(–A)–β
∥∥Lg[l sup

s∈[,t]

∣∣u(s) – v(s)
∣∣ + ‖u – v‖Bh

]

+ Lg
[
l sup
s∈[,t]

∣∣u(s) – v(s)
∣∣ + ‖u – v‖Bh

] c–β�( + β)bαβ

β�( + αβ)

≤ Lgl
[∥∥(–A)–β

∥∥ +
c–β�( + β)bαβ

β�( + αβ)

]
sup
s∈[,b]

∣∣u(s) – v(s)
∣∣,

since ‖u – v‖Bh = , taking the supremum over t, ‖�u –�v‖ ≤ C‖u – v‖, where

C = Lgl
[∥∥(–A)–β

∥∥ +
c–β�( + β)bαβ

β�( + αβ)

]
< .

Thus � is a contraction onB
b .

Step . Next we show that the operator� is completely continuous. First, we prove that
� maps a bounded set into a bounded set inB

b . Indeed, it is enough to show that there
exists a positive constant � such that, for each ρ̄ ∈ �y, y ∈Bq = {y ∈B

b : ‖y‖b ≤ q}, one
has ‖ρ̄‖b ≤ �. If ρ̄ ∈ �y, then there exists f ∈ SF ,y, such that, for each t ∈ J ,

ρ̄(t) =
∫ t


(t – s)α–Tα(t – s)f (s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds –

∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]
(η)dη, t ∈ J .

We have for t ∈ J

∣∣ρ(t)∣∣ ≤
∫ t


(t – s)α–

∣∣Tα(t – s)f (s)
∣∣ds + ∑

<tk<t

∣∣Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))∣∣

+
∫ t



∣∣∣∣∣(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds –

∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]∣∣∣∣∣(η)dη

≤
∫ t


(t – s)α–

αM
�( + α)

p(s)ψ
(‖ys + φ̄s‖Bh

)
ds +M

m∑
k=

dk

http://www.advancesindifferenceequations.com/content/2014/1/234
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+
αMMM

�( + α)

∫ t


(t – η)α–

∣∣∣∣∣x – Sα(b)
[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds –

∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))∣∣∣∣∣(η)dη

≤ sup
s∈J

p(s)
bαM

�( + α)
sup

y∈[,q′]
ψ(y) +M

m∑
k=

dk

+
αMMM

�( + α)

∫ t


(t – η)α–

[
|x| +M

(
φ() +

∥∥(–A)–β
∥∥(
c‖φ‖Bh + c

))
+

∥∥(–A)–β
∥∥(
c‖yb + φ̄b‖Bh + c

)
+

∫ b



αc–β�( + β)
�( + αβ)

(b – s)αβ–(c‖ys + φ̄s‖Bh + c
)
ds

+
∫ b


(b – s)α–

αM
�( + α)

p(s)ψ
(‖ys + φ̄s‖Bh

)
ds +M

m∑
k=

dk

]
(η)dη

≤ sup
s∈J

p(s)
bαM

�( + α)
sup

y∈[,q′]
ψ(y) +M

m∑
k=

dk

+
αMMM

�( + α)

[
|x| +M

(
φ() +

∥∥(–A)–β
∥∥(
c‖φ‖Bh + c

))

+
∥∥(–A)–β

∥∥(
cq′ + c

)
+

(
cq′ + c

)c–β�( + β)bαβ

β�( + αβ)

+ sup
s∈J

p(s)
bαM

�( + α)
sup

y∈[,q′]
ψ(y) +M

m∑
k=

dk

]
· b

α

α

= �,

then, for each ρ̄ ∈ �(Bq), we have

‖ρ̄‖b ≤ �.

Step . Next, we show that � maps bounded sets into equicontinuous sets ofB
b .

Let r, r ∈ J ,  < r < r ≤ b, for each y ∈ Bq = {y ∈ B
b : ‖y‖b ≤ q} and ρ̄ ∈ �y, then

there exists f ∈ SF ,y, such that, for each t ∈ J ,

ρ̄(t) =
∫ t


(t – s)α–Tα(t – s)f (s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds

http://www.advancesindifferenceequations.com/content/2014/1/234
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–
∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]
(η)dη, t ∈ J .

Let r, r ∈ J – {t, t, . . . , tm}, we have

∥∥ρ̄(r) – ρ̄(r)
∥∥

≤
∣∣∣∣
∫ r


(r – s)α–

[
Tα(r – s) – Tα(r – s)

]
f (s)ds

∣∣∣∣
+

∣∣∣∣
∫ r



[
(r – s)α– – (r – s)α–

]
Tα(r – s)f (s)ds

∣∣∣∣
+

∣∣∣∣
∫ r

r
(r – s)α–Tα(r – s)f (s)ds

∣∣∣∣
+

∣∣∣∣ ∑
<tk<r

[
Sα(r – tk) – Sα(r – tk)

]
Ik

(
y
(
t–k

)
+ φ̄

(
t–k

))∣∣∣∣
+

∣∣∣∣ ∑
r≤tk<r

Sα(r – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))∣∣∣∣
+

∣∣∣∣
∫ r


(r – η)α–

[
Tα(r – η) – Tα(r – η)

]
Bu(η)dη

∣∣∣∣
+

∣∣∣∣
∫ r



[
(r – η)α– – (r – η)α–

]
Tα(r – η)Bu(η)dη

∣∣∣∣
+

∣∣∣∣
∫ r

r
(r – η)α–Tα(r – η)Bu(η)dη

∣∣∣∣
≤

∫ r


(r – s)α–

∥∥Tα(r – s) – Tα(r – s)
∥∥∥∥f (s)∥∥ds

+
∫ r



∣∣(r – s)α– – (r – s)α–
∣∣∣∣Tα(r – s)

∣∣∥∥f (s)∥∥ds
+

∫ r

r
(r – s)α–

∥∥Tα(r – s)
∥∥∥∥f (s)∥∥ds

+
∑

<tk<r

∣∣Sα(r – tk) – Sα(r – tk)
∣∣dk + ∑

r≤tk<r

Mdk

+
∫ r


(r – η)α–

∥∥Tα(r – η) – Tα(r – η)
∥∥∥∥Bu(η)∥∥dη

+
∫ r



[
(r – η)α– – (r – η)α–

]∥∥Tα(r – η)
∥∥∥∥Bu(η)∥∥dη

+
∫ r

r
(r – η)α–

∥∥Tα(r – η)
∥∥∥∥Bu(η)∥∥dη.

As r → r, the right-hand side of the above inequality tends to zero, thus the set {�y :
y ∈ Bq} is equicontinuous. This proves the equicontinuity in the case where t �= ti, i =
, , . . . ,m. Similarly one can prove that t = ti. The equicontinuities for the other cases,
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r < r ≤  or r ≤  ≤ r ≤ b, are very simple. As a consequence of the Arzela-Ascoli
theorem, � is completely continuous.
Step . � has a closed graph.
Let y(n) → y∗, ρ̄n ∈ �(y(n)) and ρn → ρ̄∗. We shall prove that ρ̄∗ ∈ �(y∗). Indeed, ρ̄n ∈

�(y(n)) means that there exists fn ∈ SF ,y(n) , such that

ρ̄n(t) =
∫ t


(t – s)α–Tα(t – s)fn(s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y(n)

(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g

(
b, y(n)b + φ̄b

)

–
∫ b


(b – s)α–ATα(b – s)g

(
s, y(n)s + φ̄s

)
ds –

∫ b


(b – s)α–Tα(b – s)fn(s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y(n)

(
t–k

)
+ φ̄

(
t–k

))]
(η)dη, t ∈ J .

We must prove that there exists f∗ ∈ SF ,y∗ such that

ρ̄∗(t) =
∫ t


(t – s)α–Tα(t – s)f∗(s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y(∗)

(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g

(
b, y(∗)b + φ̄b

)

–
∫ b


(b – s)α–ATα(b – s)g

(
s, y(∗)s + φ̄s

)
ds –

∫ b


(b – s)α–Tα(b – s)f∗(s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y(∗)

(
t–k

)
+ φ̄

(
t–k

))]
(η)dη, t ∈ J ;

since Ik , k = , , , . . . ,m are continuous, we obtain

∥∥∥∥∥
{

ρ̄n(t) –
∑
<tk<t

Sα(t – tk)Ik
(
y(n)

(
t–k

)
+ φ̄

(
t–k

))

–
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g

(
b, y(n)b + φ̄b

)

–
∫ b


(b – s)α–ATα(b – s)g

(
s, y(n)s + φ̄s

)
ds

–
m∑
k=

Sα(b – tk)Ik
(
y(n)

(
t–k

)
+ φ̄

(
t–k

))]
(η)dη

}

–

{
ρ̄∗(t) –

∑
<tk<t

Sα(t – tk)Ik
(
y(∗)

(
t–k

)
+ φ̄

(
t–k

))

–
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g

(
b, y(∗)b + φ̄b

)
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–
∫ b


(b – s)α–ATα(b – s)g

(
s, y(∗)s + φ̄s

)
ds

–
m∑
k=

Sα(b – tk)Ik
(
y(∗)

(
t–k

)
+ φ̄

(
t–k

))]
(η)dη

}∥∥∥∥∥
b

−→ , as n−→ ∞.

Consider the linear continuous operator

� : L(J ,X)−→ C(J ,X),

f −→ �(f )(t) =
∫ t


(t – s)α–Tα(t – s)

[
f (s) + BW–

∫ b


(b – τ )Tα(b – τ )f (τ )dτ

]
(s)ds.

From Lemma ., it follows that T ◦ SF is a closed graph operator. Moreover, we have

ρ̄n(t) –
∑
<tk<t

Sα(t – tk)Ik
(
y(n)

(
t–k

)
+ φ̄

(
t–k

))

–
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g

(
b, y(n)b + φ̄b

)

–
∫ b


(b – s)α–ATα(b – s)g

(
s, y(n)s + φ̄s

)
ds

–
m∑
k=

Sα(b – tk)Ik
(
y(n)

(
t–k

)
+ φ̄

(
t–k

))]
(η)dη ∈ �(SF ,y(n) ).

Since y(n) −→ y∗, it follows from Lemma . that

ρ̄∗(t) –
∑
<tk<t

Sα(t – tk)Ik
(
y(∗)

(
t–k

)
+ φ̄

(
t–k

))

–
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g

(
b, y(∗)b + φ̄b

)

–
∫ b


(b – s)α–ATα(b – s)g

(
s, y(∗)s + φ̄s

)
ds

–
m∑
k=

Sα(b – tk)Ik
(
y(∗)

(
t–k

)
+ φ̄

(
t–k

))]
(η)dη

=
∫ t


(t – s)α–Tα(t – s)

[
f∗(s) + BW–

∫ b


(b – τ )Tα(b – τ )f∗(τ )dτ

]
(s)ds

for some f∗ ∈ SF ,y∗ . Hence � is a completely continuous multivalued map, u.s.c. with
convex closed values.
Step . The operator inclusions y ∈ �y +�y =�y has a solution inB

b .
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Let y be a possible solution of y ∈ λ�(y) for some λ ∈ (, ). Then there exists f ∈ SF ,y
such that, for t ∈ J , we have

y(t) = λ

[
–Sα(t)g(,φ) + g(t, yt + φ̄t) +

∫ t


(t – s)α–ATα(t – s)g(s, ys + φ̄s)ds

+
∫ t


(t – s)α–Tα(t – s)f (s)ds +

∑
<tk<t

Sα(t – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))

+
∫ t


(t – η)α–Tα(t – η)BW–

[
x – Sα(b)

[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds –

∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))]
(η)dη

]
, t ∈ J ,

∣∣y(t)∣∣ ≤M
[∥∥(–A)–β

∥∥(
c‖φ‖Bh + c

)]
+

∥∥(–A)–β
∥∥(
c‖yt + φ̄t‖Bh + c

)
+

∫ t



αc–β�( + β)
(t – s)α(–β)�( + αβ)

· (t – s)α–
(
c‖yt + φ̄t‖Bh + c

)
ds

+
∫ t


(t – s)α–

αM
�( + α)

p(s)ψ
(‖yt + φ̄t‖Bh

)
ds +M

m∑
k=

dk

+
αMMM

�( + α)

∫ t


(t – η)α–

∣∣∣∣∣x – Sα(b)
[
φ() – g(,φ)

]
– g(b, yb + φ̄b)

–
∫ b


(b – s)α–ATα(b – s)g(s, ys + φ̄s)ds

–
∫ b


(b – s)α–Tα(b – s)f (s)ds

–
m∑
k=

Sα(b – tk)Ik
(
y
(
t–k

)
+ φ̄

(
t–k

))∣∣∣∣∣(η)dη

≤M
[∥∥(–A)–β

∥∥(
c‖φ‖Bh + c

)]
+

∥∥(–A)–β
∥∥(
c‖yt + φ̄t‖Bh + c

)
+

∫ t



αc–β�( + β)
�( + αβ)

· (t – s)αβ–(c‖yt + φ̄t‖Bh + c
)
ds

+
∫ t


(t – s)α–

αM
�( + α)

p(s)ψ
(‖ys + φ̄s‖Bh

)
ds +M

m∑
k=

dk

+
αMMM

�( + α)

∫ t


(t – η)α–

{
|x| +M

[
φ() +

∥∥(–A)–β
∥∥(
c‖φ‖Bh + c

)]

+
∥∥(–A)–β

∥∥(
c‖yb + φ̄b‖Bh + c

)
+

∫ b



αc–β�( + β)
�( + αβ)

· (b – s)αβ–(c‖ys + φ̄s‖Bh + c
)
ds

+
∫ b


(b – s)α–

αM
�( + α)

p(s)ψ
(‖ys + φ̄s‖Bh

)
ds +M

m∑
k=

dk

}
(η)dη.
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Since ‖yt + φ̄t‖Bh ≤ l sups∈[,t] |y(s)| + ‖φ‖Bh + lM|φ()|,

‖y‖b = sup
t∈[,b]

∣∣y(t)∣∣
≤ M

[∥∥(–A)–β
∥∥(
c‖φ‖Bh + c

)]
+

∥∥(–A)–β
∥∥(

cl sup
t∈[,b]

∣∣y(t)∣∣ + c‖φ‖Bh + clM
∣∣φ()∣∣ + c

)

+
αc–β�( + β)

�( + αβ)
· b

αβ

αβ

(
cl sup

t∈[,b]

∣∣y(t)∣∣ + c‖φ‖Bh + clM
∣∣φ()∣∣ + c

)

+ sup
s∈J

p(s)
bαM

�( + α)
ψ

(
l sup
t∈[,b]

∣∣y(t)∣∣ + ‖φ‖Bh + lM
∣∣φ()∣∣) +M

m∑
k=

dk

+
αMMM

�( + α)

∫ t


(t – η)α–

{
|x| +M

[
φ() +

∥∥(–A)–β
∥∥(
c‖φ‖Bh + c

)]

+
∥∥(–A)–β

∥∥(
cl sup

t∈[,b]

∣∣y(t)∣∣ + c‖φ‖Bh + clM
∣∣φ()∣∣ + c

)

+
(
cl sup

t∈[,b]

∣∣y(t)∣∣ + c‖φ‖Bh + clM
∣∣φ()∣∣ + c

)c–β�( + β)
�( + αβ)

· b
αβ

β

+ sup
s∈J

p(s)
bαM

�( + α)
ψ

(
l sup
t∈[,b]

∣∣y(t)∣∣ + ‖φ‖Bh + lM
∣∣φ()∣∣) +M

m∑
k=

dk

}
(η)dη

≤ F + F‖y‖b + Fψ
(
l‖y‖b + ‖φ‖Bh + lM

∣∣φ()∣∣),
where F, F, F are defined in (H).
So ‖y‖b ≤ F + F‖y‖b + Fψ(l‖y‖b + ‖φ‖Bh + lM|φ()|), that is,

‖y‖b
F + F‖y‖b + Fψ(l‖y‖b + ‖φ‖Bh + lM|φ()|) ≤ .

Then by (H) there exists r such that ‖y‖b �= r. Hence, it follows from Theorem . that
the operator � has a fixed point y∗ ∈ B

b . Let x(t) = y∗(t) + φ̄(t), t ∈ (–∞,b]. Then x is a
fixed point of the operator L which is a mild solution of problem (.); then system (.) is
controllable on J . �

4 Conclusion
In this paper, we have investigated the controllability of fractional impulsive neutral func-
tional differential inclusions in Banach spaces. Based on a fixed point theorem, sufficient
conditions for the controllability of the fractional impulsive neutral functional differential
inclusions have been derived.
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