Folly-Gbetoula and Kara Advances in Difference Equations 2014, 2014:224 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2014/1/224 a SpringerOpen Journal

RESEARCH Open Access

Symmetries, conservation laws, and
‘integrability’ of difference equations

Mensah K Folly-Gbetoula' and Abdul H Kara'?*

"Correspondence:

Abdul Kara@wits.ac.za

'School of Mathematics, University
of the Witwatersrand, 1 Jan Smuts,
Johannesburg, South Africa
?Department of Mathematics and
Statistics, University of Petroleum
and Minerals, Dhahran, Saudi Arabia

@ Springer

Abstract

A number of nontrivial conservation laws of some difference equations, viz, the
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1 Introduction

The role of symmetries of difference equations is now well established and the applica-
tions of the symmetries in the analysis (especially reduction) of the equations are also well
documented (see [1-4]). However, the role and construction of conservation laws for par-
tial difference equations (PDEs), to the best of our knowledge, is somewhat new but the
preliminary concepts and definitions are available even in the context of variational equa-
tions (see [5-7]). These conservation laws, as in the case of differential equations, have a
variety of applications especially as another tool in the reduction of the equation under
scrutiny.

The aim of this work is to obtain the conservation laws of PDEs which are of interest,
viz., the discrete Liouville equation and the discrete sine-Gordon equation. These equa-
tions were studied in [8] and [9, 10], inter alia. The method for the construction of the
conservation laws employed here follows that introduced in [5]. The variational approach,
not followed here, uses the equivalent of Noether symmetries and can be found in [7].

We regard the domain of a given partial differential equation (PDE) as a fiber bundle
M = X x U, where X is the base space of independent variables and U is the vertical space,
i.e., the fiber of dependent variables u over each x € X. The direct method for constructing
conservation laws of PDEs requires the domain M to be topologically trivial, which occurs
if each fiber U and the base space X are star-shaped (see Poincaré’s lemma).

Symmetries and conservation laws are useful tools for finding exact solutions to dif-
ferential equations. The association of symmetries, conservation laws and integrability
was established for differential equations [11]. It has been shown that when the symmetry
generator and the first integral (conservation laws) are associated via the invariance con-
dition, one may proceed to double reduction of the equation. Consequently, these proper-
ties should be retained when discrete analogs of such equations are constructed. Several
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methods for obtaining a discretization of a differential equation have been studied (see
[12-15]).

As far as PDEs are concerned, we can write the domain as M = X x U, but now X is
the set of integer-valued multi-indices n that label each lattice point (we assume that the
lattice points are labeled sequentially, without jumps; this does not require the lattice to

be uniform).

2 Conservation laws of the discrete Liouville equation and the discrete
sine-Gordon equation
Let us consider the difference equation

uldl = o(k, L ul, ut, ul,,), (1)
where k and [ are integers, uf( is a function that depends on the independent variables k and
I, w is a function of the dependent and independent variables. Finding the conservation
laws requires the knowledge of the shift operators. They are defined as follows:

n

oyl o n+l
S U, > Uy g Spiuy, > u,. (2)

A conservation law for the PDE is an expression of the form
(Sk—id)F + (S5, —id)G=0 (3)

that is satisfied by all solutions of the equation [5]. Note that F and G are functions of
the dependent and independent variables, id is the identity mapping. We are looking for
conservation laws that lie on the quad-graph and we are interested in finding nontrivial
conservation laws. We then assume that the functions F and G are of the form

F=F(kLup,ui"),  G=G(k L up,u,). (4)
The conservation laws (3) amount to
(Sk —id)F (k, L, u, ™) + (S; — id) G (k, L, ul, 1) = 0. (5)

In order to find F and G, we consider the theory provided by Hydon in [5]. In his paper,
Hydon applied the method to scalar partial difference equations that are second order in
one variable but in this paper we are dealing with first order difference equations in two
variables.

2.1 The discrete Liouville equation
Consider the discrete Liouville equation

41,1 !
41 _ Wi U T2

Y (6)
k

It is an equation which is not integrable through the inverse scattering transform tech-
niques (see [8]). The application of this method to (6) requires zi to satisfy

I+1 1 1,1 _
ZiiZk — 2k Zga1 = 0. 7)
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We therefore assume that condition (7) holds for any k and /. Note that (3) can be written
as follows:

F(k+1,0uf,,, @) - F(k,Lul, ") + G(k, 1+ 1,ul!,0) -G =0, (8)

where w is the right-hand side of the discrete Liouville (6).

As we said earlier, we are not interested in nontrivial conversation laws. It is worthwhile
to mention that if F and G are solutions to (8), then F + Fi(k,[) and G + G;(k, ) are also
solutions for any functions F; and G;. One can see from (8) that F and G take different
arguments. To overcome this, we eliminate terms that depend on w, by differentiating
with respect to u“l and u§(+1, respectively, keeping omega fixed. The derivative of (8) with
respect to uk+1 is given by

1 1+1
Uty

I+1,,1

[ F3 - ,3] +E3 (k + ]-r ly M§(+1; 6()) - GA =0. (9)
Up Upp T2 k

The differentiation of (8) with respect to ufjl leads to

1,1
U U

I+1 kl - 7[=F3-Gs]-F4+Ggs (k,l+ 1, Mffl,a)) =0. (10)
Wi Uppa * 2

Differentiating (10) with respect to ui .1 we get

I+1, 1 ] I+1, 1 I I+1, 1 ]
Up Up T2 L Up Up 2 Up U T2

ubult! [—Miﬂ(l‘"s +Gs)  uhul (F33+Ggas) —F43:|
Zkuk(—F3 - Gg) Mkuk+1G'34

T+l 2 1, 1 ]
”k+1 + Zk) Up Upq + 2

o =0. (11)

We multiply by (u;1ut | +2z.)? to clear fractions. This gives

L1l !
(UMt ,y +24)(Es + G3) + ugi, i (Fs3 + G 33)
IRYnY I I
i (o e + 2 Fas + vy (1t + 20) Gz = 0. 12)

In order to get rid of G we differentiate two times with respect to ul*1 This yields

! 11 I
U (Fz+ G3) + wtdy, (F33 + G3) + ugay” ., Faza

2
(?;z,tl’rlukJrl + 2z§()F,43 + ufjl (ui"lufm + zk)E344 + M§<+1 G34=0 (13)

and

! 11 41, 1 I 11410
4y, Faa + 2wy Faza + (5M1<+ Uy T 3Zk)F,334 + gty Uy, Fazaa

+ (”5:1 Uy + 2y ) Faaas = 0, (14)

respectively. The function F does not depend on ul*l therefore we can separate by powers
of ul! to get

1: 3Fyg44 + M§(+1F73444 = O, (15)
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! ! I+1 sl
Up,: 4F 34 + 2 Fa3q + 215 F3aq + wiay” F3344 = 0. (16)

From (15) we get

!
F(kLul,ul") = % +fo (ko )i + 3 (ko L) + fu (Ko i), 17)
k

where fi, f5, f3 and f; are arbitrary functions. On the other hand, we differentiate (11) with
respect to uf( ,1 to getan equation involving G only. The first derivative with respect to ui "
gives

—ui (s + Gp) = (s ey + 24) G o — ity (Fas + G 3) — wiany ), G za

41, 1 I ! 41,1 ! 1+12
— (2 iy +210) Gz — iy (0 iy + 21) Gaaa — 14" "F3a = 0 (18)
and the second derivative gives

141 1o 1411 I 141,10
—4u Gaa (ko b gty ) — (51w + 321) G aaa — 205 1, G 334

I 1411 ! I+1, 1 )
— gty 1 G 33aa — Uiy (10 ey +210) G344 = 0. (19)

Similarly, the function G does not depend on ui ,1- This allows us to equate the coefficients
of powers of uf*! to zero. We get

3G344 + u5<+1G,3444 =0, (20)

! l 1.1 2
4G'34 + 5Mk+1G,344 + 2ukG,334 + Mkuk+1Gyg344 + U Gy3444 =0. (21)

The general solution of (20) and (21) is given by

G _ gl(k, lr ui)

o + @ (k, Lug )y + g5 (kL) + ga(k, L ug,y), (22)
k+1

where g1, &2, g3, and g4 are arbitrary functions. Substituting the expressions of F and G,
given by (17) and (22), into (14) and (19) gives

flkbul) === (kl’ D\ e
Uy
and
ca(k, !
alkbid) =250 ey,
k

respectively. Therefore, we have

k1
F(k L ul,ult") = % + (-Cl( - ) +co(k, 1)>u’k+1 +f3 + fu, (23)
2uy! k
k1
Gk Lufy ) = =5+ (_ S®D | ek, 1)) Ui + 85+ 8s. (24)
R Uk
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Substituting the above results into (18), and separating by powers of ut, , and u}", we

obtain
1/ !
z
o1 k
1: Euk+2037—0,
Up
I+l ©3 3
uk+1uk . 12 - 12 _0)
u, Uy
I+1, 4 ’ k(g1 AN
uy f3+g3+uk(f3 +g3) =0,
2 C1 C1
Ml+1 . - = O,
12 12
Up Uy
and therefore
! ZCSZli ! i I
Silk,bug) = - T+ Gl + Co, (s + g3) (kL uy) = c7 In(uy) + cs. (25)
3

On the other hand, substituting (23) and (24) into (13), and separating by powers of uf(*l,

u' .|, we get (after solving the resulting system)

26121
gl(k,l,lfti) :_u—lk +Cgu§<+C10. (26)
k

Results (23), (24), (25), and (26) lead to

2¢3(k, 1)z,
Bl

F(k, A ui, uf(“) = ( + cs5(k, l)uf< + ¢ (k, l))

I+1
Uy 2uy]

- (% - cz> ug™ + fy (ko L) + fa (ko 1w 27)

k
and

2612 1 c
Il 12) ! 3 !
G(k, Lug, ”k+1) = (— T+ Colty + C1o W +\ = e U,
Uy Upsa Uy

—fik L) + o In(uh) + cs + ga(k, L), (28)

where ¢;, 1 <i <10, depend on k and /. The substitution of (27) and (28) in (11) did not
provide any new information on the unknown functions. We then continue our computa-

tions by substituting (27) and (28) into (9), and separating the resulting equation by powers
of u}*!. This yields

L gt l I ! C1oZ,l< z,izcl(k+1,l)
I zify(k+1,Lug,,) - cazy — 2@y (ko by ) + e

I 2
24 Uyt
2% (=cs +cs(k + L)t (2es(k +1,0)2k . + cozt)udd
k “1 5T65 ’ k 3 et <3 BRI ied Sisd S 0 29
PN 2 * B - (29)
Uil zuk+1
141, I ! ! [ ! 1o
w' —or s (k+ Lb ) = catiy — 84 (kL) + ol
Upa
201l coul az 201 (k +1,0)7 az
k k _ k ’ k _ k — 0, (30)

T 5.1 ] 1.1 1.1 1.1
2up g 2y, Wy, Ul Ui
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where " denotes the derivative with respect to the dependent variable. Again we can split
(29) and (30) by powers of ui since f3, g4, and ¢;, 1 <i <10, do not depend on ui We redo
the same thing with (10) to get

CoZk z§<2C3 (k, 1 +1)

L -Zf] (k. 1, ufjl) —Czh + 24 gh (k1+1, uﬁfl) +

2u§(+12 uiufjlz
~ z11<203 (=co(k, 1) + co(k,l + 1))uf( . 2ci(k, 1+ l)z,i+1 + c5z,l<)uf< o (31)
uiui"ﬂ 2 2145(*12 ’
u§<+1: —C¢7+ ugﬁ]fé‘/ (k +11, uig) - C4u§<+1 - uiﬂgzll (k’ l’ u§<+1)
o 2c9u§( 69145( B clzf( 2ci(k +1, l)zlk B clzf( o (32)
2”§<+1 2"‘§<+1 2“§<+1 uf(u§(+l “iufm ”i”fm o

After rearranging, simplifying, and solving the resulting (29), (30), (31), and (32), we get
some new information on the unknown functions:

2¢1(k, 1+ 1)kt
akD=K,  alh=K,  clh=—2ElDE g
Zk
k+1,0)z,
colk, D) = —2w, @l L+ L") =filk L") + g + e 4 e,
k k

€10
Flk+1,Lu ) = galk, L ttg,) + —— + Cattfy +cn1.
k+1

The last step consists of substituting all the information we got so far into (8). This yields

C5(k,l) =I<5, Cg(k,l) =1<3, Cl(k,l) =1<1,
co(k, 1) = Ko, cs(k,l) =0, Ci+cu=-Ky,
cn + ek +1,10) — gtk —1,0) —culk —1,1) + cia + ci(k, [ = 1) — c1o(k, L = 1) = 0,

where Kj, K3, K5, and Ky are constants. Summarizing these results, we have obtained the
conservation laws

Zl+1ul ul+1
F(k, L, ul") = ~K; (z’k u,ﬁ + Lf_l> + Koug" - Ko(k = 1, Dug
k% k k
l
V4
— Ky ek —1,0) + en(k - 1,1) + cas, (33)
ity

[ I I I
z Zp U u
Gk, Lty 1) = K ——= —1<3< kel 7k k”) - Kyut

T 11 ]
Upli ZpUpy o Ug

— Ky (k, I =)tk — c15(k, 1 = 1) + c1a(k, [ = 1) + 1. (34)

Therefore all independent conservations laws for the discrete Liouville equation are given
by

I le:l”i ”5:1 Il Zi
1
Fl (kx l: Uy uk+ ) R e E A Gl (k; l; Ups “k+1) =TT ; (35)
ZpUy Uy UpUieq
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5 = Koult! — Ky(k =1, Dt Gy = —Kouh - Ko(k, 1 = 1)ul; (36)
el Zi I Zlk+1”§< ”5“1

(k A Ltk, ) = l+1’ Gs(k; Luy, Mk+1) = 2l - 37)
Uty ZiUp  Ug

where Kj; is a function of k and /. Note that (F,, G») is a trivial one.

2.2 The discrete sine-Gordon equation
The discrete sine-Gordon equation is given by [9, 10]

I+1,,1

1+ Zuly
+1 1 K7k "k+1
U U = 1+1u1 +Zl (38)
Up U k

Again, Z, must satisfy
I I+1 _ I+l ]
ZiZkr1 = 2k B (39)

Equation (38) represents a nonautonomous extension of the lattice sine-Gordon equation.
In the continuous limit, this nonautonomous form goes over to wy; = f(x)g(¢) sinw (this
explicit x and ¢ dependence can be absorbed through a redefinition of the independent
variables leading to the standard, autonomous, sine-Gordon case, but no such gauge exists
in the discrete case [8]).

In this section, we jump the first few steps since we have explained them in the first
example. Let us take it from the condition of the conservation laws (8),

F(k+1,0,u,,, ) - F(k, L ul, ul) + G(kI+1, U, w) -G =0, (40)

where w is given by

I+1, 1
I+1 1 +Z/<”/< Uri1

W= Uy = T, 1

41
(u uk+1+zk) (1)

We differentiate (40) with respect to u“l by applying the operator (8/8u“1) (w, z+1/a) ! ) X
(3/9ul) to get

2
(2 = V)uguig [Es(k, Lo ™) + G (ko L, ) |
+ (AUl AU+ ) [Fa - Ga(k D+ Ll 0)] =0, (42)

We repeat the same procedure but now we are planning to eliminate F to obtain an equa-

tion that involves G only. For the same reason as before, we equate coefficients of powers

I+1

of u;"". The resulting system can be summarized as follows:

!
4G 3444 + Uy 1 G 34444 = 0,
(924” +3)Gaaa + (724 + 3)us ;1 Gsaaa + (324" = 3)uhG
k ,344 k U ,1G,3444 k U, G 3344
12 11 12 12
+ (Zk - l)ukuk+1G,33444 + (Zk + ].)Mk+1 G'34444 = 0,

/ 12
12G 344 + 81y, G 3444 + Uy, G 34444 =0,
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whose solution is given by

l
G=8®LI) | byl + g (b bid) + ga (ko Ll ) (43)

Up

for some functions g1, g, g3 and g4. To know the dependency among the g’s, 1 < i < 4, we
have to substitute F and G into the previous equations. After a set of long calculations, we

find that the conservation laws for the discrete sine-Gordon equation are given by

r —ak+L) cukul! - —Zai _alk+l Dzt (44)
(zh, - Va2 -1 (e -Dufyy (e -
Fo=u —u,  Go=-up, +ug (45)
- —221,(C3u§( N zees(k,1 —21)145(*1’ G, - Cs(k,zl— o CB“}”LA, (46)
(2" - Dult 1-2)ul A-2Zdbad (27 -1)
where ¢; and c3 are such that
+12 _ 1\,/
ks 1is1)= B DA gy (47)
1 2
z -1 zl+1
k+1 k
I1+12 !
z -1)z
alk,l+1) = i ) K ek, 1), (48)
(25(2 1) §(+1
! 2
z -1
atk+2,0) = ("ﬁi)cl(k, ) (49)
(Zk -1)
and
1-z1 2 P
csk+1,0-1) = %c;,(k,l—l), (50)
1- Zk_ Zk+1
2
1-2")
03(k¢ [+ 1) = (1 1_12)63(](11_ 1)1 (51)
1-2 > Z
cs(k+1,0) = w@(k, . (52)

2
(1 - Zlk )Z/l<+1
Here, (F,, G,) is trivial.

3 On multipliers/characteristics

The relationship between the characteristics and conserved vectors of PDEs was well
known for variational equations and was generalized relatively recently. In fact, the char-
acteristics are the conserved vectors. The use of these in the construction of conservation
laws has been discussed in detail in [16, 17] and [18] for the symmetry underlying relation
that exists. Very recently, this idea has been initiated and discussed for PDEs in [19]. Below,

we present the multipliers for the nontrivial cases of conservation laws that arise above.
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3.1 The discrete Liouville equation
For the discrete Liouville equation,

Dol el /
Wl = Uy Upq + 2 (53)

we have shown that

1.1 I d+1, 1+1

1 Zl+1
~ - k 1411 |
(Sk —id)F; + (S, —id)G; = (— + (~u Mg — 2+ wpy’)).
Ui Zilie Wi

Therefore, the multiplier is given by

I+1
1 z
_ k
M= A + e (54)
k% k+1 K%k “k+1

Similarly,

[, 1+1 !l I+1

|
1 z
(Sk —id)F; + (S, —id)Gs = (- + bt )(—”Qlufm -z + wuly)
Uy ZpUp1 Ui

and the multiplier is given by

1 z
_ k+1
Az = T T A A (55)
k% k k% k+1%k+1
3.2 The discrete sine-Gordon equation
Consider the sine-Gordon equation
1+ 2 bl
1411 Bl 351
Wit =~y T T (56)
U Upyy T Zp
We have
. . alk+1,1) o
(St~ 1)y + (S~ id)Gr = (1 +Z/l<)[ 12\ 11 12y 0l
A=z D™ A=z ug 'y
1+ 2 ulyl
41 1 KUk Ukn
X (—ukﬂuk + W (57)
k Uk T2k
and
. ) c3(k,l-1) 3
(S —id)F5 + (S - id)G3 = _(“5:1“5@1 + Zi)[ a2y 11 12y 141, i+l
A -zg Dy A=z ) wl,
1+ 2 ulul
41 1 KUk Y
X (—Mkt_luk + ﬁ . (58)
k Mg T2
The multipliers are then given by
altk+1,1 a
hsqr = (Wl + 2L ( ) (59)
% A T B B o
= Zperr MUy 2k M ten

Page 9 of 14
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and

cs(k,l-1) C3
hsgr = (e + Zi)( U 12y 141041 ) (60)
A-z Dy, A=z ) w'y

respectively.

4 Symmetries
Again, we assume that the PDE is of the form (1), i.e.,

ugh = (kL upy upq, ul™). (61)

Consider the transformation [1]

I Al Al Al Al
U (ko bty gy, ui s uh) > (Ko L g, g 7 10 (62)

We know that a symmetry is a one-parameter group of transformations that maps solu-
tions into solutions. If we assume that I' is a symmetry for (61) then we have

A = ol oty 07 (63)
whenever (61) holds. Lie symmetries are obtained by linearizing the symmetry condition
about the identity, as follows. We seek one-parameter (local) Lie groups of symmetries of
the form

ity = uf + €Q(k, L uk) + O(€?). (64)

The function Q is called the characteristic of the one-parameter group. We also have

iy = ey +€Q(k + 1,1 up,,) + O(€?), (65)
it = ul + eQ(k, 1+ L ult) + O(e?), (66)
’:‘5;11 = ”5;11 +eQ(k+1,7+1, ”5:;11) + 0(62)' (67)

Expanding (64)-(67) to first order in € yields the linearized symmetry condition

S/(S[Q -Xw = O, (68)
where
b b 0
X=Q— +(SQ)— +(SQ—7- (69)
duy, oy, ouy

4.1 The discrete Liouville equation
Consider the discrete Liouville equation [8]

Do +1 I+l 1 )
Uplpp = U Uiy + 2 (70)
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This equation can be written in the form

uttl = w(k 1, b, ultt, u§(+1), (71)

where o = (ul*'u!

wug  + 2/ uf( We aim to find one-parameter Lie groups of symmetries by
assuming that the characteristic is of the form

Q- (kL)

(72)
A linearized symmetry condition for (71) is given by
(SkSHQ(k, b uf) - X = 0,
Qk+1,l+1,w)-Xw=0, (73)
where X is the symmetry generator given by
= l i l L I+1
X =Q(k,Lug)— + Qk + 1, Luy) —— + Q(k, L+ L,up" ) — .
oty k+l duy
The symmetry condition (73) becomes
I+1,,1 ! I+1
Qk+1,1+1,0) + <M)Q - (”kl )Q(k +1,Lul )
Mi Uy
4
- (#)Q(k,l +Luft) = 0. (74)
Uk

We differentiate (74) with respect to uf( (keeping w fixed), i.e., we apply the differential
operator L = (8/8u§() + (8u§(+1/8u§()(8/8ui+1). This gives

0 ulul 4z 9 Wyt 47
(_1 + =K lk"ll - k )[Q(k+1,l+ 1L,w)+ <7k ksl k>Q
uy wuy

aM§<+1 u;{z
ul+1 Lll
- ( k; >Q(k +1LLug,,) - ( k;l)Q(k,l+ 1,uf(+1):| =0, (75)
Mk uk

/e [
(M) [( 1 + 21) + (Sk Qi + (S1Q)uty,]

Uy
I+1, 1 ) I+1
+ (W)[Q”ﬁ —(SkQ)/ulk“—(SlQ)] =0. (76)
Uy Uy

We now differentiate (76) with respect to ui to get

k = (77)

Up

’ ;12 1 ’
141, | nlQ 41, ] n| Qu —2uQ
(uk uk+1 +Zk)|:u_l} +(uk uk+1+2k)|:7 :0.
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This simplifies to
QL) [ Q kL up)uy —2Q(k,1, uk)
; ; (78)
U U
Integrating (78) with respect to ui, and rearranging the resulting equation leads to
/ I 1 I
Q (k,L,up) — = Q(k L) — 1 = 0. (79)
U
The general solution to (79) is given by
Q(k, L, u) = c1(k, D In(au) + ca(k, Dtk (80)

where ¢; and ¢, are functions of k and /. We then substitute (80) in (74) to get the following
constraint:

[cz(k + 1,14+ 1) +ca(k, ) —colk +1,0) — co(k, 1 + 1)]u§:1uk+1

+[ealk +1,1+1) + ca(k, D))k = 0. (81)
The function ¢; does not depend on u“l and uk+1, therefore we can say that

C]ZO,

ek +1,1+1) = —cy(k, 1), ek +1,0) = —cy(k, [ +1). (82)
It can easily be verified that the functions that satisfy (82) are given by
o) =15 okl =(-1). (83)

Therefore, the symmetries of the Liouville equation (6) are as follows:

ad d ad
X = (D s = (D sy ——— + (D, (84)
du Oty dut!
d d d
Xzz(—1)l<ulk—+ Ui —— — U — ) (85)
ol e, T
4.2 The discrete sine-Gordon equation
The discrete sine-Gordon equation is given by [8]
1+ 2z utul
L+ KMk Y
uk+lluk_ I+1. 1 11 (86)

Up Upg + 2

Imposing the symmetry condition (68) on the discrete sine-Gordon equation, we obtain

)+ [ Zultul 41 i| _Q(k+1,l,u§(+1)[ 2 bt - uf(*l:|

l 2( I+l ] uf( l+1

Qk+1,1+1,u} ( 5
uy Uy Ui +23)

Zi T U Ui

3 <Q(k,l+ 1, Ml+1)>|: Zk "‘k+1 u§<+1 ] -0. (87)

& (a4 +24)°
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The function in above equation is associated with different arguments. To overcome this,
we differentiate the above equation with to uf( This yields

(zf(2 ~D[QUk + 1, Lk, ) + ub, QU L+ 1,uk™M] (Zhuk  ult +1)

2 ]
wiﬂuiﬂ + Zlk)zui (g +2;)
s s o, )
: i(ﬁ) @Gt +DQ (Gt + 1)W1 +2;)
) 12 13 / / | l2
Ay \ i w Wy gy +2) ul,

d (Qk+1,Lu,) 1 d ul _0o (88)
“N 7 W 1 2)2) i dd \@ e )T
Uppg \\Up U + 25 Up ™ AUpg \\Up Up ™ + 2y

We can solve for Q after a series of steps. Firstly, we multiply (88) by (u})%. Secondly, we
differentiate the resulting equation with respect to uf( Finally, we simplify to get the equa-

tion
d (ke 1, )ul — Q(k, I, ud
= (Q ( uk)ukl Q( uk)> -0 (89)
du;, uy
The general solution of (89) is given by
Q(k, L, uy) = Bk, Duj Inuj, + C(k, D, (90)

where B and C are functions of k and /. The substitution of (90) in (89) and (87) puts more
constraints on the unknown functions B and C. After a set of long calculations we get

Q(k,Luy) = (-Dfuf,  Q(k, L) = (1) uf. (91)

Therefore, the symmetries are given by

9 0 9
X; = (1)K <uf(— — uf( — + ufjl " ), (92)
Bui * Bufﬁl 8145( 1
0 0 0
Xy = (—IY(ulk— g —— ) (93)
aui aufﬁl 8uf< !

5 Concluding remarks

In this paper, we have obtained conservation laws, multipliers, and symmetries of the dis-
crete Liouville equation and the discrete sine-Gordon equation. It should be noted that
when we were finding the conservation laws, the differentiations have created a hierarchy
of functional difference equations that F and G satisfied. The unknown functions were
naturally found by going up the hierarchy but surprisingly we were also able to find an-
other constraint on z. In fact the shift operator, S;, acts on (50) to produce the following
equation:

(1= 24y, )24

Sileatk+1,1-1)) =c3(k +1,1) =
s )=es (-2

c3(k, ). (94)

By replacing in (94) the function c3(k + 1,/) with its expression given by (52), we obtained

the constraint (7), i.e., zfjflz,l( - zf(”zfﬁl = 0. The constraint (7) turns out to be a sufficient
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condition for the discrete Liouville equation and the discrete sine-Gordon equation to
have nontrivial conservation laws (note that the substitution of (35), (36), and (37) into (8)
leads to the same constraint (7)). This condition was obtained in [20] using the singularity
confinement condition. It is also precisely the one obtained in [8] using the techniques of
the study of the degree of the iterate.

We note that the association of symmetries, conservation laws, and integrability for dif-
ference equations is as important and conclusive as was established for differential equa-
tions even in the non-variational case.
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