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Abstract

In this paper, we consider the poly-Bernoulli numbers and polynomials of the second
kind and presents new and explicit formulas for calculating the poly-Bernoulli
numbers of the second kind and the Stirling numbers of the second kind.
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1 Introduction
As is well known, the Bernoulli polynomials of the second kind are defined by the gener-

ating function to be

t Nt _
log(l—”)(ut) _;bn(x)n! (see [1-3]). 1)

When x = 0, b, = b,(0) are called the Bernoulli numbers of the second kind. The first
few Bernoulli numbers b,, of the second kind are by =1, by = 1/2, by = =1/12, b3 = 1/24,
by = -19/720, bs = 3/160,....

From (1), we have

n

b= (7)171(96);1—1, @)

1=0

where (x), = x(x—1)--- (x—n+1) (n = 0). The Stirling number of the second kind is defined
by

&= "Sm D) (1= 0). 3)
1=0
The ordinary Bernoulli polynomials are given by
o0 n

=Y B0 (see[1-18)). (@)

n=0

t
el -1

When x = 0, B,, = B,,(0) are called Bernoulli numbers.
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It is well known that the classical poly-logarithmic function Lix(x) is given by

[e¢]

Lix(x Zx—k (k € Z) (see [8-10]). )

For k=1, Lij(x) =Y o) % = —log(1 — x). The Stirling number of the first kind is defined
by

K)n= Y SimDx' (1= 0) (see[16]). 6)

In this paper, we consider the poly-Bernoulli numbers and polynomials of the second
kind and presents new and explicit formulas for calculating the poly-Bernoulli number

and polynomial and the Stirling number of the second kind.

2 Poly-Bernoulli numbers and polynomials of the second kind

For k € Z, we consider the poly-Bernoulli polynomials b (x) of the second kind:

Liz(1-e7) % = (k) ﬁ
log(1 + £) Loy = ;bn (<) n! @

When x =0, b(,,k) = bﬁ,k)(O) are called the poly-Bernoulli numbers of the second kind.
Indeed, for k =1, we have

Lik(l—e“) X _ x
Togrn 1t T T (1 T Zb(x)—. 8)

By (7) and (8), we get
W(x) = bu(x) (n=0). )

It is well known that

o P

t(1+)*!
log(1 + log(1 +£) Z 10)

where B;a)(x) are the Bernoulli polynomials of order o which are given by the generating

function to be

n=0

By (1) and (10), we get

bu(x) =B"(x+1) (n>0).
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Now, we observe that

Li(1- e’t)
log(1 +¢t)

oo

=> b (x)

n=0

1+t

1 /t 1 /‘t 1 1 /’ x
= dx---
logl+¢t) Jo e¢=1Jy e¥-1 e -1/, e¥-1

k-1 times

Thus, by (11), we get

Q+t ! «x
Zb ();_log(1+t) ex—ldx

(1+t)"
:10g1+t) /xdx
B t x i B ¢
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3 { 5 (n) Bibyi(x) } o

purdl B l I+1 n!
Therefore, by (12), we obtain the following theorem.
Theorem 2.1 For n > 0 we have

b;z)(x) - Zn: (’Z) Bib,_(x) )

pn [+1

From (11), we have
ib(k) @ " Lig(l-e™)

x)— = 1+¢8)*
= " log(l+t) 1+0

3 t Lix(1- e“)
log(1+1) t
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We observe that

1
= le _k

—e

(-1)"

13
1 0 00 (—t)l
_Zz Z (,n)

!

1 o | (_1)n+l tl

== E E n'Sy(l, n)—
k

iz~ n !

oo I+1

53 (-1)mte RGN t

= k . _,.
P n [+1 I

dx(1+t)".

(11)

12)

(13)

(14)
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Thus, by (10) and (14), we get

00 00 I+1
(-1 Sy (I+1,p) \
(k) _ i
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=0 \p=1 pk
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Therefore, by (15), we obtain the following theorem.

Theorem 2.2 For n > 0, we have

n l+1 _1\w+i+l S, (1 ,
b0 (x) = Z (’;) (Z ( ll),k o 2(1 1 1 p)>bn_z(x)-

=0 p=1

By (7), we get
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Therefore, by (16), we obtain the following theorem.

Theorem 2.3 For n > 1, we have

W +1) - b0 @) = ZZ (p)( T 0, )by, (18)

p=1 m=1

From (13), we have

= ) e Lik(l—e-f))k .
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Therefore, by (17), we obtain the following theorem.

Theorem 2.4 For n > 0, we have

b +y)=)" (’;) b® () ).

1=0
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