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Abstract

In this paper, we show that the Kolmogorov operator Kj associated to a stochastic
PDE with multiplicative noise can be extended to the infinitesimal generator (K, D(K))
of the corresponding transition semigroup {P};>o in a proper weighted space. Then
we apply the result to obtain the existence and uniqueness of a solution for the
Fokker-Planck equation involving the Kolmogorov operator K.
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1 Introduction
Let H be a separable Hilbert space (with norm | - | and inner product (-, -)), and L(H, H) be
the Banach space of all bounded linear operators from H to H. We consider the stochastic

differential equation in H

dx(t) = [AX(t) + F(X(1))] dt + G(X(2))dW (), t=>0,
X(0)=x€eH,

11)

where A : D(A) C H — H is the infinitesimal generator of a strongly continuous semigroup
(e)s0 in H, F: D(F) C H— H, and G : H — L(H,H) are measurable mappings, and
(W(#)):=0 is a cylindrical Wiener process on H, defined on a filtered probability space
(2, F,P), and adapted to some filtration (F;);>o that is assumed to be right-continuous
and complete in the sense that (F() contains all P-null sets. The precise assumptions on
F and G are given in Hypothesis 2.1 below.

Itis well known that under Hypothesis 2.1, (1.1) has a unique mild solution (X (¢, %)) >0 xcn
(see, for instance, [1, 2]), that is, for any x € H the process (X(¢,%)):>0 is adapted to the fil-

tration (F;);>0, and it is continuous in mean square and fulfills the integral equation

X(t,x)=ex+ / t e MAF(X(s,x)) ds + / t eAG(X(s,x)) AW (s) 1.2)
0 0
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for P-a.e. w € 2 and any ¢ > 0. Moreover, a straightforward computation shows that for
any T > 0 there exists ¢ > 0 such that

sup |X(t,x)—X(t,y)| <clx-y|, Vx,yeH (1.3)
te[0,T]

and
sup E|X(t,x)| fc(1+ |x|), Vx € H, (1.4)
te[0,T]

where the expectation is taken with respect to IP. As we shall see in Lemma 2.4, estimates
(1.3) and (1.4) allow us to define the transition semigroup {P;};~( associated to (1.2) in the
space Cp1(H) (see below for a precise definition), by the setting

Pp(x) =E[p(X(t,x))], ¢ €Cpi(H),t>0,x€H. (1.5)

It is not hard to prove that {P;};>o maps Cp1(H) into Cp;(H) and satisfies the semigroup
property, see [3], but it is not a strongly continuous semigroup. However, we can define
the infinitesimal generator (K, D(K)) of {P;};>0 in Cp1(H) as

D(K) = {¢ € Cp1(H) : 3¢ € Cpy(H), lim,_q+ 2290 = (), x € H,
sup,co 1122222 o1 < 00}, (1.6)

Kop(x) = lim,_,q+ 22860 € D(K),x € H.

Naturally, we are interested in the connections between (K, D(K)) and the Kolmogorov
operator

Koop(x) = %Tr[G(x)G(x)*Dz(p(x)] + (x,A*D(p(x)) + (D(p(x),F(x)>, x € H, 1.7)

where ¢ : H — R is a suitable function and Tr means trace.

In this paper, we will study the relationship between Kolmogorov operator K and the
infinitesimal generator (K, D(K)) of the transition semigroup {P;};>¢ and solve the Fokker-
Planck equation corresponding to Kj (i.e. the dual of the Kolmogorov equation). As the
first main result (see Theorem 3.1 below), we show that (K, D(K)) extends the Kolmogorov
operator K, defined on the domain &4 (H), which consists of the linear span of the real and
imaginary parts of the functions

x> ™ xeHhe D(A*), (1.8)

and the set &4 (H) is a 7 -core (cf. Section 2) for (K, D(K)).

Let M(H) be the space of all finite Borel measures on H, My(H) be the set of all
€ M(H) such that fH ||¥| 12| (dx) < 0o, where || is the total variation of u, the second
main result is that for any pu € M;(H), there exist a family of measures {{;};>0 C M (H)
fulfilling

T
//(l+|x|)|ut|(dx)dt<oo, vT >0,
0 H
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and the Fokker-Planck equation

2 [ o@ndx) = [, Kop®)peldx), t>0,9 € Ex(H),
Mo = i € Mi(H).

(1.9)

Moreover, this solution is given by {P}1},>¢, where {P}};>¢ is a semigroup defined by

((p’Prf)d(cb,l(H)’Cb,l(H)*) = <Pt€0:f>o(Cb,1(H),Cb,l(H)*); (110)

where (Cp1(H))* is the topological dual space of Cj;(H); see Theorem 4.3.

For the problems with additive noise case (that is, G is a constant in (1.1)), it is worth
mentioning, the papers [3-5] have studied the problems by means of the Ornstein-
Uhlenbeck semigroup method. However, for the multiplicative noise case, the stochas-
tic convolution in (1.2) is no longer a martingale, so this method and the It6 formula can
not be used to a mild solution, thus new technology is needed. In particular, Da Prato
and Zabczyk [6] studied the problem (1.1) by the semigroup method, based on the clas-
sical fixed point theorem, and used the factorization method to get an estimation of the
stochastic convolution, which is a generalization of maximal inequality of martingales to
stochastic convolution, and plays an important role in the following sections.

On the other hand, we remark that a great deal of research has been devoted to the
extension of a differential operator like (1.6) to the infinitesimal generator of a diffusion
semigroup in the space L?(H,v), p > 1, where v is an invariant measure for the semigroup
(see, for example, [7-11] and references therein). In fact, if v is an invariant measure for
the semigroup (1.5), then the semigroup (1.5) can be extended to a strongly continuous
contraction semigroup in L?(H,v), p > 1.

Kolmogorov equations for measures in infinite dimensional space have been the ob-
ject of many authors (see, e.g., [12-14] and references therein). For example, Bogachev
and Rockner [14] considered the existence of measure valued solutions for the equation
involving second order partial differential operators in infinite dimensional spaces. How-
ever, as an extension of the existing theory in [3], in this paper we pay attention to the
existence and uniqueness of the solution of the Fokker-Planck equation for Kolmogorov
operators associated to the SPDEs with multiplicative noise case which is important.

We organize the rest of this paper as follows. Some notation and preliminary results are
in Section 2. In Section 3, we prove that (K, D(K)) extends the Kolmogorov operator K,
and the set &4 (H) is a w-core for (K, D(K)). Finally, the existence and uniqueness of the
solution for the Fokker-Planck equation (1.9) are given in Section 4; see Theorem 4.3.

2 Preliminaries

We list some notation which are applied in this paper. Let H be a separable real Hilbert
space (norm | - |, inner product (-,-)), and H* represent its topological dual space. Let
M(H) be the space of all finite Borel measures on H, and for any k > 0, denote the set of
all v € M(H) such that fH lx|%|v|(dx) < 0o by M (H), where |v| is the total variation of v.
We denote the space of all linear bounded operators from H into H by L(H), endowed
with the norm

IT|l = sup{|Txl;x € H,|x| =1}, T € L(H), (2.1)
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and let L,(H) be the space of all Hilbert-Schmidt operators L : H — H, endowed with the
Hilbert-Schmidt norm. If E is a Banach space (norm | - |), we denote Cj,(H; E) as the linear
space of all continuous and bounded mappings ¢ : H — E, endowed with the norm

llllo = sup|ex)|, (2.2)
x€eH

is a Banach space. Moreover, C; (H;E) represents the subspace of C,(H; E) of all functions
¢ : H — E which are Fréchet differentiable on H with a continuous and bounded derivative
Dy € Cy(H;L(H;E)), and the space C]b((H; E) for all k > 2 can be defined analogously. We
shall write Cf(H; R) = Cgf(H), k € N for short. For any k > 0, let Cp, x(H) be the space of all
functions ¢ : H — R such that the function H — R, x — (1 + |x|*) ¢ (x) belongs to Cj,(H).
The space Cj,x(H) is a Banach space, endowed with the norm |@|lox = [|[(1+]- ) ¢[lo. In
the following, we shall denote by (Cpx(H))* the topological dual space of Cj, «(H).

If ¢ € C,(H) and x € H, we shall identify Dp(x) with the unique element / of H such
that

Do(x)y = (h,y), «x,y€H.

Ifpe CZ (H) and x € H, we shall identify D?¢(x) with the unique linear operator T € L(H)
such that

D*ox)(y,2) = (T,2), x,y,z€H.

Hypothesis 2.1

(Ho) A:D(A) C H— H is the infinitesimal generator of a strongly continuous semigroup
e of type G(M, w), i.e. there exist M > 0 and @ € R such that ||e®| @) < Me®, t > 0.
(Hy) Let F:D(F) C H— H be a continuous vector-field.
(Hy) Let G:H — L(H) be strongly continuous, and e G(x) € L,(H) for all x € H.
(H3) There exists « € L ([0,00)) such that
(i) |e4F(x)| + ||€4Gx) |y < k(£)1 + |x]) for all x € H,
(i) [ (E )~ FO)| + [€4(Gx) - GODliyis) < k(@) — y] for all 5,y € H.

The following result is about the existence and uniqueness of a mild solution for (1.1),
the proof essentially follows by Theorem 1.7 in [2].

Proposition 2.2 Under Hypothesis 2.1, for any initial condition x € H, problem (1.1) has
a unique mild solution (X(t,%))i>o0xen, that is, for any x € H, the process (X(t,%))i0 is
adapted to the filtration (F;)i>0, and it is continuous in mean square and fulfills the in-
tegral equation

t t
X(t,x) = ex + / eIAF(X(s,x)) ds + / eI G(X(s,x)) AW (s) (2.3)
0 0
for P-ae. w € Q and all t >0, x € H. Moreover, for any T > 0, p > 2, there exists Cr > 0
such that
sup E|X(t,x)—X(t,y)| <Crlx-y|, Vx,yeH (2.4)

te[0,T]
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and

sup E[|X(t,x)|p] < CT(l + |x|"), Vx € H. (2.5)
te[0,T]

As the semigroups of operators which we will deal with are not strongly continuous, we
introduce the notion of 7 -convergence in the space C,(H) (see [15]).

Definition 2.3 (i) A sequence {¢,},en C Cp(H) is said to be m-convergent to a function
¢ € Cp(H) if for any x € H we have

lim ¢,(x) = @(x) and sup [l@.llo < oo.
n—o0 VIGN

,,,,,,,,,,

.....

ni,...,n; € N such that

. s .
im Q. 0 = Puyyonyy LE€AL...,m—1}

nj11—00
and
- T
lim ¢, =¢.
np— 00
We shall write
lim --- lim z
Onyyecttyy = P
n—00 Ny —> 00

or ¢, = ¢ as n — 0o, when the sequence has one index.
(ii) For any subset D C C;(H) we say that ¢ belongs to the 7 -closure of D, and we denote

,,,,,,,,,

that

lim --- lim @, u, =¢.

np— 00 Hyp—> 00
Finally, we shall say that a subset D C Cj,(H) is w-dense in C C Cp(H) if D" =C.

Notice that since the convergence is pointwise we cannot take a diagonal sequence.
However, in order to avoid heavy notations, we shall often assume that the sequence has
one index.

As an extension of the 7 -convergent to the space Cy«(H) (k > 0), a sequence {¢,},en C
Cpx(H) is said to be 7-convergent to a function ¢ € Cyx(H) if we have (1 + |x|*) ¢, =
(1 + [x[X)'p as n — oo in C,(H). Similarly, we can define 7-dense in the space Cj;(H)
(k>0).

Here we introduce some properties for the transition semigroup {P;};>o in Cp1(H),
which can be proved by a similar argument to [3], and they play an important role in the
proof of the results in the following sections.
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Lemma 2.4 Formula (1.5) defines a semigroup of operators Py, t > 0 in Cy1(H), and there
exist a family of probability measures {m;(x,-),t > 0,x € H} C M (H) and two constants
co >0, wg € R such that
(i) Py € L(Cpi(H)) and ||P;|1(cy, m)) < coe™

(i) Prp(x) = fH o) ri(x, dy), forany t >0, ¢ € Cp1(H), x € H;

(ili) for any ¢ € Cp1(H), x € H, the function R* — R, t +> P,@(x) is continuous;

(iv) PiPs =Py, forany t,s > 0 and Py = I;

®

(v) for any ¢ € Cp1(H) and any sequence (¢y)nen C Cp1(H) such that 1?\'.\ =5 o7 48

Pron T Pry
il 2 4 >
T T Asn— 00, for any t > 0.

n— 0o, we have

Lemma 2.5 Let X(t,x) be the mild solution of problem (1.1) and let Py, t > 0 be the asso-
ciated transition semigroups in the space Cy1(H) defined by (1.5). Let also (K, D(K)) be the
associated infinitesimal generators, defined by (1.6). Then
(i) for any ¢ € D(K), we have Pyp € D(K) and KP,p = P,Kg, t > 0;
(ii) for any ¢ € D(K), x € H, the map [0,00) — R, t — Pyp(x) is continuously
differentiable and (d/dt)Pyp(x) = P.K¢(x);
(ili) given co > 0 and wy as in Lemma 2.4, for any A > wy the linear operator R(\, K) on
Cp1(H) done by

R(LK)f (x) = /0 b eMPf(x)dt, feCyi(H),xeH,

satisfies, for any f € Cp1(H)

Co
R(LK) € L(Cor(H)),  [RGLK) | ¢, oy = PR

ROLWK)f € DK), (M - K)ROLK)f =f.
We call R(A, K) the resolvent of K at A.

Definition 2.6 We say that D C D(K) is a w-core for the operator (K,D(K)), if D is
m-dense in Cp;(H) and for any ¢ € D(K) there exist m € N and an m-indexed sequence

..........

. (pnl ,,,,, Hm T (p
lim lim =
m—>o0  mm—oo 1+ |-| 14]-]
and
K§0n1 ..... T Ko
lim --- lim = .
nm—oo  nm—>oo 1+ || 1+

3 A core for operator K

In this section, we give the first main result which is a better understanding of the rela-
tionships between the infinitesimal generator K and the Kolmogorov differential operator
Ky defined by (1.7).

Theorem 3.1 Assume, besides Hypothesis 2.1, that there exist two constants M, > 0 and
) € R such that the function « in hypothesis (Hs) satisfies k() < Mye®!, t > 0, then the
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operator (K, D(K)) is an extension of Ky, that is, for any ¢ € &4(H), we have ¢ € D(K) and
K¢ = Kop. Moreover, 4(H) is a m-core for (K, D(K)).

We split the proof in several steps. In Proposition 3.3 we will prove Theorem 3.1 in the
case F = 0, then Corollary 3.5 will show that (K, D(K)) is an extension of Ky and K¢ = Ko
for any ¢ € & (H). Finally, Proposition 3.8 will complete the proof by the proper approxi-
mation sequence of F and G.

Firstly, we need the following approximation result, proved in [5, Proposition 2.7].

Proposition 3.2 For any ¢ € Cy(H), there exist m € N and an m-indexed sequence

..........

lim --- lim @, ., = 9. (3.1)

n]p— oo My —> 00

Moreover, if g € C}(H), we can choose the sequence in such a way that (3.1) holds and

lim --- lim (D@, ...k = (D h), VheH.

np—>00 np—oo T

3.1 ThecaseF=0
If F =0, we consider the transition semigroup associated to the stochastic differential

equation in H

dz(t) =AZ(@t)dt + G(Z(t))dW (), t=>0,

(3.2)
Z(0)=x € H.
We recall that the mild solution is given by the process
Z(t,x) = e4x + W4 (2), (3.3)

where W4 (t) = fot e=94G(Z(s,x)) dW (s), and the semigroup {R;};> is defined by setting
Rt‘/’(x) = E[@(Z(t)x))]) pE Ch,l(H): t>0,x€H. (34)

We define the infinitesimal generator L : D(L) — C,1(H) of the semigroup {R;};>o in
Cp1(H) as in (1.6), with L replacing by K and R, replacing P;.

Proposition 3.3 Assuming that the conditions of Theorem 3.1 hold, for any ¢ € &4(H) we
have ¢ € D(L) and

Lo(x) = % Tr[G(x)G(x)* D*¢(x)] + (x,A*De(x)), x € H. (3.5)

The set &4(H) is a w-core for (L, D(L)), and for any ¢ € D(L) N C}(H) there exist m € N and

,,,,,,,,,,

lim --- lim (3.6)

m—oo  mp—oo 1+ || 14|
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and

lim --- lim ~—"—— " (3.7)

=00 Hm—>00 1+ 1+

Moreover, if ¢ € D(L) N C}(H) we can choose the sequence in such a way that (3.6), (3.7)
hold and

lim --- lim (D@, ... h) = (Do, h) (3.8)
np— 0o Nyy—> 00
foranyhe H.

Proof By the mean value theorem, for any ¢ € &4(H)

p(e”x+y) = p(ex) + (Dap(e"x),y) + %(Di(p(emx +0:(9)y)7:9)s (3.9)

where o;(y) is a Borel function from H into [0, 1]. Therefore
Reg(x) = E[p(e"x + Wa(1)]

- E[w(emx) + %(Di(p(emx + 0 (Wa()) Wa(2)) Wa(t), WA(t))] ,
then

Rep(x) —p(x)  p(ex) — p(x)

t t
= %E[%(Dﬁ(p(et‘qx + 01 (Wa(0) Wa () Wa(0), WA(t)>:|. (3.10)
We first show that

p(ex) — p(x)

. — (x,A*Dg(x)), ast]O0. (3.11)

Again, by the mean value theorem,
p(ex) — p(x) = (Dp(x +& - (x-x)), ey — x),
where &; € [0,1]. However, for arbitrary x € H
t
elx—x=A f exds
0
and

tA t
M = %<D(p(x+ & - (etAx—x)),A/O eSAxds>

= <A*D(p(x +& - (e“x-x)), % / eSAxds>.
0

Since e4x —x — 0, % fot eAxds — x as t — 0, the relation (3.11) holds.

Page 8 of 19
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e Assertion. For any x € H, let I(t) denote the right-hand side of (3.10), and set

() - %E[%(Dﬁw(x) Wa(0), WA(t))], (312)
we have
lim1(t) - I'(¢)| = 0. (3.13)

Forany x € H, set y = Wy(¢) = fot eAG(Z(s, x)) AW (s), then

10 10| = _E[[([Dle(e*x+ ) - Dio]y.y)]
= i]E[HchsD(et“‘x +0(9)y) - Dio@)] - IyI’]

< o (B[ Dp(ex + o) - Do) - (E[b1)*.

We shall use the following Burkholder estimate, see [6]; for a constant ¢ > 0, we have

4 t 2
]E|: :| < CE[(/ ||e(t’S)AG(Z(s,x)) “22(1{) ds) :| (3.14)
0

By the Minkowski inequality, on account of hypothesis (Hs) and (2.5), it renders

f t e"G(Z(s,x)) AW (s)
0

1 3 ! t-s, %
LEIID =5 [ @l 6(260) ) s

11 (¢
sa(l+lal’)?- / K (t —s)* ds,
0
and due to «(t) < Me*'?, for any T > 0, there exists a constant ¢; > 0 such that

1 t M2 201t _
- / Kk(t—s)*ds < M -1) <c¢, te(0,T] (3.15)
t 0 2(1)1t

Moreover, E[||D2¢(e"4x + 0,(y)y) - D2¢(x)||?] — 0, as ¢ |, 0, therefore, taking into account
(3.15), |I(t) - I'(t)] — 0, as t | 0 uniformly with respect to x € H.

On the other side, from the Fubini theorem and the properties of the stochastic integral
for cylindrical Winner processes (see, for instance, [6]), it follows that

]E[(Di(p(x) W4 (t), Wy (t))] = EI:/t Tr[e(t—s)A G(Z(S, x))G(Z(S, x))*e(t_S)A*ngo(x)] ds],

0
then
I't)=-E %f el- 4G(Z(s,x))G (Z(s,x))*e(t’s)A*Digo(x)] ds]
0
:%E % fo ; ("G (z(s, ))G(Z(S,x))*e(H)A*Di(p(x)ek,ek>dsi|
_ IE_ = 1 (¢~ sAG G(z * (t—s)A*DZ d
=3 ; i e (Z(s,%))G(Z(s,x)) "€ o(x)exds,ex ) |,

Page 9 of 19
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where the sequence {ex}«cy is an orthonormal basis in H, by hypotheses (H;), (Hs), and
(3.3), for any x € H it follows that

t

1 * ¥
lim - e(t‘s)AG(Z(s, %))G(Z(s,%)) 94 ds = G(x)G(x)*.
t—0 0

Therefore
. / 1 = *
lim 7'(¢) = EE[E(G(’C)G(’C) Digo(x)ek,ek)]

_ %Tr[G(x)G(x)*Dazcﬁﬂ(x)]

and

y Rip(x) — ¢(x)
m --———————-

lim . = %Tr[G(x)G(x)*ngo(x)] + (%, A*Do(x)).

Moreover, in view of (3.10), we have

’ Rip(x) — p(x)
t

3 ‘w(e’/‘x) - o)
- t

+ % ‘E[%(Digo(emx + 01 (Wa(2)) Wa(t)) Wa(), WA(t))] ‘

-

t
<A*Dg0 (v +& - (”x-x)), % / ey ds>
0

1 1 ! t—s
10l E[ L [l 6z ) ]

considering hypotheses (Hyp), (Hs), and (2.5), it yields

=<

‘Rtfp(x) - (x)
t

t
<A*Dga (v +& - (Mx—-x)), % / e ds>
0

Cy 1 t
s |D%0]|, (1 + x%)- / k(t—s)?ds.
tJo
On account of (3.15) and lim,_, o+ } fot/c(t —5)>ds < M2, this implies
1
sup — ||th)(x) - (/)(x) ||01 <00,
te(01] £ '

thus, ¢ € D(L) and (3.5) holds.

Similar to the proof given in [5], now we prove that the set &4 (H) is a w-core for (L, D(L)).
Let ¢ € D(L), for any n, € N, set ¢y, (x) = myp(x)/(n2 + |x|?). Clearly, ¢,, € C,(H) and (1 +
%)), 5+ lx[)"Xp as ny — oo. By Proposition 3.2, for any 1, € N we fix a sequence
©nynz C E4(H) (for the sake of simplicity we assume that the sequence has only one index)
such that ¢, .5 — @, as n3 — 0o. Set

1 &
(pnl,nz,ng,m (x) = E Z Rﬁ (ﬂnz,ng (x) (316)
k=1
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for any m, ny, 13,14 € N, so we can show that the sequence (¢, uy,13,1,) fulfills (3.6) by
a straightforward computation because of the continuity of the function R* — R, ¢ —
R;¢(x), for any ¢ € Cp1(H).

And likewise, for any x € H we have

lm --- lm *¥4———-————~ —
np—>00 Hg—>00 1+ |x|

= lim --- lim —————
np— oo ng—>00 1+|x|

lim lim lim
11— 00 Ny —> 00 N3 —> 00 1+ |x|

m (R% §0n2,n3 (x) - 90712,}13 (x))

= lim lim lim
11— 00 Ny —> 00 N3 —> 00 1+ |x|

mRLo() =9(®) 1)
= lim il = ,
11— 00 1+ |x| 1+ |x|

where we have used the continuity of ¢ — LR;@,, ., (¥) and the fact that LR;@y, 4, (%) =
(dldt)Ri@u, us (%) (cf Lemmas 2.4 and 2.5). In fact that any limit above is equibounded in
Cp,1(H) with respect to the corresponding index by the construction of ¢y, ) 13,1, (¥), thus

(3.7) holds.

If o e D(L)N C})(H), (3.8) can be proved by Proposition 3.2. O
Theorem 3.4 Assume that the conditions of Theorem 3.1 hold, let {P;}:>o be the semigroup
(1.5) and {R;} ;>0 be the semigroup (3.4), we denote by (K, D(K)), (L, D(L)) the corresponding
infinitesimal generators in Cyp1(H). Then we have D(L) N Cé(H) =D(K)N C}(H) and

Ko =Ly + (Dg, F) (3.17)

Jorany ¢ € D(L) N C,(H).

Proof Let X(t,x) be the mild solution of (1.1) and Z(¢,x) be the mild solution of (3.2), for
any ¢ € D(L) N C}(H), taking into account that

t
X(t,x) = Z(t, %) + / e(t_s)AF(X(s, x)) ds
0
t
+ / 4G (X(s,%)) - G(Z(s,%))) AW (s),
0
by the Taylor formula we have P-a.s.

<p(Z(t, x)) = go(X(t,x)) + <p(Z(t, x)) - <p(X(t, x))

1 t
= p(X(tx) - / <D<p($Z(t,x)+(1—§)X(t,x)), fo e"AF(X(s,x)) ds

0

+ f t e4(G(X(s,x)) - G(Z(s,%))) dW(s)>dg.
0
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Then we get

Rip(x) — o(x) = E[¢(Z(5,%))] — ¢(x)

1
= Pigp() — (o) - JE[ /0 <D<p (E2(6:3) + (1— £)X(6,2),

/ t e"AF (X (s, %)) ds> dg]
0

for any x € H, with the help of Luigi Manca’s result (see [3], Theorem 4.1), we have

lim LE / 1 D - / " en
0(EZ(t,x) + 1= £)X(t%)), | eF(X(s,x)) ds)dE
¢ 0

t—0% 0

- (Do (@), F(),
SO

i Pip(x) — p(x)
A

t—0+

=Lo(x) + (Dgo(x),F(x)).

As is easily seen, (Lo(x) + (Do(x), F(x))) € Cp1(H). Moreover,

+ 1]EI:
t

/ t eIE (X (s, x)) ds> d§ H
0

Rip(x) — ¢(x)
t

Rip(x) — p(x)
¢

Pip(x) — p(x)
¢

<

1
/O <D¢(§Z(t,x) +(1-8§)X(t,%)),

<

t
+[1Dgllo - %EU |e(t"s)AF(X(s,x))‘ds],
0

taking into account hypothesis (Hz) and (2.5), it yields

Py —¢@)| _ | Regpl) = o) +”D(p||0.1/t,((t_s)(l+E[|X(S,x)|])ds
: : tJo
_ |Rep() — o)

1 t
+clDgllo(1 + Ix1) - —/ K(s)ds,
t tJo

and due to «(t) < Mie®'?, for any T > 0, there exists a constant ¢; > 0 such that

1 [t My(et -1
-f c@yds < M€ =D o,
0

t w1t
This implies
Pp(x) — ¢(x)
sup || —— < 00,
te(0,1] 4 0,1

hence, ¢ € D(K) N C}(H) and K¢ = Lo + (Dg, F).
In the same way, for any ¢ € D(K) N C;(H), we can prove that ¢ € D(L) N C}(H), so this
completes the proof. d

Page 12 of 19
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By Proposition 3.3 and Theorem 3.4 we have the following.

Corollary 3.5 (K, D(K)) is an extension of Ko and for any ¢ € &(A) we have ¢ € D(K) and
Ko =Kopgp.

3.2 The case F € C}(H;H)
The following lemma is proved in [10, Chapter 7].

Lemma 3.6 Let us assume Hypothesis 2.1 and that F € CZ (H;H),Ge CZ(H;L(H)). Then
the semigroup {P;};>¢ defined in (1.5) maps C}(H) into C,(H), and forany f € C,(H), h € H
we have

(DPf(x), h) = E[(Df (X(t,%)), 0" (£, %))], (3.18)
where 1" (t,x) is the mild solution of the equation in H

dn’(t,x) = (An"(t,x) + DF(X(t, %)) - n"(t,x)) dt
+DGX(t, %) - " (6, x) AW (t), t>0, (3.19)
n"(0,%) = h.

Proposition 3.7 Under the conditions of Lemma 3.6, we assume that the function « in
hypothesis (Hs) satisfies «(¢) < Mye®, t > 0, for two constants My > 0 and w; € R, let
(K,D(K)) be the infinitesimal generator of {P¢}s>0. Then there exist two constants Ao > 0
and M > 0 such that for any L > Lo, the resolvent R(A, K) of K at » maps C(H) into C}(H)
and we have

M||IDf ||, ;e

1
o [eG. (3.20)

| DROSK | ¢, ) =
Proof Letf € C)(H), forany t > 0, P,f € Ci(H) and for any x,/ € H we have

(DPf (x), h) = E[(Df (X (&, %)), n" (¢, %))], (3.21)
where 7" (t, %) is the mild solution of (3.19), that is,

t
n"(t,x) = e4h + / e MDF(X(s,%))n" (s, x) ds
0
t
+/ DG (X(s,%))n"(s,2) AW (s), (3.22)
0

then

]

]E[|nh(t,x)|2] < 3<|emh|2 +IEH/te(t_S)ADF(X(s,x))nh(s,x)ds
0

./t e(t—s)AD(;(X(s, x)) nh(s, x)dW (s)
0
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applying the Minkowski inequality and the generalization of maximal inequality of mar-
tingales to stochastic convolution, see [6, Lemma 7.7 and Proposition 7.8], it follows that

¢ 2
]E[’nh(t,x)‘z] < 3<’emh}2 + IE|:</ }e(t_S)ADF(X(s,x))nh(s,x)’ ds) ]
0
; c]E[ | M DG, 1)) ds]>,
0

where c is a given positive constant. By Hypothesis 2.1 and F € Cg (H;H),Ge CZ (H; L(H)),

we have

e DF € C,(H;L(H)),  €"DG € Cy(H;L(H;Ly(H))) (3.23)
and

€“DF@)y| <@y, [e4DGWy],, 4y < k@1l (3.24)

for any x,y € H, considering that « () < M;e®'?, we obtain
2 ¢ >
E[|n" (&%) ] < L?’)(Mzez“’t|lf1|2 + E[(/ k(t—s)|n" (s, )| ds) ]
0

L
+ CE|:‘/. K2(t—s)|nh(s,x)|2dsj|>
0
¢ 2
< 3<M262wt|h|2 +MfE[(/ ewl(t_s)|nh(s,x)|ds) ]
0

t
+ch/ ez‘“l(t’s)]E[|nh(s,x)|2] ds).
0

By the Holder inequality, one can obtain

t 2 t t
]E|:(/ ewl(t—s) |77h (s, x)‘ ds) ] < E|:</ e—(t—s) dS> (/ e(2w1+1)(t—s) |77h (s, x)‘Z dS)]
0 0 0

t
5/ 6(2“’1+1)(t‘s)E[|nh(s,x)|2] ds,
0
then
t
]E[|nh(t,x)|2] < 3<M262wt|h|2 +M%/ e(2a)1+1)(t—s)]E[|nh(s,x)|2] ds
0

t
+ CMIZ/ ezwl(t’s)Eth(s,x)‘z] ds). (3.25)
0

Let @ = max{w,®; + 3,0}, multiplying (3.21) by e’ and taking into account 2”1~ <
el2ert(t=s) < 2009 for ¢ > 5, yields

t
e‘z‘z’tIE[|nh(t,x)|2] <3M*|h|* +3M;(1 + c)/ e‘2‘Z’S]E[|nh(s,x)|2] ds.
0
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Now from the Gronwall inequality it follows that

E[|n"(t,0)[*] < M2e? k], (3.26)

3M% (1+c)
2

where the constants M = v/3M, A = + o, thus

E[|n" (& %)|] < Me**|h.

By (iii) of Lemma 2.5, we have

(DR K (), )| = ’ [ soren) e a

o0
< MIDf lcyet0 f e | dt
0

_ MIDf e, k)

1
A— Ao

for any /1 € H. Therefore, (3.16) follows. O

3.3 The general case and the proof of Theorem 3.1
From the above argument it remains to prove that &, (H) is a 7 -core for (K, D(K)) for the
proof of Theorem 3.1. For this we introduce the following approximation result (see [16]).

We take a sequence of nonnegative twice differentiable functions {p,}.cn such that

1
supp(p,) S {S eR", |€|pn < —} and / on(E)dE = 1. (3.27)
n R”

Let Q, be the orthonormal projection of H onto span{ey,...,e,}, {ex}sen be the orthonor-
mal basis in H. We will identify R” with span{ey,...,e,}, the mappings F, : H — H and
G, : H— L(H) are defined by

Fy(x) = / on(§ = Qux)F (Z &ei) dk, (3.28)
R" i=1

Ga(x) = / pulE - an)G<Zs,-ei> dt. (3.29)
R" i=1

It is easy to check that F, € C,f(H; H),G, e CE(H;L(H)) for any n € N. Moreover, F,(x) —
F(x), G,(x) > G(x) as n — oo for allx € H, and F,;, G,,, n € N satisfy (H;)-(Hs) in Hypoth-
esis 2.1.

Let P} be the semigroup

Plo(x) =E[p(X"(t:%)], ¢ € Cpu(H), (3.30)
where X" (¢, x) is the mild solution of (1.1) with F,,, G, replacing F, G. Clearly, we have

lim E[|X"(t,%) - X(t,%)|] =0, ¢>0,xeH, (3.31)

n—00
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and for any T > 0, there exists a constant ¢ > 0 such that

sup E[‘X”(t,x)‘z] < c(l + |x|2), x€H. (3.32)
te[0,T]
This implies
P P
lim 2z ¥ (3.33)
o lr ]| 14|

forany t > 0, ¢ € Cp1(H). We denote (K, D(K,,)) the infinitesimal generator of the semi-
group P/ in Cp;(H), defined as in (1.6) with K, P} replacing K, P;. Also all the statements
of Lemmas 2.4 and 2.5 hold for P} and (K,, D(K},)). Combining (3.33), it is straightforward
to see that the resolvent of (K, D(K},)) satisfy

im RO\, K,)e x R\, K)o (3.34)
n—>oco 1+|-] 1+]-]
for any ¢ € Cp1(H), A > wy.

Proposition 3.8 The set &4(H) is a w-core for (K, D(K)), and for any ¢ € D(K) there exist

,,,,,,,,,,

lim --- lim , (3.35)
m—oo  mp—oo 1+ || 14|
K K
lim - lim —ofesm 2 B9 (3.36)
n—00 =00 1+ || 1+

Proof The proof goes along the same lines as that of Lemma 4.6 in [3], with some im-
portant changes. Namely, instead of Propositions 4.3 and 4.5 in [3], we have to use the
modifications which correspond to Propositions 3.3 and 3.7 above. g

4 Fokker-Planck equation for Kolmogorov operator
This section is devoted to studying the following Fokker-Planck equation for the Kol-
mogorov operator Ky:

£ [ o@)neldx) = [, Kop®)peldx), t> 0,0 € Ex(H),
o = u € My(H),

(4.1)

where the Kolmogorov operator Kj is defined by (1.7).

To give a precise meaning of this problem, we introduce the notion of solution of (4.1).
Definition 4.1 Given u € M;(H), we say that a family of measures {u;};>0 is a solution

of the Fokker-Planck equation (4.1) if the following are fulfilled:

(i) the total variation of the measure ju, satisfies

T
/O/H(l+|x|)|m|(dx)dt<oo, VT > 0; (4.2)
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(i) forany ¢ € &4(H) and any ¢t > 0, it holds

/H o)) - fH o)u(d) - /0 ( fH KoQD(x)Ms(dx)) ds 4.3)

From Theorem 3.1 we know the relationships between the Kolmogorov operator K, and
the infinitesimal generator (K, D(K)) of the transition semigroup {P;};~¢, defined by (1.6).
Then we firstly study the measure value equation

2 [ o@)neldx) = [, Ko@) (dx), t> 0,9 €D(K),
Ho = n € My (H).

(4.4)

Theorem 4.2 Assume that the conditions of Theorem 3.1 hold, let {P;};> be the semigroup
associated to the SPDE (1.1) defined by (1.5) and (K, D(K)) be its infinitesimal generator
defined by (1.6). Then the formula

(go’Pff)o(cb‘l(H),Ch,l(H)*) = (Pt(p7f>o'(C[,‘1(H),Cb‘l(H)*) (45)

defines a semigroup {P}}>o of linear and continuous operators on Cp1(H)* that maps
M, (H) into M, (H). Moreover, for any . € M1 (H) there exist a unique family of measures
{ie}e=0 C My(H) such that

T
/ /(1+|x|)|m|(dx)dt<oo, VYT >0
o Ju

and

[ oontan- [ pwtan - [ ( [ 1<<p(x)us(dx)> ds

forany t > 0, ¢ € D(K). Finally, the solution of (4.4) is given by P}, t > 0.

Proof In order to proof our result, we can follow almost the same arguments as in the
proof of Theorem 1.2 in [5] by Luigi Manca. We omit the details here. O

As a consequence we get the second main result.

Theorem 4.3 Assume that the conditions of Theorem 3.1 hold, for any i € M;(H) there
exists a unique solution of measures {jis}>0 C M1(H) of (4.1), and this solution is given by
P,

Proof Let (K, D(K)) be the infinitesimal generator defined by (1.6), by Theorem 3.1 we find
that &4 (H) is a m-core for (K, D(K)), and that K¢ = Ko, for any ¢ € &4(H). So combining
Theorem 4.2 it is easy to show that {P] i}~ is a solution of the Fokker-Planck equation
(4.1) for any u € M;(H).

To prove the uniqueness of the solution, we assume that {u;};>0 is a solution of (4.1).
For any ¢ > 0 and ¢ € D(K), there exists a sequence (¢,)yen C éa(H) (for simplicity we
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assume that this sequence has only one index) such that

fim %1 ¢ iy Koonz Ko (4.6)
n—>o<>1+|.| 1+|| n—>ool+|.| 1+||
and we have
/ () te(dlx) — / o (x)ya(dx) = lim ( / Gu)aeld) - / wn(xm(dx))
H H n=>O\JH H
t
= lim (/ Koqo,,(x)us(dx)) ds. (4.7)
n— 00 0 H

Now observe that sup,,.y [Ko@,| < c(1 + |x|) for some ¢ > 0 and p; € M;(H) for any s > 0,

SO
tim [ Kogn(@)ps(dx) = / Ko@s(dx) (4.8)
n—0o0 H H

and
sup / Kogn(®)pss(ds)| < / (Lt ] el (). (4.9)
neN|JH H

Taking into account (4.2) and applying the dominated convergence theorem, it yields

tim [ ( /H 1<o<pn(xms<dx)> ds - /0 ( /H 1<¢(xms<dx)> ds, (4.10)

this implies that {1, },>0 is a solution of the measure equation (4.4). On the other hand such
a solution is unique and is given by {P} 1t};>0 by Theorem 4.2, that is, for any ¢ € &4(H)
we have

/ ()P () = / o () p1e(d). (4.11)
H H

By Proposition 3.2, (4.11) still holds for any ¢ € C,(H), this implies u; = Pfu, ¥t > 0. This
concludes the proof. O
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