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1 Introduction and main results
Let R denote the real numbers and Z the integers. Given a < b in Z. Let Z[a, b] = {a,a + 1,
...,b}. Let T >1and N be fixed positive integers.

In this paper, we investigate the multiplicity of periodic solutions for the following non-
linear difference systems:

AP (Auy(t —1)) = Vo, F(t,ur (), ua () + I (1),

1.1)
Ay (Auy(t — 1)) = Vi, F(t, u1(2), ua(2)) + ha(2),

where F: Z x RN x RN — R and ¢,,, m = 1,2, satisfy the following condition:

(A0) ¢, is a homeomorphism from RY onto B, C RN (a € (0, +o0]), such that ¢,,,(0) = 0,
¢ = VD, with @, € CLRN, [0, +00]) strictly convex and ®,,(0) = 0, m = 1,2.

Remark 1.1 Assumption (A40) is given in [1], which is used to characterize the classical
homeomorphism and the bounded homeomorphism. ¢,, is called classical when a = +o0
and bounded when a < +00. If furthermore ®,, : RN — R is coercive (i.e. ,,(x) — +00 as

|x] = 00), there exists §,, > 0 such that
() = (|2l 1), xRV, (1.2)

where 8, = miny . ®,,(x), m = 1,2 (see [1]).
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It is well known that the variational method has been an important tool to study the
existence and multiplicity of solutions for various difference systems. Lots of contribu-
tions have been obtained (for example, see [1-13]). However, to the best of our knowl-
edge, few people investigated system (1.1). Recently, in [1] and [14], by using the variational
approach, Mawhin investigated the following second order nonlinear difference systems

with ¢-Laplacian:
A¢[Au(n - l)] = VMF[n, u(n)] +h(n) (nelZ), 1.3)

where ¢ = V®, & strictly convex, is a homeomorphism of RN onto the ball B, C RN or
of B, onto RN, By using the variational approach, under different conditions, the author
found that system (1.3) has at least one or N + 1 geometrically distinct T-periodic solu-
tions. It is interesting that Mawhin considered three kinds of ¢: (1) ¢ : RN — R¥ is a clas-

sical homeomorphism, for example, ¢(x) = |x[”~Lx for some p >1 and all x € RY; (2) ¢ :

RN — B, (a < +00) is a bounded homeomorphism, for example, ¢ (x) = 1" — € B forall
+x

x€RN; (3) ¢: B, C RN — RV is a singular homeomorphism, for example, ¢(x) =

:

X

A/ 1-|x|2

for all x € B;.
For a classical and bounded homeomorphism, in [14], Mawhin obtained the following

multiplicity results.

Theorem A (see [14], Theorem 4.1) Assume that the following assumptions hold:
(HB) ¢ is a homeomorphism from RN onto RN, such that ¢(0) = 0, ¢ = Vd, with
® e CHRN, [0, +00)) strictly convex and ®(0) = 0.
(HF) F e C(Z x RN,R), F(n,-) € C{(RN,R), and there exist an integer T > 0 and real

numbers w; > 0,w, > 0,...,wx > 0 such that
F(t+ T,ui + o,y + o, ..., un + wy) = F(t, Uy, Uy, ..., ux)

forallt e Rand u = (u,uy,...,un) € RN,
Ifthere exist y >0 and p > 1 such that

’Q(u)! > ylulf (u € IRN).

Then, for any h € Hr such that % Zthl h(t) = 0 (the definition of Hr can be seen in [14]),
system (1.3) has at least N + 1 geometrically distinct T-periodic solutions.

Theorem B (see [14], Theorem 4.2) Assume that assumption (HF) and the following con-
dition hold:

(HB)' ¢ is a homeomorphism from RN onto B, C RN (a € (0, +00)), such that ¢(0) = 0,
¢ = Vo, with ® € CL(RN, [0, +o0]) strictly convex and ®(0) = 0.

If & : RN — R is coercive, h € Hy such that % ZL h(t) =0 and |H| < 8, system (1.3) has
at least N + 1 geometrically distinct T-periodic solutions, where § > 0 is given by (5) in [14]
and H = (H(n)),ez € Hr is such that AH(n) = h(n), n € Z.
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Obviously, (HF) implies that F is periodic on all variables u;, ..., uy. Hence, a natural
question is that what will occur if F is periodic on some of variables u, ..., uy. For differ-
ential systems, in [15] and [16], the arguments on this question have been given. In [15],

Tang and Wu considered the second order Hamiltonian system

ii(t) + VE@, u(t) = e(t), ae.tel0,T],
u(0) — u(T) = i(0) — i(T) = 0,

(1.4)

and in [16], Zhang and Tang generalized and improved the results in [15]. They considered

the following ordinary p-Laplacian system:

(u' ()P 2 (1)) + VF(t,u®)) = e(t), a.e.tel[0,T],
u(0) — u(T) = 24(0) — &(T) = 0.

(1.5)

Inspired by [1, 14, 15] and [16], in this paper, we investigate system (1.1), which is dif-
ferent from (1.3), and consider the case that F(¢,x,x;) is periodic on some of the vari-

),...,xg\ll) and some of the variables x(ll),...,xg), where x; = (acil),...,ac](\l,))Z and

ables x§1
Xy = (xﬁl), .. ,xﬁ))t. We generalize Theorem A and Theorem B.
Next, in order to present our main results, we consider two decompositions RVN=R, ®

81 and ]RN = Rz D 82 with

Ri= span(e;y, ..., €, ), S = span(e,-r1+1,...,e,»N),

R = span(ey,, ..., ¢, ), S, = span(ej, ;- €y )

where e;, and e;, are the canonical basis of RN for1 <k <N,1<s<N,1<r <N, and
1<r, <N.

In this paper, we make the following assumptions:

(A1) Letp>1,9>1, 1 €[0,p), and B, € [0,q). Assume that there exist positive constants
Y1) Y25 V3, Va Such that

(%) > plxl? —plxl®, D) = yslylT - yalyl®?,  Vay e RN,

(A2) There exist positive constants dy, da, ds, dy with dy > p% and ds > é, B3 € [0,p), and
Ba € [0, q) such that

(¢1(x), %) > dilxlP —da|x|,  (¢o(x),x) > ds|x|? — dalx|™, VxeRN.

(A3) There exist constants ¢, >0, k1 > 0, kya >0, a1 € [0,p — 1), ay € [0, — 1), and two
nonnegative functions w,, € C([0,+00), [0, +00)), where m = 1,2, with the properties:
(i) wp(s) <w,,(¢) Vs <t,s,t€[0,+00),
(ii) W(s + 1) < oW (s) + w,,(£)) Vs, t € [0, +00),
(iii) 0 < wy(t) < kt™ + k1z, 0 < wy(t) < ko1£*2 + ko, VE € [0, +00),

(iv) w,,(£) = +00, as t — +00.
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(F1) F:Z xRN x RN — RN, (¢,5,,%2) —> F(t,%1,%2) is T-periodic in t for all (x1,%,) €
RN x RN and continuously differentiable in (x1,%,) for every t € Z[1, T], where x| =
(xgl),...,x](\ll))’, Xy = (xﬁz),...,xﬁ))f.

(F2) F(t,x1,%x) is Ti(:)—periodic in xgi), where xﬁi) is a component of vector x, and TZ}I) >0,

(2) (2

. 2
»where x;" is a component of vector x, and T; '>0,

2) L
1<k<nr,and Tjs -periodic in x )

1<s<n.
(F3) There exist fr,8m : Z[1, T] - R, m =1,2, such that

|V F (6,21, 2) | < fi@wi (121]) +g1(2),

|V, (&1, %) | < fo(6)wa(Ix2l) + g2(8)

Jor all (x1,%,) € RN x RN and t € Z[1, T).

T T

> () =o0.

t=1 t=1

=
=
=
=
I

Remark 1.2 A condition similar to (A3) and (F3) was given first in [17] for the second

order Hamiltonian systems

i(t) = VE(t, u(t)),
u(0) — u(T) = 2(0) — &(T).

(1.6)

The condition presented some advantages over the following subquadratic condition:
there exist « € [0,1) and f, g € L'([0, T]; RN) such that

’VF(t,x)| <f@)x|* +g(t).
We refer readers to [17] for more details.

Moreover, assume that p’ > 1 and ¢’ > 1 satisfying 1/p + 1/p' =1and 1/q + 1/q’ = 1. Let

N [T D@ (T 1 o\
C(p)—mln{ ) ( o ) } 17)
N [T (T )T o\ Y
C(q) = m1n{ T ) ( 7 + 1) ) }, (1.8)
/ _[(T -1 PP, p)
C(p,p') = min 1 (e e }, (1.9)

(1.10)

Clarq) = min] TV IO }

Tl 7 (g +1)7d
e P+l ¢ 1 P+l 9 plp’
(7) (-702) -ma]
L T T T TP’ +1
T
@(qqu)zz

t=1“-

o,p) = XT:
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Next, we present our main results.

() For classical homeomorphism
Theorem 1.1 Assume that (AO0) with a = +o00, (A1), (A3), (F1)-(F3), and (£) hold. As-
sume that F satisfies the following condition:

(]:4) For (xl,xz) (S] Sl X 52,

T Ny [ T 4
lim ,Zt:lF(t’xl,’xZ) >max[7[cmcff_z]1j (Zﬁ(ﬂ) ,

ball= 400w (fxy ) + W] (J2) el '3
[e20C@) g
lavsli'q (Zfz ) }

Then system (1.1) has at least r, + ry + 1 geometrically distinct solutions in H, where the
definition of H is given in Section 2 below.

Theorem 1.2 Assume that (AQ) with a = +o0, (A1), (A2), (A3), (F1)-(F3), and (£) hold.
Assume that F satisfies the following condition:

(A1) Let 6; € [0,p) and 0, € [0, q). Assume that there exist positive constants {1, {2, {3, {a
such that

D) < Glal + Llxl™, @) < Gl + Llyl®, Vay e RY;
(f4)/ For (xbe) S 81 X Sz,

ZtT=l F(t’xI’xZ)

/ /
a2l +00 (| ) + wj (122])

[C@)ewl! [Lpa 1+4q8 a 4
<—max[ I:dlp—1+d3q—1+1:|<;fl(t)) )

p/

[C(q)e]? [1+pty 1+4q23 a v
[dlp— 1 dg 1" 1] (;ﬁ(t)> }

q/

Then system (1.1) has at least ry + ry + 1 geometrically distinct solutions in H.

(I1) For bounded homeomorphism
Theorem 1.3 Assume that (A0) with a < +00, ®,, : RN — R are coercive, m = 1,2, (F1),
(F2), and (E) hold. Assume that F satisfies the following conditions:

(F5) There exists a nonnegative by, : Z[1,T] — R*, m = 1,2, such that

’vxlF(t)xl)x2)| = bl(t)

|V, F(t, %1, %)| < ba(t)

for all (x1,%,) € RN x RN and t € Z[1, T;
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(.7'6) For (xl,xz) € Sl X Sz,

lim ZF(t xl,xz) = +00;

o1 [+]owg | +00

(F7)

Zbl £)+ Z|h1<t)| C(p/
T T

D b+ )

t=1 t=1

where 8,,, m =1,2 are given in (1.2). Then system (1.1) has at least r + r, + 1 geomet-

rically distinct solutions in H.

Theorem 1.4 Assume that (A0) with a < +00, ®,, : RN — R are coercive, m = 1,2, (F1),

(F2), (F5), and (E) hold. If F satisfies the following conditions:

(F6) For (x1,x2) € S1 x Sy,

lim ZF t,x1,%)

|1 [+[x2]—+00

(F7)

Zbl(t)+c Z|h1(t) +(Clpp)+1)" <8y,

sz(nc Z|h2(t)| 0.4)+1)"" <8,

where 8,,, m = 1,2 are given in (1.2), then system (1.1) has at least r + ry + 1 geometri-

cally distinct solutions in H.

2 Preliminaries

First, we present some basic notations. We use | - | to denote the usual Euclidean norm

in RN. Define

V= {u = (ur, u2)" = {w(®)}|u(t) = (0 (8), un(2))" € R,
Uy = {um(t)},um(t) eRY,m=1,2te Z}.

‘H is defined as a subspace of V by
H = {u = {u(t)} eV0u(t+T)=u(t),te Z}.

Define

Hyp = {um = {um(t)}|um(t + T) =ty (t), t, (£) € RN te Z},

m=1,2.

Page 6 of 33
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Then H = H; x Hs. For u,, € H,,, set

T 1/r
2t |l = (Z|”m(t)|r> and ”um”oo:tg%ﬁ?(TJum(t){’ m=1,2,r>1.

t=1

Obviously, we have
letmlloo < Nlttmlla, m=1,2. (2.1)

For 1 < p,q < +00, on H;, we define

T T Up
ey, = (Z|Au1(t) "+ Z|u1(t>|”>
t=1 t=1

and, on H,, we define

T T l/q
||u2||q=(Z|Auz(t)yq+2|uz(t)|"> :
t=1 t=1

For u = (u1,u,)" € H, we define
llell = Nlaallp + oz lly-

Let
1 I
W= {u =(u,un)" € ’H’um(l) ==y, (T) = T Zum(t),m = 1,2}
t=1
and

T
H= {u:(ul,uz)r G’H’Zum(t):o,mzl,Z].

t=1

Then H can be decomposed into the direct sum H =W & H. So, for any u € H, u can be
expressed in the form u = & + u, where &1 = (i1, 142)* € V and u = (i1, u5)" € VWW. Obviously,
Uy = Uy + Uy, m=1,2.

For u = (u1,uy)" € H, let

T 1/r
||Aum||r=<Z|Aum(t>|’> :

t=1

where m =1,2, r > 1. It is easy to verify that
lAull = [[Awlly + | Azl

is also a norm on 7. Since A is finite-dimensional, the norm || Au|| is equivalent to the

norm ||u| in M if u € H.

Page 7 of 33
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Lemma 2.1 (see [12]) Let u = (uy, up) € H. Then

teZ[1,T) T
5=

T lp
max ‘um ‘gC(p’)(Z|Aum(s)|p> , m=12,

1/q
terrzla}xT]‘um(t)|<C <Z|Aum s)|q> , m=1,2,

and
T T
Z’um(t)’p§C(p,p/)Z‘Aum( m=1,2,
t=1 s=1
T T
> lum®|* < Cla.4) Y m=1,2,
t=1 s=1

where C(p'), C(q'), C(p,p'), and C(q,q’) are defined by (1.7)-(1.10).

Lemma 2.2 (see [16]) Leta >0, b,c>0,¢>0.
(i) Ifa€(0,1], then (@+b+c)* <a® +b* +¢*;
(ii) ifa € (1,+00), then there exists B(e) > 1 such that

(@+b+0)* <1+¢)a” + B(e)b* + B(e)c*

Lemma 2.3 For any u = (u1, u2),v = (v1,v2) € H, the following two equalities hold:

T T

=Y (Ad(Am(E-1)),m@®) = (Adi(Am(D)), An()),
t=1 t=1

T T

= (Mg (Au(t-1 ) = > (Ado(Aua(0)), Ava(0)).
t=1 t=1

Proof In fact, since u)(¢) = uy(t + T) and vi(¢) = vi(t + T) for all t € Z, we have

M”

(A1 (Au(t - 1)), m(1))

t=1
T T
==Y (e(Am®), @) + Y _($1(Am(t - 1),m @)
t=1 t=1
T T-1
=Y (e (Am®), @) + Y (¢1(Am(6), it +1)) + (1(Aw1(0)),v1 (1))
t=1 t=1

T
=) (e (Am(®), Avi(8)) + (¢1(Am1(0)),11D)) = (1 (A (T)), (T +1))
t=1

M*]

(¢1(Aumi (1)), Avi(2)).

t=1

Hence, (2.6) holds. Similarly, it is easy to obtain (2.7). The proof is complete.

(2.2)

(2.3)

(2.6)

(2.7)

Page 8 of 33


http://www.advancesindifferenceequations.com/content/2014/1/218

Wang and Zhang Advances in Difference Equations 2014, 2014:218

Page 9 of 33
http://www.advancesindifferenceequations.com/content/2014/1/218

Lemma2.4 LetL:Z[1,T] x RN x RN x RN x RN — R, (¢, %1, %2, 91, ¥2) —> L(t, %1, %2, 91,
y2) and assume that L is continuously differential in (x1,%2,y1,y2) for all t € Z[1, T]. Then
the function ¢ : H — R defined by

T

() = p(ur,uz) = Y L(t, 1 (8), us(£), Auy (£), Au(2))
t=1

is continuously differentiable on H and

(QO/(M), V) = <(,0/(b£1, ), (v1, V2)>
T

= Y Dy L(t, (), a2 (0), Aunr(8), Aua (1)), 4 (£))

t=1
+ (Dy L(t, w1 (£), ua(8), A (8), Aun(2)), Ava ()
+ (D, L(t, w1 (2), 2 (£), A (£), Aur (), va(2))

+ (Dy, L(t, w1 (£), 2 (2), A (), Aus(2)), Ava(2)) ],
where u,v € H.
Proof Define G:[1,1] x Z[1,T] — R, (A,£) > G(A,¢) by
G(A, 1) = L(t, ur(£) + Avi(2), ua(£) + Ava (), Aug (£) + AW (2), Aua(£) + LAV, (2)).

Since L is continuously differential in (x1,%2,1,y2) for all t € Z[1, T, G(A, t) is differential
in A and
G' (A 0)
= (D, L(t, w1 (8) + v (8), ua (2) + Ava(8), A (£) + AAV1(2), Aua () + AW, (2)), v ()

+ (Day L (t, w1 (2) + Avy(8), ua(6) + Ava(2),

A (8) + LAV (2), Aua(£) + AW, (2)), va ()

+ (DylL(t, u1(t) + Avi(2), un (t) + Ava(2),

Aui(t) + AAvi(E), Auy(t) + Asz(t)), Avl(t))

+ (Dy, L& ur(8) + Ava(8), ua (£) + Ava (),

Aui(t) + AAvi (), Auy(t) + ksz(t)), sz(t)).
Hence,

(/) = tim £ =)

A—>0 A
i 2 GO0~ 30 G(O0,1)
A—>0 A
T

. G -G(0,¢)
= lim ———

A—0 A
t=1
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G'(0,¢)

M-

~
1

1

™M~

[(Ds L(, w1 (2), ua (2), Ay (8), Aua(2)), w1 (2))

~
I

+

—_~~ o~ ~ —

Dy, L(t, u1(8), u(2), A (2), Aun(8)), Avi(2))
+ (D, L8, 1 (8), 2 (£), Auy (£), Aua(2)), v2(2))

+ (Dy, L(t, w1 (£), ua (2), Aun (£), Aun(2)), Ava(2))].

The proof is complete. d

Let

L(t, %1, %2, Y1, ¥2) = P1(01) + P2(y2) + F(t, %1,%2) + (1 (2), %1) + (ha(2), %2).

Then

o(u) = @(u1, us)
T

=Y [01(Am(®) + Do (Aua(t)) + F(t, 1 (£), ua(2))

t=1

+ (), m (1)) + (o), ur(0)) ]- (2.8)

It follows from (A0), (F1), and Lemma 2.4 that
((P,(M)r V) = <(,0/(M1, L{z), (VI: VZ))

T
= Z[(¢1(Aul(t))r Ani(8)) + (2 (Aua(2)), Ava(t))

t=1
+ VulF(t, I/ll(t), Ltz(t)), V1 (t)) + (V,QF(t, U (t), Mg(t)), Vz(t))

(
+ (m@),v(0) + (h2(0),v2(8))],  Yu,veH. (2.9)
By Lemma 2.3, it is easy to see that the critical points of ¢ in H are periodic solutions of
system (1.1).

Next, we recall a definition. Let G be a discrete subgroup of a Banach space X and let
7 : X — X/G be the canonical surjection. A subset A of X is G-invariant if 7 ~(r (4)) = A.
A function f defined on X is G-invariant if f (i + ) = f(u) for every u € X and everyg € G
(see [18]).

Definition 2.1 (see [18], Definition 4.2) A G-invariant differentiable functional ¢ : X — R
satisfies the (PS)¢ condition, if for every sequence {ux} in X such that ¢(u) is bounded

and ¢’ (ux) — 0, the sequence {7 (1)} contains a convergent subsequence.

We will use the following two lemmas to obtain the critical points of ¢.
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Lemma 2.5 (see [18], Theorem 4.12) Let ¢ € C'(x,R) be a G-invariant functional satis-
[fying the (PS)g condition. If ¢ is bounded from below and if the dimension N of the space
generated by G is finite, then ¢ has at least N + 1 critical orbits.

Lemma 2.6 (see [19]) Let X be a Banach space and have a decomposition: X =Y + Z where
Y and Z are two subspaces of X with dimY < +oo. Let V be a finite-dimensional, compact
C%-manifold without boundary. Let f : X x V — R be a C'-function and satisfy the (PS)
condition. Suppose that f satisfies

inf f(u) > a, sup f(u)<b<a,
ueZx ueSxV

where S = 0D, D = {u € Yl|||u|| < R}, R, a, and b are constants. Then the function f has at
least cuplength(V') + 1 critical points.

Let

’:lm(t)zpmﬁm+Qmﬁm+ﬁm; m=1,2,

where
N rn
Pruy = Z (11, €3, ey » Qg = Z[(ﬁl;eik) —m; Ty Jei
k=r1+1 k=1

N ry
Pyity = Y (i e)e;,  Quila= Y _|[(ita,€,) — m; Ty Je,,

s=ro+1 s=1

and m;,, m;; are the unique integers such that

Of(ﬁl,eik)_mikj—vik<1—vik, lfkfrl;

0 <(uy,e,)—mTi <T;, 1=<s5=<ry.

Let

G={g= &) crV RV (&) 2 Z%lmikTikeik ,
2 ) Yo2im; Te;

m;, and m;, are integers,1 <k <r;,1 <s < rz} . (2.10)

Let Z=H,Y = S1 X 83, X =Y + Z, and V is the quotient space (R; x R,)/G which is
isomorphic to the torus 7712, Now define W : X x T"1*"2 — R by

U((y+2(),v) =y +v+z(t), Yzv)eY xZx T, (2.11)
that is,

\IJ((y + z(t),v)) = (p(y1 +v1+2z1(8), 52 + vo + zg(t)), (2.12)
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where

y=0Ly) €Y, v=(,n) eV, z=2z(t) = (zl(t),zz(t))r ez

y+v+z(t) = (yl +v1+2z1(8),y2 + vo + zz(t))r.
It is easy to verify that W is continuously differentiable and that

(W (61 + 20 (8), v1)), (52 + 22 (), 112)))
= (o (1 4 o1 4 20(0)), 20 4 412 4 220 ()

1 1, W, 0
=(p (y +v£] +zl](t) y[Z] +v£] +z£](t)),

(y?] + v{"] +2 ](t) y2 + v[zz] + 22 (t)))

V(2 Y € Y ox Z x T2, m = 1,2, (2.13)

Then (F2) implies that

F(t+T,x1+&@,% +%)=F(t,x1,%), VteZandVgeg.

Hence, we have

ro
F(t, uy1(2), uz(t)) = F(t, (¢ Z m;, Ty e, to(t) + Z mj, T,'Sejs)
s=1

=F(t,i(t), (1)), (2.14)

VF(t, u:(2), ug(t)) =VF (t () + Z mi, Ty ei, ia(t) + Z m; T; ejs)
= VF(t, i (t), it (2)) (2.15)

and, by (£), we have

T
> (), m(2) Z@ﬂMtZ% Q
t=1

t=1 k=1

T
=Y (@), i), (2.16)

t=1
T T
Z hz » U t) = Z(hz iy (t Zmzk ezk>
t= t=1
T
(h2(8), 12(2)). (2.17)

t=1

Hence ¢(u) = ¢(it) and ¢’ (u) = ¢'(&x).
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3 Proofs
For the sake of convenience, we denote by Cj; and D;;, i =1,2,j=0,1,...,9 below the vari-
ous positive constants, by C;(¢) and Dj(¢),i=1,2,j=0,1,...,9 below the various positive

constants depending on ¢ and

T T n 172
My = E f(t), My = Zgl(t), M3 = <Z Ti) )
t=1 k=1

t=1

T

M14=Z‘h1(

t=1

T
M = Zbl(t)

t=1

T T r 1/2
My = Zfz(t), My, = Zgz(t); Mys = (Z T}f) )

t=1 t=1

s=1

T
Mas =Y by (o).
t=1

T
Maa = Z|h2(
t=1

Clq

Proof of Theorem 1.1 It follows from (F4) that there exist a; > p(p ) and ay> = ) such that
/ / ’/ / /
F(t,%1,%) S max{ CfoMflﬂf ) CgoMglﬂg C(q) } G.1)
baltleal=oc Wi (jay ) + wh (|22 v q

for (x1,%2) € S1 x Sy. It follows from (A3), (F3), Lemma 2.1, and Lemma 2.2 that

T
> |E (& in (), ina(t)) - F(t, Puity, Paity) |

t=1

M~

< ) _|F(t,in(2), itz (2)) = F(t, Primy, ia(2) ) |
t=1
T
+ Y |F(t, Prity, ity (£)) - F(t, Pyiny, Paity) |
t=1

1
/0‘ (VxlF(t, P]L_tl + S(le_tl + ljtl(t)), l:tz(t)), Qlill + Ztl(t)) ds

T
=3
t=1

szF t Pruy, Pyuy + S(Qzuz + uz(t))), Qauiy + flz(t)) ds

T a1
< (1Quin| + i1 |l ) Z/o |V F (6 Prity + s(Quity + i1(2)), 2(2)) | ds
=1
T
(1 Quital 1) Y [ 9 Pin Pt +(Quits + (6)| ds
t=1 V0
T m
< (M3 + it lloo) Zfo [A@OwW(|Prity +s(Quity + 1 (2))]) + &1 (2)] ds
=1

T
+ (Mas + ||z ]| o) Z/ [ (Owa (| Py + s(Qaity + i12(2)) |) + £2(2) | dis
t=1 Y0

Page 13 0f 33
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T 1
< (M3 + it ll o) Z/ cfi(Owi(|Pyiin|) + crofi ()i (s|Quity + 01 (2) ) ds
t=1

0

T m
+ (Maz + itz lloc) Z/(; [c20fa (w2 (IP2ita]) + caofa (O)wa (s|Qaity + i12(2)]) ] ds
=1

T 1 T 1
(0 + i) Y [ @Ods s (a4 17al) Y [ s
t=1 70 t=1 V0

T

T
< (Mas + llilloo)wi (1P1ia]) Y~ crofi(®) + (M3 + [l lloo) w2 (1Paita]) D caofa(t)

t=1 t=1

T .1
+ (Mis + inlloo) Y / [ewfi (B [s(Quita + a1 (2)) | + fi(E)erokra + 1 ()] ds
=1 70

T m
+ (Mas + || ]l oo) Z/(; [c20fa ()kan [s(Qait + 12 (£)) |** + fo(B)ca0kaa + g2(8)] ds
=1

T

< (Mas + llilloo)wi (1Prita]) Y crofi(®)

t=1

1+81

(MIB + 1611 0) E fi(£)eroknn | Qi |

t=1

3(81)
+1

(M3 + |l ]l o Zﬁ(t croku | ()|

T
+ (Maz + i [l Zfl(t cokiz +&1(2)]
t=1

T

+ (Mas + itz | oo ) wa (IP2ita]) Y~ caofi(®)
t=1

1+82

(Mzs + ||t ]l0o) E fa(t)ca0kar | Qatin|*

012

B( 2)
0[2 +1

(Mas + ||tz || oo Zﬁ(t)020k21|u2(t)’

T
+ (Mo + ||t ]loo Zfz(t ca0kay + (1))
t=1

< Myciows (|1Pyinn]) 1 [l oo + MyuMiscrows (|Pyin )

N 1+ 81)M(§+IC10/<11M11 N (1 + e1)Miscrokn M

uy
o +1 o +1 e loc
B(e1)MizciokuMn it ||a1 B(ey)ciokuMn it ||a1+1
o] + 1 o] + 1
T T

+ M3 Z[fl(t)cloku +g1(t)] + [t oo Z[ 1(t)cr0kia +g1(t)]

t=1 t=1
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+ Marcoows (IPaia ) 2]l oo + MarMazcaowsa (1Paits )

. 1+ 82)Mg§+1620k21M21 N (1 + &2)M53 co0kaiMoy

(0%} +1 (%) +1 ||u2”oo
B(g9) M. ko1 M. B(e ko1 M.
+ (e2)Ma3caoka Moy i II‘;é + (£2)ca0kar Moy it ”a2+1
oy +1 oy +1
T T
+ Moz Y [eaofs(tkan + ()] + llikalloo Y _[co0fa(thaz +ga(t)]
t=1 t=1
1/ 1\ M AP C(y)
<—(=— ap+—“1°1 W (|Pyit
=< a1<C(p/)) 22112, p (1P )

~ 1
+ Cule)llim |57

1/ 1 \77 _ ML) o,
_<Tq/)> |quIIZo L g(|P2M2|)

/

+ Ca(e) 2 + Cisle) i lloo + Cra

|oz2+1

+ Cor(&2) 2| s T C22(82)||1~42||g3 + Coz(ex) 2]l oo + Coa

+ MyuMyzciows (|Prin|) + Moy Mascaows (| Paita])

‘w) ZIA (@ + +C(” (1)

ay
p t=1
a1+1

+ C11(€1 [C(p a1+1 (Z\Aul(tﬂ ) +C14

t=1

r 3
+ C13 81)C (Z!Aul t)’ ) + C12 81 C(p/)]al (Z’Aul(t)’p)
t=1

q q'lq
D S st MDD
t=1

ag+l

T q
+ C21(82)[C(q,)]a2+1 (Z‘Auz(t)’q) + Gy

t=1

NS

T i T
+ Ca3(£2)C(q) (Z‘Auz(t”q) +Cule)[C(7)]™ (Z|Au2(t)}q>

t=1 t=1

+ MuMyzciows (|Prin|) + Moy Mascaows (1Pt ).
By (Al), (3.2), and Lemma 2.1, we have

o) = (in, i)

T

= > [@1(Am () + Po(Aur (1)) + F(t, i (1), a(2))

t=1

+ (), i (2)) + (ha(2), 12 (2)) ]

T
= > [01(Am(®) + Po(Aur(®)) + E(t, i (8), 12 (2))
t=1

(3.2)

Page 15 0of 33


http://www.advancesindifferenceequations.com/content/2014/1/218

Wang and Zhang Advances in Difference Equations 2014, 2014:218 Page 16 of 33
http://www.advancesindifferenceequations.com/content/2014/1/218

— F(t, Pyiiy, Pali) + F(t, Prity, Poity) + (M (2), i (2)) + (ha(t), t2(2)) |

T

Z (| Am@ ] + ys| Aua(®)|" = 2| Aun( t)’ﬂ — ya| Aus( t)’ﬁz)
=1

/ P /P ’
i(p Z|A (t)\p A/Inmp—cwwll’“pl;m)

ar+1
r

T
- Cul&)] aHl (Z|AM1(t ) = Cu — llmlleo Z|h1(t){

t=1

a
p

- Cis3(e1)C(p (Z|AM1(t)|p> - Cu(e)[C(P)]™ (Z|AM1(’5 )

C(Q) Z|A (t)|q 2102()“2 C(q) 3/(|P2ﬁ2|)

4

9% o

a2q+1 T

- Cu(e)[C(q)]™" (Z|Au2(t)|") — Cou— izl Y_ |12 (2)]
t=1
T i T
— Ca3(e2)C(q (Z|Auz(t) ) - Cn(e2)[C(¢)]™ (Z|Auz(t) )
t=1
- MuMizciom |P1M1|) M21M23C20W2(|P2142|)
N L
( @) ) Z 1) = MuMyzciow (|1Prin )
t=1
- C11(81)[C(P/)]a1+1 (Z|Au1(t) |p>
t=1
' g
- Cu(e)[C()]™ (Z|Au1(t)|p>
t=1
1 AL
A T ?
— C13 81 (Z|AM1 > - Y2 T1_7 (Z|Au1(t)‘p>
t=1
C C(q/) q -
-Cu+|ys— o Z\Auz(t” — My Mascaows (P2 |)
t=1
— C21 82) 012+1 (Z’Auz
- Cule)[C(7)]™ <Z|Au2(t)|q)
B2

q

T
— Ca3(e2)C(q (Z|Au2(t) ) - V4T17%2 (Z|Au2(t)|q>
=1
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F(t, Pyity, Pyity)
Wt (IPyiaa]) + Wl (|Pyiia))

ey , q/
{Mﬁcllgo pC(P) M21020“2 qC(fZ)”
’ ’ q/

— Coa + [W/ (1P| + Wg/(|P2b_l2|)][

— max

1

r T
( |Au1(t>|"> > Im)|
t=1 t=1
T % T
<Z|Au2(t)|q) > ). (3.3)

t=1 t=1

It follows from (3.1), (3.3), a1 > P(fl ,and a, > <2 ) that ¢ is bounded from below. Let G be a
discrete subgroup of H defined by (2.10) and let 7 : H — H/G be the canonical surjection.
By (2.14)-(2.17), it is easy to verify that ¢ is G-invariant. In what follows, we show that the
functional ¢ satisfies the (PS)s condition, that is, for every sequence {u,,} in H such that
{¢(u,)}isbounded and ¢’ () — 0, the sequence {7 (1,)} has a convergent subsequence In
fact, the boundedness of ¢(u,), (3.1), (3.3), and the facts that a; > if_n and a, > &40 1mply
that (Piz,,) and Zm | Au,(£)|? are bounded. Furthermore, by Lemma 2.1, we know that (tt,,)
is also bounded. Hence {#,} is bounded in #. Since dim H < 0o, we know that {i,,} has a
convergent subsequence. Since 7 (u,,) = 7 (i,,), {7 (u,,)} also has a convergent subsequence.
Thus, by Lemma 2.5, we know that ¢ has r; + r; + 1 critical orbits. Hence, system (1.1) has
at least r; + rp + 1 geometrically distinct solutions in . The proof is complete. O

Proof of Theorem 1.2 First, we prove that ¥ defined by (2.11) satisfies the (PS) con-
dition. Assume that {(y" + zI",v"}° © X x T"1*2 is (PS) sequence for W, that is,
(W (" + 2", v1"))} is bounded and W' ((y" + z"1, v[")) — 0, where y"! = (y%"],y[{’])’ €y,
2 = Z7(8) = (2 (@8), 2V () € Z, v = I VYT e T2 for m=1,2,.. . Let

I G NP ) R ISR 1 S
Then it is easy to see that
Y = p,,ul", v = Q,,ul, 20 = "), m=1,2,n=12....

By (2.12) and (2.13), we find that {@(u&"], u; ])} isbounded and ¢ (u1 ) Uy ]) — 0. Then there
exists a positive constant Dy such that

|g0(u£"],u[2"])| < D, e’ (u{"],uz )| Do, VneR. (3.4)

By (F4), there exist as > C(p') and a4 > C(g’) such that

. F(t;xhxz)
lim y ,
l+e2l=00 b (| [) + wi (|xa )
{ [asMicio)” |:1 +pt1 1+q83 i|
< —max - + +1],
p dlp -1 dgq -1

[asMyca0]7 [1 +pl N 1+4g¢83 . 1:| }
q’ dlp -1 dgq -1 '

(3.5)
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It follows from (F3), Lemma 2.1, and Young’s inequality that, for all (i1, u;) € H,

T T
D (Vi F(t (), ina(8)), 51 (8) + Y (Vi F (8 i (0), a(2)), i (8))
t=1 t=1

T
Z VxlF t Piu; + Q1u1 + Ml(t) u2(t)) ul(t))
t=1

T
Z szF t Ltl(t P2M2 + Qzuz + Mz(t)) MZ(t))
t=1

T
Z A@W ([P + Quity + i (2)|) | (2)| + Zgl £)| ()|

=1
T

+ Zfz( Ywa(|Paity + Qaia + iia (£)]) | 42(2)| Zgz(t)|uz(t)|
=) =)

T T
< |l lloocro (w1 (1Priir]) + wr (|Quity + ih1])) Zfl(t) + o Z&(t)

t=1 t=1

T T
+ llit2llooCa0 (a (|1Paita]) + wa(|Quita + i21)) D fo(8) + llitalloe Y 2(8)
t=1 t=1

/

[asMnciol?

O W (1P

1
< —lml, +
“3

T
+ Nl oo cr0 (ki | Quita + i (8) | + ku2) Zfl(t)
=1

1 [a M. Czo]q/ 4 -
+ — lia)lg, + ————w (|Pyiis])
qﬂ q
T
+ itz [l o020 (ko1 | Qaita + 12 (£)|** + kaz) Zfz(t)
=1

T T
il Y_@(8) + llitalloc Y &2(®)
t=1 t=1

/
[asMiiciol?

/
< —5llmllt, + - wy (1Piin )

]
S

+ Muciokn (1 + &1)|Quitr |* i1 | oo + |71 ||§+1M11€10k1131(€1)
+ ||t ]| coMu1cr0ki2

[aaMacaol? g, _
——————wi (P2t )

/

1
+ — L, +
qa4

+ Morcaoka (1 + £2)Qaita |* |2 [l oo + 12|82+ Mo caoka1 Ba (€2)

+ |14z || coMa1c20k22

/ T /
C(” Z (t)|"+[“3MP%“mwf’(|Pla1|)

t=1
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T 1/p T (1 +1)/p
+ Cis(e1) <Z‘Au1(t)‘p> + C16(81)(Z’Au1(t) ‘p>

t=1 t=1

[asMoicaol? o
e ng 279))

T 1/q T (ag+1)/q
+ C25(82)<Z|Auz(f)\q> + C26(€2)<Z|Auz(t)|q) .

t=1 t=1

Hence, by (A2) and (3.6), we have

Do([la"], + 7"],)

= g ) .7
T

> Lo (Ad™ (@), Aul? ®)) + (¢ (A (), Aub (1))

t=1

+ (Vo F (6 (2), ub? (0)), (1)) + (Van E (0™ (0), ud™ (1)), 5 (2))

+ (@), " (@) + (ha(0), u““(t))]'

T T T
>dy Y Al O —dy > | Al ) +ds Y| aub )
t=1 t=1 t=1

[C"P [asMiciol”
—dy Y| A (o) - Aul(p|p - R
Ylatop - COL s aupip - Lt

T 1p T (e1+1)/p
— Cis(e1) (Z| Aul (1) |P) — Cig(e1) (Z| Au£n1(t)|p>

t=1 t=1

C@) +
_[ (qz)] Z]Au[;](t) [IZ4M;1/C20] (‘P [n]‘)

T 1/q T (o2+1)/q
— C25(82) (Z‘Aug”‘](t) ’q) — C26(82) (Z|Au[2"](t)‘4)

t=1 t=1

T

1/p T 1/q
-siuc) Tl oF ) -smuce) Slatior

t=1 t=1

, T T Bslp
> (d1 3 [C(;;j)]ﬁ) Z|Au£n](t)ip —dle’% (Z|Au£"](t)|p>
pa3 t=1

t=1

[C(q)]) d it
+<d3— qq >Z|A n](t)|17 d, Tf— <Z|Au[2n](t)ri)

ay t=1

l[asMuciol?
Mol

1/p T (a1 +1)/p
- Cis(e1) (Zm“ﬂ ) —cm<al>(Z|Au£”]<t>|">

t=1

"))

(3.6)
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[614M21C20]

P [Vl]
20 (|pa)
T 1/q T (ap+1)/q
— Cas(e2) <Z|Au£’”<t)|q> ~ Cag(e2) (Z|Au£"]<t>|">
t=1 t=1
T Up T 1/q
- MuC(p) <Z|Au§"](t) |") - M, C(q) <Z|Au[2”](t)|q) (3.7)
t=1 t=1

for all n € R. Moreover, by Lemma 2.1, we have

Do(lla" |, + "],)
T 1/p
<Dy(C(p.p') + l)llp <Z|Au£"] (t)|p>

t=1

T 1/q
+D0(C(q,q/)+1)1/q(Z|Au[”] |) . (3.8)

t=1

Then (3.7) and (3.8) imply that

LA g
[ﬂsMu,Clo] Wf ( P1ﬁ£"]|) N [ﬂ4M21/620] Wg (‘Pzﬁlzn]’)
p q
NI T
> (dl - —) > |aul @) (d - —) > |auk )| + Dy, (3.9)
t=1 t=1
where

1 [CE))P JicY
D; = min - - (€] ¥ —d, Tl_ 53— Cie(ey)sM™!
s€[0,+00) p pa';

— (Cis(e1) + My C(P/))S}

1 C(q))4 Ba
"o {(_ -1 (qq)] )Sp —dy T 7 5P = Cole)s™*!
s€[0,+00) q qa,

—(Cas(ea) + M24C(q/))s}.

Note that a3 > C(p'), a4 > C(q'), a1, B3 € [0,p), and s, B3 € [0, g). Hence (3.9) implies that

there exist positive constants D, and D3 such that

a ] plasMiciol” i
n P =|n
Lol < =gy (nal’)

plasMacyol?

]
Gr -1 wl (|Pyil™]) + Dy, (3.10)
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T
|9 — qlasMycy)” ]
;|Au2 (t)| = " M W‘B(Plu1 )
Macol? 7,0 i
%w@ (|P.a"|) + Ds. (3.11)

Then it is easy to see that —0co < D; < 0. By (3.2), we know that

T
D E (e ul™ (), s @) - F(t, Pyial”, Pyiy”)|

t=1

') v Y Pieeo
C(P Z|A [n]()f Mu"foﬂs/ C(P)nga (‘P1ﬁ£n1|)+cl4
T pas pary p
ap+l

T p
+ C11(€1)[C(P/)]a1+1 (ZNAMWU) |p) +M11M13c10w1(|P112£"] |)

t=1

T

3 : ;
+ C12(81)[C(19/)]0(1 (Z!Au%"](t) ’p) + Ci3(e))C(p) (Z‘Au&"](t) }p>

t=1 t=1

C(q) d ), |4 Mg/lcg;)% C(q) q (1]
+7;|Au2 (t)| +T (|P” )+C24

T
+ My Mazcoows (|Poitl”]) + Con( 52)[C(q’)]“2+1 (Z’Au[n] )| )

t=1

+C23(82 (Z‘AM n] t)’q>

aQ

+ C22 82) az <Z|Au["](t)|q> ' (312)

By (ALY, (3.10), (3.11), (3.12), and Lemma 2.1, we have

<p(u[”])

(0(”%”]:”2 )

T

> [@1(Au(®) + Do (A (8)) + F(t,ul™(2), ub™ (1))
=1

~

+ (@), u" () + (ha (), ) (1))]

[CDI(Aug"](t)) + CDz(AM[Zn]( 1) +F(t ul @), u["]( )) F(t,Plu Pgu["])

M~

I
—_

t

+ F(t,Plﬁgn],Pgﬁ[Z"}) + (hl(t),ugnl(t)) + (ha(2), u[Z"](t))]

T
<> (@A @ + ¢5| A ©) + | A ()| + ¢a| Ay (0)]?)
t=1
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C . el _
p(p)Z|A [](t)|p 11 00;3 (P)Wp( il

o+l

p
+ MnMizciom (|P1L_¢£n] |) + Cule)[C a”l <Z|Au[n] () |p>

a9
»

T
+ C12(81 oq (Z‘AM t) ’p) + C13(81)C(p,) (Z‘Au%"](t) }p)
t=1

+Cur [ Z|h1<t)|
t=1

N T "4 dlq N,
N C(q) Z|Au[2n](t)‘q " M31C20614 C(q )wg (

q PZ':‘[ZH] ’)
ag+l
+ M21M23€20W2(|P2ﬁ[2n] |) + Ca(e2)[C a2+1 (Z|A o (t)|q)
T 7 T i
+ Cn(e2)[C(7)]" (Z|Au£”]<t>|") + Coa(e2)C(q) <Z|Au£"]<r)|q)
t=1 t=1

+ C24 + ”M[n] || Z|h2 t)’ ZF t Pll/l[n] sz_llzn])

t=1

Cw) plasMucol 0 gy plasMucol? 4o )
S(Pﬂs ”1)( p-np 4 1P gy g (P
4 Yy
A () s i)
. a1
—[n o+l [y[] ’
+ My Mascaows (|Paiis" |) + Culen)[C(p)]" <Z|AM Ol )
-1
1 0

T
+ Ci3(e1)C(p') <Z|Au£"](t) ]p) +OT 7 <Z|Au[n] )
=)
+ DZ(C(p/) + é'l) + C14
bpas
Ca) , . \(asMucnl’ oy oy, dadenl o o )
' ( q%4 +§3)( (d3q - 1)/ W ([P + (dsq -1)q' ()

q qlq L
sz%aq) 1 (1P2"]) + Caen[ ()] (ZIAu&’”(t)V)
t=1

@

ag+l
q
+ C(e2)[C(q a2+1 (ZM”M]("‘)V) + M21M23020W2(|P2M2 )
=1
)

d ‘ N ;
+ Cas(£2)C(q) (Z|A”[2n](t)|q> + 0T 7 <Z|Au£n](t)fq> +Coa

t=1 t=1
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1

T 5T iT
p/)<Z’Au£"](t)’p> Z!hl(t +C (Z‘Au["] ) Z‘hg

t=1

C(q)

F(t, Py, P,iy") + D

+Z t,Prity", Pyity") + Ds a1 +83

[asMicio)?
p/

X[ W), pa  CW),_C@) . _at } o ()
(dlp — l)ﬂg dlp -1 as (dgq — 1)614 dgq -1 !

IA

!
. [@aMic0]?

q/
o |: Cp') . P& . C(q) . C(q) . q&3 ]Wq/({P 0 )
(dp-1as dp-1  ar (dsg-VDas dsqg-1] " 2

p’(aﬁl) q/(a2+1)
+ C17(8)W1 r (’Plb_tgn] |) + C27(8)W2 g (’PQIZ[ZH] ‘)

p/ /
+ Clg( (|P1Ll1 D + ng( (’qu[n] )

9
+ C19W1 (‘Plul ’) + C29W2 (|P2M2 ‘)
v rd r
+ Diowf” (|Prii™]) + Daowy’ (|Paiis”|) + > " F(t, Pyiat”, Pyiad")
t=1
[as Mol 1 p& 1 q8s [n]
= v |:d1p—1+d1p—1+1+d3q—1+d3q—1]wi]( )
[aaM>ic20]7 1 p& 1 q8s 4 (1p =
O o i d 1 g ()
(a1+1) q/(a2+1)

+ C17(8) (’P ME ]| + C27( ) 1 ({lejtlzn] })

17’ q’a r'o
+ Clg( (|P1Ll1 D + ng(s)w (|P2Lt2 ’) + C19W ’ (‘Plbl[n] )

70 VA
p

q_
+ C29W g (|P2L_t[2n]|) +D1()W (‘Plljlgn]’) +D2()Wq ‘qu[n] )

T

+ Y F(t Py, Pyia™)
-1
- [613Muclo]p L+pt 1+48
< (|Piny })+w2 (|P.as" | |: { dlp—1+d3q—1+l’

[asMoc0]? |:1 +P§1 1+q¢s3 “ Zt E(2, Plu P2u2 h i|
q dp—1" dsg-1" w? (1Pl + w2 (|P2u["]|)

Pleg+)

+Cr(e)wy ? (|P1u |) +C18(8)W1 (|P1u1 |) +C19w1 (|P1u1”]|)

(e +1) !

q o
+Cyr(e)wy (|le:t[2n] |) + Cogle)w, (|P2ﬁ£”] |) + ngw2 (|P2u["] )

/

q.
([Pl |) + Daows! (|P2i5" ).

17_
+ Dl()Wp
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Then (3.5) and (A3) imply that {Plu1 1 {Pzit[2"]}, (w1 (P [2"])}, and {wz (P2M2 )} are
bounded. Furthermore, (3.10), (3.11), and (3.8) imply that {u["]} and {u } are bounded.
Then {#} is bounded in H. Since dim# < oo, ("'} has a convergent subsequence.
Hence, W satisfies the (PS) condition.

In order to use Lemma 2.3, next we prove the following conclusions:

(i) inf{¥((z,v)|(z,v) € Z x T"*"2} > —o0;

(i) w((y,v)) = —oo uniformly for (y,v) € Y x T"1*"2 as |y| — oo.

For (z,v) € Z x T"*"2, set u = u(t) = z(t) + v = (z1(£) + v, 22(t) + v2)*. Then z,,(£) = i,,,(¢),
Vin = Quihy, and uy, (t) = 2, () + v, m =1,2. By (F3) and Lemma 2.1, we have

Z t Ml Ltz ) F(t 0, 0)]

T

F(t,m(®), u2(8)) = F(£,0,u2(0) | + Y _|F(£,0,u2(8)) - F(£,0,0)]

t=1

1
/ VxlF If S 1M1 + Ijll(t)), Mz(t)), Qlﬁl + l:tl(t)) dS

3

szF t 0, s(Q2u2 + uz(t))), Qqtty + itg(t)) ds

T m
< (@il 1ll) Y [ [V (es(Qui + (0, 1(0) s
t=1
T
(1 Quial +1al) Y [ 9 (60,5(Quts + () ds
t=1 Y0
T a1
< (M3 + i1 lloo) Zfo [A@OW(|s(Quin + i (0))]) +g1(8)] ds
t=1
T
+ (Mas + itz o) Y /0 [a@Ows(|s(Quita + s (2))|) + g2(0)] ds
=1
T a1
< (Miz + [|# ]| oo Zf kufi(®)|s(Quity + @ (0) | + kiafi () + g1()] ds
=1
T
+ (Mo + ||it2]loo) Z/ [ka1fo () |s(Qaitz + 112 (£))|* + kaafa(£) + g2(8)] ds
t=1 Y0
T
< Mz + [|# [l oo Z [kufi(®)| Quiny + i (£)|* + kiafi(£) + g1()]
t=1

T
+ (M3 + ||kl oo Z [ka1fo(8)|Qaita + 112 (8)|* + kaafo(£) + g2(8) ]
=1

< Dulli |25 + Dy |52 1122 + Do || |2 + Do ||k || 22

+ Dizllit1]loc + Daslliiz]l oo + Da
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ar+l oz2+1

< DuC (Z|Au1(s)|p> + D21C (Z|Au2(s)| )

@
q

+D12C (Z|Au1(5 ) +D22C <Z|AM2(S)|q)
s=1

1

T T %
+Di3C(p (Zyml(s)]”) +D23C(q’)<Z|Au2(s)yq> +D,.

s=1 s=1

Then

lIJ((Zr V)) = w(uh u2)
T

= Z[@l(Aul(t)) + d)2 (Auz(t)) + F(t, I/ll(t), Lt2(t))

t=1

+ (hl(t)rul(t)) + (hz(t), uz(t))]

T
= > [@1(Am(8) + Po(Aua(B)) + F(t m(t), us(£)) - F(£,0,0)

t=1

+F(t,0,0) + (hl(t), ul(t)) + (hz(t),uz(t))]

M=

t

Il
(=

ap+l ag+l

-DuC(p) <Z\Au1 s)\”> ’ - DyC(q <Z|Au2 )

o
r

—D12C <Z|AM1(S)|p —D22C <Z|Au2(s)| )

1

T i
- M C(q ( |AM2(S)’q)
s=1

—M14C( ( |AM1

T
+ ZF(t, 0,0).
t=1

It is easy to see that conclusion (i) holds from (3.15).
For any (y,v) € Y x T"*"2, it follows from (1.2) and (2.11) that

V(0nv)

=@y + Vi, )2 + V2)

= ZF(t,yl + VLY + V)
t=1

(| 2w @) + ys|Aua ()| = ya| A (| = va| Aua(8)]?)

)
- DiC(p (Z\Aul )-ngc (Z\Auz(s )1—D4
)

(3.14)

(3.15)

Page 25 of 33


http://www.advancesindifferenceequations.com/content/2014/1/218

Wang and Zhang Advances in Difference Equations 2014, 2014:218
http://www.advancesindifferenceequations.com/content/2014/1/218

T T
D Ftyr+ v,y +va) = Y F(ty1,y2+v2)
t=1 t=1

T T T
+ ZF(t,yhj/z + VZ) - ZF(tryl»yZ) + ZF(t:yl»yZ)

t=1 t=1 t=1

T T 1
=Y F(t,y) + Zf (VE(t,y1+ sv1,5n + va),v1) dis
t=1 t=1 70

T M
5 [ (b
=1 70

T T . T
< S+l Y [ A+ snlds bl Y
t=1 t=1 t=1

T 1 T
+ [val Z/o L@)wa(lyz + sval) ds + v, Zgz(l‘)
n=1 t=1

T T T 1
<Y Ftyny) + il Y _Ai@wi(nl) +nl Y /0 wi(Isva) ds
t=1 t=1 t=1

= [ (1) + i ® (|y2|)]([wf’°“(|y1|)+w2 (1521)] ZF(tyl,yz)

for positive constants Ds, Dg, and D;. Hence, the above inequality, (3.5) and (A3) imply
that conclusion (ii) holds. It follows from Lemma 2.6 that ¥ has at least r; + 5 + 1 critical
points. Hence ¢ has at least 1 + r; + 1 geometrically distinct critical points. Therefore,

system (1.1) has at least 7; + r, + 1 geometrically distinct solutions in . The proof is com-

plete.

Proof of Theorem 1.3 Note that ®,, are coercive, m = 1,2. Then by Remark 1.1, we know

T T

+ |1 Zgl(t) + |va Zfz(f)wz(b/ﬂ)
t=1 t=1
T 1 T

¥ |vQ|Z/ wa(|sval) ds + [va] Y go(2)
t=1 Y0 t=1

T
Z F(t,y1,52) + Dswi (1) + Dewa(1y2l) + D7
=1

t=1

+Dswi(|y1]) + Dewa(Iy21) + D7

that (1.2) holds. Hence, it follows from (1.2), (F5), (F6), and (£) that

F(t,u1(2), us(t)) - F(¢, Pyiny, Pyiky) ]

T

Z (6w (0), ua(2)) — F(2, Plb_ilﬁu2(t))|

t=1
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T

+ Z|F(t,P1b_l1, 1>(t) — F(t, Priy, Paito) |
)

1
/ (VxlF(t,P]Zﬁ + S(Qlljll + itl(t)), Ltz(t)), Qlljtl + itl(t)) ds
0

szF t Plul,quz + S(Q2u2 + Mz(t))) ng_tz + i:tz(t)) ds

T T
< Zbl(f)\Qﬁh + i (8)] + sz(t)|Q2L_l2 +ii(0)]
=1 =1

T T
< (IQuita + [l lloo) D b1(8) + (1 Quital + lli2lo0) D ba(t)

t=1 t=1

T 1/p
< MizMys + C(p')Mys (Z | Awy(2) |p> + M3 Mys
=1

T 1/q
+C(q)Mas (Z|Au2(t)|q> . (3.16)

t=1

o(u) = ¢(u1, u2)
T
[d>1(Au1(t)) + (1)2 (Auz(t)) + F(t, ul(t), I/lz(t)) - F(t,Plljtl,lejlz)
1

t=

+ F(t, Py, Paiiy) + (I (2), w1 (2)) + (ha(2), ua(t)) ]

1/p
> 81 Z|Au1(t)f +82 Z|Au2(t){ - M15 (Z|Au1(t)|p>

t=1

1/q
- C(q')Mas (Z|Auz(t)|q> + ZF(t,Plﬁl,Pzﬁz)

t=1 t=1

T 1/p T 1/q
- C(p/)MM (Z|Au1(t) |P> - C(q/)MZAL <Z|Au2(t)|q)

t=1 t=1
— MisMi5 — MasMos — (81 + 862)T

T T T
> 8 Z|Aul(t)} +32 Z|Auz(t){ - MysMys - C(p') M5 Z|AM1(t)}

t=1 t=1 t=1

T T
— My3Mys — C(q')Mas Z|Auz(t)| + ZF(t,Plﬁl,Pgﬂz) - (81 +8)T

t=1 t=1

-C(y M14Z|Au1(t) M24Z|Au2(t)| (3.17)

The features (F6) and (F7) imply that ¢ is bounded from below. Similar to the proof of
Theorem 1.1, we can prove that ¢ is G-invariant and satisfies the (PS)g condition. Then
by Lemma 2.5, we obtain the conclusion. O
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Proof of Theorem 1.4 First, we prove that ¥ defined by (2.11) satisfies the (PS) condi-
tion. Assume that {(y") + z["],v[”])},‘j‘i1 C X x T"*2 js a (PS) sequence for W, that is,
(W (" + 2, vI7))} is bounded and W/ ((y1" + 2, v")) — 0, where y" = (y%"],y[;’])f €y,
2 = 200 (8) = (2 (e), 2 (8)T € Z, v = LT e T2 for m= 1,2, Let

n 4

ul” =y el 4 gl] = (y%’” T R Ry Sy +z£"])r, n=12,....

Then it is easy to see that
y=p,a, VM=, @) =alle), m=12n=12,...

By (2.12) and (2.13), we find that {go(u&"], us; ])} isbounded and ¢ (u1 ) Uy ]) — 0. Then there
exists a positive constant Gy such that

o w")| <Go, ¢/ (" ") <Go, VmeN. (318)

It follows from (F3), Lemma 2.1, and Young’s inequality that, for all (i3, u;) € H,

T T
> (VaE(t, i), ia(2)), i () + Y (Vay F(t, i (0), ina(8)), ita(2)
t=1

t=1

T
Z Vi F (6, Pritg + Quity + i1 (8), 12 (£)), i1 (£))
=)

T
Z szF t 11(t), Pyt + Qaty + u2(t)) uZ(t))

t=1

T

Z t)‘ul sz(t |M2

T T
< linlloo Y br(8) + lliialloc Y ba(2)
t=1 t=1

p T
(Z’Aul(t ) Zbl(t

T g T
+C(4) (ZIAuz(t) !q> > by(e). (3.19)
t=1 t=1
Hence we have
Ja™ |, + a5,

> g ), @1 247)

T
> (e (au" ), Aul @) + (2(Au 1)), Aub(2)
t=1

+ (Vo (6w (1), u (), i (0)) + (Vi F (& " (8), 5™ (0)), i85 (1))
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+ (m@), @ (1) + (ha(0), u["](t))]’

T T
zz (|au @) —1)+Z(32(|Au[2”](t)}—1)
t=1 t=1

p T lq T

<Z|Au§’“(t) ) Zbl ) - <Z|Au2”](t) ) sz(t)

1/q

1/p
- MuC(p <Z|Au1 (®) |") - M;5C(q <Z|Au2n](t)|q>
T 1/p T 1/q
> 6 <Z|Au£”](t)|ﬁ) + 8, <Z|Au[2"](t)|q> —(51 +82)T

t=1 t=1

_c(p’)<Z\Au["] )UPXT:blt) (ZT:\Au"] )qubz)

t=1 t=1
T lp T 1/gq
-~ MuC(p') (Z\Aug”](t) ]p) - Mi5C(q) (Z\Aug"](t){q> (3.20)
t=1 t=1

[n]

for large n € N by the fact ¢'(; ", u[;’]) — 0 as n — 0o. Moreover, by Lemma 2.1, we have

"], + 12",
T 1/p
< (Cle.p)+1)" (ZIA%’” (1) |,,)
t=1
T lq
+(Clg.q) +1)" (ZIAu[z”] (1) Iq> . (3.21)
t=1
Then (F7)', (3.20), and (3.21) imply that there exists a positive constant G; such that

Z\Au["] P <G, Z|Au[”] 1<G, VneN. (3.22)

By (3.16) and the above inequality, we know that there exists a positive constant G, such

that
T
> (6w @), ul 0) - F (& Priwy”, Pyiay")|
t=1
T 1/p
< My3Mis + C(p')Ms (ZMM?] (t)|p>
t=1

1/q
+ M23M25 + C M25 <Z|Au[n](t) )

< Ga. (3.23)
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By (A0) and (3.22), there exists a positive constant G3 such that
O (AU () <Gs,  Dy(Aul) 1) < Gs. (3.24)
Then it follows from (3.18), (3.22), (3.23), (3.24), and Lemma 2.1 that
—Go (u[”])
- ofu )
T
= Y [@i(Au ®) + Do (Auy (1) + F(t,ul" (), 1" (1) - F(t, Pyial”, Pyity")
t=1
+F(2, Plitg"],Pzﬁ[zn]) + (I (2), ME"](t)) + (ha(8), M[Z"] @®)]

T
<2Gs3T + Gy + Y F(t, Py, Pyity™) + Mia ity |l oo + Maa it ]|
t=1

T
<2G3T +Gy+ Y F(6, P, Pyill™) + MuuC(p)G? + Moy C(q))GY?.  (3.25)
1 2 1 1

t=1

Then (F6) implies that {Plu["]} and {PZZZ[Z"]} are bounded. Then (3.22) implies that {z"}
isbounded in #. Since dim H < oo, {#"'} has a convergent subsequence. Hence, W satisfies
the (PS) condition.

Next we prove the following conclusions:

(i) inf{¥((z,v)|(z,v) € Z x T"*"2} > —o0;

(i) W((y,v)) » —oo uniformly for (y,v) € ¥ x T"*2 as |y| — oo.

For (z,v) € Z x T"*"2, set u = u(t) = z(¢t) + v = (z1(¢) + v, 22(¢) + v2)*. Then z,,(¢) = u,,(¢),
Vin = Quiky, and uy, (t) = 2, () + vy, m =1,2. By (F3) and Lemma 2.1, we have

T

> [E(t,m(®), ua(t)) - F(2,0,0)]

T

T
Z (1 (8), un(8)) = F(£,0,u0(8)) | + Y _|F(£,0,u(£)) - F(£,0,0)]

t=1

IA

T
t=1
T

"2

=1

/ VaE(6s(Quin + (0)), w(0), Quits + i (1)) ds

1
/ szF If 0 S(Q2M2 + Mg(t))), le:tz + ﬁz(t)) dS

T m
< (Qunl + ) Y [ 95 (es(Qun + i), i) ds
t=1 Y0
T 1
+(1Quia + illo) Y [ V20 (t,0,5(Qais + x| ds
t=1

T T
< (Mus + |l lloo) D br(£) + (M3 + llikalloc) Y ba(£)

t=1 t=1
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T p T /g T
< c@)(Z]Aul(t ) Zbl(t +C(q (Z\Auz(t)yq> > ba(t)
t=1

t=1 t=1

+ M3 Z bi(t) + M3 Z by(t).

= t=1

Then

V((z,v)) = @(u1, 1)

T

(3.26)

= Z[CIDI(Aul(t)) + CI)2 (Abtz(t)) + F(t, Ml(t), Mz(t))

t=1

+ (), ma(0)) + (ha(2), ua(2)) ]

T
= Y [®1(Am(0) + Po(Aun(2)) + F(t,1(8), us(2)) - F(£,0,0)

t=1

+ F(£,0,0) + (I (0), ur () + (ha(0), u2(0)) ]

T
> 2[81(|AM1(1’)| - +82 |AM2 t)’ -

t=1

T Up T
_C(p/)(Z|Au1(t)|p> Zbl(t)

t=1

p T

T
—c(p/)(ZIAm(t)l") > lm@] -
-1 =1
T T
- M3 Z bi(t) — My Z by(2)

T

> [81(|Am(®)] ~ 1) + 82 (| Aus(t)] - 1)]
t=1

v

) (im )Zb (

t=1

Zp(t 0,0)
T lq T
(Z|Auz t)|q> > by(t)
t=1

t=1

lq T

C(‘/)(XT:MMZQ)V) > ||

ZF(t 0,0) - Mz Zbl(t)

T

> | Auy (@) )sz(t)

t=1

T
(let)l) @] -C (ZIAuz t)l) > )
t=1 t=1

— Mas Z by(t)
t=1

It is easy to see that conclusion (i) holds from (F7)'.

(3.27)

For any (y,v) € Y x T"*"2, it follows from (1.2) and (2.11) that

‘-I-’((y, v)) =@ + V1,2 +v2)

= ZF(t,yl + V1, Y2 + V2)

t=1

Page 31 of 33


http://www.advancesindifferenceequations.com/content/2014/1/218

Wang and Zhang Advances in Difference Equations 2014, 2014:218 Page 32 of 33
http://www.advancesindifferenceequations.com/content/2014/1/218

T T T
= Y Ft,yr+viyn+va) = Y Ft,y1,y2+va) + Y F(t,y1,52 + v2)
=1 =1 t=1

T T
- ZF(tyyl)yZ) + ZF(tryl,yZ)

t=1 t=1

T T 1
= Y F(t,yn90) + Z/ (VE(@t, 1+ sv1,50 + v2),v1) ds
t=1 t=1 V0

T
+ Z/ (VE(t, y1,92 + sv2),v2) ds
=1 70

T T T
<D Feyny) + vl Y @)+ val Y galt)

=1 =1 =1

T 12 7 r 2 7
=1

r
Fityny)+ (Y T2 Y a@+ (Y 17 D .
k=1 t=1 s=1 t=1

=

Hence, the above inequality and (F6)" imply that conclusion (ii) holds. It follows from
Lemma 2.6 that W has at least r; + r, + 1 critical points. Hence ¢ has at least r; + 1, + 1
geometrically distinct critical points. Therefore, system (1.1) has at least r; + r; + 1 geo-

metrically distinct solutions in H. The proof is complete. O
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