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Abstract

We study positive almost periodic solutions for a delayed Nicholson's blowflies system
with nonlinear density-dependent mortality terms and patch structure. By applying
the differential inequality technique and the Lyapunov functional, we derive sufficient
conditions for the existence and global exponential stability of positive almost
periodic solutions. We also give an example and its numerical simulations to support
the theoretical effectiveness.
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1 Introduction
To describe the population of Australian sheep-blowfly and agree well with the experi-
mental data of Nicholson [1], Gurney et al. [2] proposed the following famous Nicholson’s

blowflies equation
N'(£) = =8N (t) + pN(t — 7)e "N, 1.1)

Here, N(¢) is the size of the population at time ¢, p is the maximum per capita daily egg
production, i is the size at which the population reproduces at its maximum rate, § is the
per capita daily adult death rate, and 7 is the generation time. The results on the dynam-
ics behavior of this equation and its modifications are abundant [3—21] and systematically
collected and compared by Berezansky et al. [22]. In the real world phenomena, since the
almost periodic variation of the environment plays a crucial role in many biological and
ecological dynamical systems and is more frequent and general than the periodic varia-
tion of the environment, some influential theory and results have been obtained in [23,
24]. Furthermore, there have been extensive results on the problem of the existence of
positive almost periodic solutions for Nicholson’s blowflies equation without nonlinear
density-dependent mortality term in the literature [25—-27] which are considered only with
a linear density-dependent mortality term. Recently, considering that new fishery mod-
els with nonlinear density-dependent mortality rates are successfully applied, Berezansky
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et al. [22] presented the following Nicholson’s blowflies model with a nonlinear density-
dependent mortality term:

N'(¢) = -D(N(t)) + PN(t — 7)e N, 1.2)

where P is a positive constant and the function D might have one of the following forms:
D(N) = A‘;—ﬁ[b or D(N) = a— be™N with positive constants a, b. Up to present, several authors
in [28-35] have researched the permanence and existence of positive periodic and almost
periodic solutions for model (1.2) and its generalized model. Moreover, Wang [36] stud-
ied the exponential extinction for the following delayed Nicholson’s blowflies system with

nonlinear density-dependent mortality terms and patch structure:

n 1
N{(£) = -Di(t, Ni(t)) + Y _ Dy(t, Ni(#)) + Y _ ci®)Ni(t — 7(8))e 77 ON=m) - (1.3)
j=1ji j=1

where

ﬂij(t)N

Dy(t,N) = —-——
](t ) bij(lf) +N

or  Dj(t,N) = a;(t) — by(H)e™.

However, as far as we know, there exist few works on the global exponent stability of pos-
itive almost periodic solutions for a Nicholson’s blowflies system with nonlinear density-
dependent mortality terms and patch structure. Motivated by the above arguments, in
this paper, we investigate the existence and global exponential stability of positive almost
periodic solutions for the following delayed Nicholson’s blowflies system with nonlinear
density-dependent mortality terms and patch structure:

NJ(®) = —ait) + bi(©)e ™ + " (az(t) - by(H)e ™M)
j=Lj

I
+ Z Ci/(t)Ni(t - ‘L’,’j(l’))e_yly(t)Ni(t_rij(l)), (14)
j=1

where ay, b, Cim, Vim : R — (0, +00) and 7;, : R — R, are continuous almost periodic func-
tions with i,j € A:={1,2,...,n}, me Y :={1,2,...,1}. It is easy to see that (1.4) is a special
case of (1.3) with DIN) = a — be™.

It is convenient and simple to introduce some notations. Given a bounded continuous
function f defined on R, we denote f* and f~ as

fo=intf@©), = supf).
te teR

It will be assumed that r; = maxi<;<; 7/ > 0 and, without loss of generality (after scal-
ing), that vy =Li€A, jeT. Let R"(R%) be the set of all (nonnegative) real vectors,
we will use x = (x,...,%,)7 € R" to denote a column vector, in which the symbol (7)
denotes the transpose of a vector. We let |x| denote the absolute-value vector given by
lx| = (lx1l,-..,|%,])T and define ||x|| = maxj<;<y |%;|. Denote C =[], C([-r;,0],R) and
C, =[], C([-r;,0],R,) as a Banach space equipped with the supremum norm defined
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bY el = SUP_,, <¢<o MaAX1<i<n lpi(2)| for all p(2) = (¢1(2), .. "(pn(t))T € C (oreC,). Ifx(t) is
defined on [ty — 7;,v) with £y, v € R and i € A, then we define x; € C as x; = (x},...,x;‘)T,
where x/(0) = x;(¢ + 0) for all 6 € [-r;,0] and i € A.

It is biologically reasonable to assume that only positive solutions of model (1.4) are
meaningful and therefore admissible. So we consider the admissible initial conditions

Niy=¢, ¢=(@1,...,0,)" €C, and ¢;(0) > 0,i € A. (1.5)

Define a continuous map f = (fi,f2,...,f,)T : R x C, — R by setting

F(6,0) = —au(®) + b O + 3" (ay(e) - by(D)e @)
j=Lj#i

!
+ ZCij(t)(pi(_-(ij(t))e_yij([)wi(_fij(t))’ icA.
j=1

Then f is a locally Lipschitz map with respect to ¢ € C,, which ensures the existence and
uniqueness of the solution of (1.4) with admissible initial conditions (1.5).

We denote Ni(ty, ) (N(t; to, ¢)) for a solution of the initial value problem (1.4) and (1.5).
Also, let [to, n(¢)) be the maximal right-interval of existence of N;(zy, ).

The remaining part of this paper is structured as follows. We devote Section 2 to some
definitions and lemmas on the bounded set and almost periodicity for system (1.4) which
help to deduce the existence, uniqueness and global exponential stability of positive almost
periodic solutions in Section 3. In Section 4 an example and its numerical simulations are
provided to verify our results obtained in the previous sections.

2 Preliminary results

As it is easy to analyze the property of functions 1;—" and xe™ in the range R,, one can get

that there exist only « € (0,1) and ¥ € (1, +00) such that

= —, ke ™ = k’e’”. (21)

The following definitions and lemmas will be used to prove our main results in Section 3.

Definition 2.1 (see [23, 24]) Let u(t) : R! — R”" be continuous in t. u(¢) is said to be
almost periodic on R! if for any ¢ > 0, the set T(, &) = {8 : ||u(t +8) —u(t)|| < & for all t € R'}
is relatively dense, i.e., for any € > 0, it is possible to find a real number / = [(g) > 0 such that
for any interval with length [(g), there exists a number § = §(¢) in this interval such that
lu(t + 8) — u(t)| < & for all £ € R*. From the theory of almost periodic functions in [23, 24],
it follows that for any ¢ > 0, it is possible to find a real number / = [(¢) > O; for any interval
with length /(¢), there exists a number § = §(¢) in this interval such that

laj(t +8) —ay(t)] <&, |bij(t +8) — by(t)| < e,
cim(t + 8) — cim(B)| < &, (2.2)
[Tim(t +8) — Tim(B)| < &, [Vim(t +8) = Vim(®)| < &

forallteR,i,je Aandme Y.
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Lemma 2.1 Suppose that there exists a positive constant M such that

~

K . .
y[; =< M; 2SS A:] S Ty (23)
- 5 (2) .
SuptER{—ﬂii(t) +b(t)e M ;1:1’}.# aij(t) + Z/l’:l ;;'(t) %} <0, i€eA,
infrersefo.c) {=ai(t) + bi)e™ + 31, iay(t) - by (1) (2.4)
o) ,
+ 2 e} >0, i€ A

Then every solution N(t; ty,¢) of (1.4) and (1.5) is positive and bounded on [ty, n(p)) and

n(p) = +00. Moreover, there exists t, > ty such that
k <Nj(t;to,0) <M forallt>t,,iec A. (2.5)

Proof Let N(t) = N(t; £y, ) = (N1(2), N2 (2), ..., N, ()T for all £ € [to, n(¢)). Firstly, we assert
that

N;(t)>0 forallte [to, n(w)),i € A. (2.6)
With the reduction to absurdity, assume that there exist s; € [£y, 7(¢)) and i € A such that
Ni(s1) =0, Ni(t) >0 forallte [ty,s1),j € A. (2.7)

Calculating the derivative of N;(t), (1.4), the second inequalities of (2.4) and (2.7) imply
that

0 > N(s1)
n
= —aii(s1) + bi(s1)e™N D + Y " (ails1) - by(sy)e ™)
j=Lj#i
!
+ chy,(sl)}\[i(sl _ -Lrl,j(Sl))e—Vi/(Sl)Ni(Sl—Tij(Sl))
j=1
> —ai(s1) + bi(s) + Y _ (a(s1) - by(s1))

j=1j#i

cii(t
i )se_s

n !
> inf —ﬂl','(t) + b,‘i(t)e_s + Z (ﬂij(t) - bij(t)) + Z y(t)
)

T teRse[0,] iy P

> 0,

which is paradoxical and implies that (2.6) holds.
Next we show that N(¢) is bounded on [¢y, n(¢)). For each ¢ € [ty — r;,n(@)), i € A, we
define

Mi(®) = max{§ :& < £, Ni(€) - togiggtNi(s)}.

Page 4 of 19
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In the contrary case, suppose that there exists i € A such that N;(¢) is unbounded on

[t0, n(9)). Then, observe M;(t) — n(yp) as t — n(p), we get

lim N;(M(t)) = +oo. (2.8)
t—>1(p)

On the other hand,

N,-(M(t)) = max N(s), andso N[(M(t)) >0, where M(¢)>t.

to—r;i<s=<t
Hence, together with the reality that sup,., ue™ = % and (1.4), we have
0 < N/(M(t))
= —a;(M(2)) + by (M(t))e ™M)

+ 2 (M) - by (M) ™M)

j=Lii

1
ci(M(2)) ) PR
+ lzzl yl](M(t)) l](M(t)) (M(t) Tz]( (t))) —yii(

< —a;(M(t)) + by (M(D)e” )+ Z a; (M(D)
J=Lj#i

!
i (M
+ 21: %%, where M(¢) > to.

Taking ¢ — n(p) results in

0< W[—ﬂii(t) + Z a; (1) + Z CU((?) lj|
Vij

t
) j=1j#i j=1

- Sup{_”“(t) B0 Y o) Z o 1}

teR j=1j#i )’z] (t
<0,

which is absurd and implies that N (¢) is bounded on [£y, 7(¢)). From Theorem 2.3.1 in [37],
we easily obtain n(¢) = +00.
Another step is to prove that there exists s, € [y, +00) such that
Ni(Sg) <M, i€eA. (29)

Otherwise, there exists i € A such that

N;(t) =M forall t € [£y, +00),
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which together with the first inequalities of (2.4) and (2.6) implies that

N{(8) = —au(®) + ba()e ™0 + Y (ay(e) - by(0)e™)
j=17i
!

¢i(®) —vij (N (t-;5(2))
+ Z (@) Vi(ON; (¢ — 7;(8)) e 4

J=1

Cij(t) 1
Vl’/’(t) e

n !
< —ai(t) + bu(t)e™ + Y ay(t)+ Y
j=Lj#i j=1

<0 forallt>t.
It leads to

Ni(t) = Ni(to)+/tNi/(S)dS

I

i (6) 1
< Ni(to) + sup{—aii(t) + bii(t)e_M + Z ﬂij(t) + Z C}( ) -
teR =1 j=1 yL](t) €

x (t—tp) forallt> .
Thus

lim N;(f) = —o0,

t—+00

which contradicts (2.6). Hence (2.9) holds. We now prove that
N;(t) <M forall t € [sy,+00),i € A. (2.10)
Suppose, for the sake of contradiction, that there exist s3 € (s3, +00) and i € A such that
N;(s3) =M, Nj(t) <M forallt e [sy,s3),j € A. (2.11)

Calculating the derivative of N;(t), together with the fact that sup, xe™ = %, (1.4), the
first inequalities of (2.4) and (2.11) imply that

0 < Nj(s3)
n
= —ai(s3) + bi(s3)e™™13) + Z (aii(s3) — byj(s3)e ™))
j=Lj#i

1
C;ii(S.
+ Z l/( 3) )/ij(53)]\[i (53 _ -L-l,j(S3))e*Vij(SS)M(SS*fi/(SS))

P Vii(s3)

cijss) 1
)/ij(S?,) e

n !
< —a;(s3) + bi(ss)e™ + Z a;(s3) + Z
j=1j#i j=1
<0,

which is a contradiction and implies that (2.10) holds.
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Finally, we show that /; = liminf;_, ;o N;(¢) > « for all i € A. By a way of contradiction,
we assume that there exists i € A such that 0 < /; < «. By the fluctuation lemma [38,
Lemma A.1.], there exists a sequence {t };>1 such that

tk = +00, Ni(tx) = ltiminf]\li(t), N/(t) > 0 ask— +oo.

Since {Nj, }i=1 is bounded and equicontinuous, by the Ascoli-Arzela theorem, there exists
a subsequence, still denoted by itself for simplicity of notation, such that

Ny, — ¢*  for some ¢* € C,.
Moreover,
9 (0)=L <@/ (0) <M forfel[-r;,0),j€A.

Without loss of generality, we assume that all a;(¢x), b;(tx), Cim (), Vim(tr) and 7, () are
b* *

convergent to a;; ii? Cim» Vi

o and t;} , respectively,andi,j € A, m € Y. This can be achieved

because of almost periodicity. Then by (1.5) and (2.3) we arrive at

ll — yz/ §01 ( ;) ;M S E’ je T

It follows from
Ni/(tk) = _au(tk) + bu tk)e itt) + Z ﬂl](tk l] tk) _A[j(tk))

j=lj#i
!
Z ( ))/Z/(tk)N( -L-l,j(tk))e—)’ij(tk)Ni(tk—Tij(tk))
[ERL

that (taking limits)

l c*
0=-a+biel + Z Z—iyl]gpl 7)e vy )
o Vi

j=Lj#i
! ck
> —al+bieli + Z Z L L™
j=1j#i 1 Vi
> inf :—ai,-(t) +b(t)e™ + Z (a;(t) - by(0)) + Xl: (®) (s
teR,se[0,x] fy =1 yi/(t)

> 0,

which is a contradiction. This proves that /; >  for all i € A. Hence, from (2.10), we can
choose t, > ty such that

k <Nj(t;to,0) <M forallt>t¢,,ic A.

The proof is now completed. d
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Lemma 2.2 Suppose that (2.3) and (2.4) hold, and

!
1
sup{ —b;(t)e™ + E by(t)e™ + —ZE ci(t) <0, ieA. (2.12)
e
j=1

teR j=Lji

Moreover, let N(t) = N(t;to,¢) = (N1(2), Na(t),...,N,(t))T be a solution of equation (1.4)
with initial condition (1.5) and ¢, is bounded continuous on [-r;,0], i € A. Then, for any
&> 0, there exists | = [(€) > O such that every interval [, o + [] contains at least one number
8 for which there exists N > 0 satisfies

N({t+8)-N@)| <e forallt>N. (2.13)
|| |

Proof Foralli € A, define continuous functions I';(«) by setting

n l
1
Ti(u) = —[hii(t)e_M - u] + E bi(t)e™ + 2 E cij(t)e”t forallt e R,u € [0,1].
j=Lj#i j=1

Then, from (2.12), we obtain
n !
Ti(0) = ~bi(t)e™ + Y by(t)e™ + Z ci(t)<0 forallteRi€A,
j=Lii j=1
which implies that there exist two constants n > 0 and A € (0,1] such that

I
1
I'i(A) = [bu(t M )\ E bz;(t e_2§ Ci]’(t)eMi
j=1

j=Lj#i

<-n<0 forallteR,icA. (2.14)

Forie A, t € (00, ty — r;], we add the definition of N;(¢) with N;(¢£) = N;(¢g — r;). Set

n
£(8,8) = [but + 8) = b(®)]e ™ = " [ byt + 8) - by (1) ] e ™)
j=1ji

+Z Ci(t +8) — (&) INi(t + 8 — T(t + 8)) e VitrOINi(Erd=r;(t+0))
j=1

+ ZCU t +8—Ty(t+ 5)) — i (E+8) N (£+8-7;j(£+8))

_ N( 7;(0) + 3) Vi t+5)N-(t—t,-/-(t)+8)]

+ chl(t) t ‘L',](t) i 8) — i (t+8)N;(t—735(£)+9)

— N;(t = 7y(8) + 8) e N T g,(¢ + 8) — a(t)]

+ Y ag(t+8)-az®)], teRr. (2.15)
j=1j#i
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By Lemma 2.1, the solution N(¢) is bounded and

k <Ni(t)<M forallt>t,,icA, (2.16)
which implies that the right-hand side of (1.4) is also bounded, and N;(¢) is a bounded
function on [ty — r;,+00), i € A. Thus, in view of the fact that N;(¢) = N;(¢p — r;) for t €

(—00,t9 — ri], i € A, we obtain that N;(¢) is uniformly continuous on R. From (2.2), for any

¢, there exists [ = [(¢) > 0 such that every interval [, « + /] contains § for which
1 .
|ei(8,0)| < e forallt e R,i € A. (2.17)

Let Ny > max{to,to — 8,¢, + max;c, 7;} and denote u(t) = (u1(¢), ua(t), ..., u,(£))*, where
u;(t) = Nij(t + 8) — N;(¢), i € A. Then, for all t > Ny, we have

u(t) = by(t)[e N — N Z by(0)[eNED) — N O]

j=Lj#i

+ Z ci(O[Ni (¢ — 75(t) + 8)e Vi ONil=j(0)+0)
— N (£ = 7(8)) e TN 4 gy (8, 0). (2.18)
Set
U(t) = (@), Us(®), .., U, (2)",  where Uy(t) = ¢ui(t),i € A.
Let i; be such an index that
PAGIER (O] B (2.19)

Calculating the upper left derivative of | U, (s)| along with (2.18), together with (2.1), (2.15),
(2.16), (2.19) and the inequalities

(e —e ) sgn(s —t) = —e |5 ¢
<-eMis—¢t|, wheres,te[xk,M],0<0<1, (2.20)
|e—s _ e—t| _ e—s+9(s—t)|S — ¢
<e“|s—t|, wheres,te[k,+00],0<0 <1, (2.21)
and
1-(s+6(t-5s))
- —t
|S€ S—te | = )W |s — £]
1
—|s—t|, wheres,t¢€[k,+00],0<0 <1, (2.22)

62
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we get
D (|t ()] 5=
< re|u;, (8)] + e“{ biyi, (£)[e Nie @) — N @] sgn (N, (¢ + 8) - N;, (1))
I

n
+ Z bitj(t)|e’N/(”5) - e’N/(t)| + Z%;’(t)

j=Liie j=1

|Nlt (t Tltl(t) + 8) Vtt/ Nzt (- fltl( )+8) _ ]\[i[ (t _ .L.itj(t))e—)/itj(t)]\[it (t—'L'L‘U'(t))
+ |8it(5,t)|}

:)»e“|uit(t)|+e“[biz,vz(t)[e_N"t(”5) Nie®] sgn(N;, (¢ + 8) — N, (£))

n 1
b3 byl o) 3 o)
j=

L 7 Yig ()

|sz1(t)NLt(t th;(t)+5) ~Vigj(O)Nj, (t=7i,j(£)+8)

yzt](t)]\[zt(t th/(t)) ~Yigj( Nlt(ttitj(t))|+|8it(8’t)|}

< 2w, (8)] + € ~bii, (e | U, (0] + D big(B)e™ |ui(2)|
j=Liin

l
#3GD L  ig0)] + [ 6, f”}
j=

~ Vi) €

_[bitzt( ) M —A ‘Ul Z blt/ )|
j=Ljit
L)1
+ Z Vs — DU (¢ - i, (1)) | + €€, (8,)]  forall £ > Ny, (2.23)

~ Vij(£) €
which is held under the following fact:
i < Vi (ON;, (£ = Ti,5(8) + 8), vi NG (£ - 75(2)) < VM <K, j=12,...,L,t>No.
Let
M(t) = IIslsatX{ |t} (2.24)
It is obvious that M(¢) > ||U(¢)|| and M(¢) is non-decreasing. Now, we distinguish two
cases to finish the proof.

Case one.

M()> |Uu(p)| forall £ > Np. (2.25)
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We claim that
M(t) = M(Ny) isa constant for all £ > Nj. (2.26)

Assume, by a way of contradiction, that (2.26) does not hold. Then there exists s4 > Ny
such that M(sy) > M(Ny). Since

MNo) > |U(®)| forall £ <Ny,
there must exist 8 € (Np, s4) such that
|t = M) = M(B),

which contradicts (2.25) and implies that (2.26) holds. It follows that there exists s5 > Ny
such that

|u(®)| < e M(t) = e MWNo) <& forallt > ss. (2.27)

Case two. There is p > Ny such that M(p) = |U(p)||. Then, in view of (2.14), (2.17) and
(2.23), we have

0= D_(|Ui5(s)‘)|s:p

< [bi,i, (P)e™ = 1] |, (0)] + D bii(p)e ™ |Us(p)]

J=Lj#ip

!
Cii(P) 1 e o) )
Zo M7 A U (o—1 Ple (5,
+ FZI }/ipj(,o) eze 2 | ip (:0 sz/(p))| +é |81p( p)‘

< i—[bipip(P)eM A+ Z bi,j(p)e™™

J=Lj7ip

1
1 1
'3 Saoe o]+

j=1
< —n|| L[(p)|| +nee™?, (2.28)
which yields that
e ||u(,0) || = || L[(,o)” <ee® and ||u(,o) || <e&. (2.29)

For any ¢ > p, with the same approach as that in deriving of (2.29), we can show
u@)] = |u@®)| <ee” and |u®)|<e (2.30)

if M(t) = ||U(2)||. On the other hand, if M(¢) > ||U(t)|| and £ > p, we can choose p <sg <t
such that

M(sg) = || U(ss)

, and M(s) > || U(s) || for all s € (s¢, t],
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which together with (2.30) yields

||u(56)|| <e.
With a similar argument as that in the proof of case one, we can show that

M(s) = M(sg) isa constant for all s € (s¢, t], (2.31)
which implies that

|lu@®)| < e M(t) = e Mse) = ||ulse)| e~ <e.

In summary, there must exist N > max{p, Ny, s5} such that ||u(¢)|| < ¢ holds for all £ > N.

This completes the proof. 0

3 Mainresults
In this section, we establish sufficient conditions for the existence and global exponential

stability of positive almost periodic solutions of (1.4).

Theorem 3.1 Suppose that all conditions in Lemma 2.2 are satisfied. Then system (1.4)
has at least one positive almost periodic solution N*(t). Moreover, N*(¢t) is globally expo-
nentially stable, i.e., there exist constants A > 0, K, n+ > 0 and t, + such that

||N(t; to, @) — N*(t) || < Ky N+ e forallt> bo N+

Proof Let v(t) = v(t;ty, ) = (v1(£), v2(t), ..., v,.(£))T be a solution of equation (1.4) with ini-
tial conditions satisfying the assumptions in Lemma 2.2. We also add the definition of v(¢)
with v;(£) = v;(tg — ;) for all t € (=00, 2y — 1], i € A. Set

&ik(t)
n
= [Balt + &) = ba()] e = 3" [by(t + te) — by(e) |1+
j=Lji
!
) et + te) = cy(O)]vilt + i — Tyt + 1)) e 17T )
j=1
I
+ Z ci@)[Vi(t + b — Tyt + i) ) e Vi Er it timTyEetid)
j=1

_ Vi(t _ Tij(lf) + tk)e—Vi/(Htk)Vi(l—f,y'(t)+fk)]
!
+ Z ciO[vilt — (o) + tk)e*Vij(“tk)Vi(t*Tij(t)+tk)
j=1

—vi(t = 7(0) + ) e T _ [t + 1) — aiu2)]
n
+ [aj(t+ ) —az(0)], teRieA, (3.1)
oL
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where {#} is any sequence of real numbers. By Lemma 2.1, the solution v(¢) is bounded
and

k<vi(t)<M forallt>ty,icA, (3.2)

which implies that the right-hand side of (1.4) is also bounded, and V(¢) (i € A) are
bounded functions on [ty — r;, +00). Thus, in view of the fact that v;(¢) = v;(¢y — r;) for all
t € (-00,ty — 1], i € A, we obtain that v;(¢) (i € A) are uniformly continuous on R. Then,
from the almost periodicity of a;;, bjj, Cim, Yim and 7, we can select a sequence {£x} — +00
such that

|"Zz1(t + tk) az](t) % |bl/(t + tk) bl[(t)| = k’
|Cim (£ + tk) = Ccim(8)] <

[Tim (t + tr) — Tim(£)] <

% (3.3)
b |Vim (£ + 1) = Vim ()] < 3, leix(®)] < 1
forallteRandi,je A,me Y.

Since {v;(t + tx)};5] (i € A) is uniformly bounded and equi-uniformly continuous, by the
Arzela-Ascoli lemma and the diagonal selection principle, we can choose a subsequence
{ti;} of {tx} such that vi(t + t;) (for convenience, we still denote it by v;(t + &), i € A)
uniformly converges to a continuous function N (¢) (i € A) on any compact set of R, and

k <Nf(t)<M forallteR,icA. (3.4)

Now, we prove that N*(¢) = (N} (£), N5 (¢),...,N:(¢))T is a solution of (1.4). In fact, for any
t >ty and At € R, from (3.3), we have

N(t+ At) - N7 (2)

= lim [vi(t + At + 1) —vi(t+ tk)]

k—+00

t+ At n
= lim —aii(s + 1) + bigls + 8)e™ 0+ > (ay(s + 1) — bys + t)e 1)
k—+o00 J; f=y

!
+ Z Ci(s + te)vi(s + tr — (s + i) ) e VI EFHSHIT (S+1) i| ds
j-1

t+At n
= lim |:—a,»i(s) + bii(s)e Vi) 4 Z (a;i(s) — by(s)e™/¢+))
t

k—+00 S
j=1j#i

!
+ Z ci(s)vi(s + tx — tlj(s))e_yi/(s)vi(s+tk ) 4 si,k(s):| ds
j=1

t+At n
= / |:_ﬂii(5) + b(s)e™ ) 4 Z (ay(s) - blj(S)efNi*(S))

j1j

+ Zcz,(S)N s —7(s))e 7 sijls :|ds, (3.5)

j=1
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where t + At > £y, i € A. Consequently, (3.5) implies that

AN = —ay (e~ NF®)
dt {Nt (t)} = ﬂzz(t) + b”(t)e

£ 3 (ay(0) - by ™)

j=1j#i
l
+ 3 c(B)NF (= 7(0) e TN O e A (3.6)
j=1
Therefore, N*(¢) is a solution of (1.4).
Next we prove that N*(¢) is an almost periodic solution of (1.4). From Lemma 2.2, for

any ¢ > 0, there exists / = I(¢) > 0 such that every interval [«,« + [] contains at least one
number § for which there exists N > 0 satisfies

”v(t +68) —v(t) ” <eg¢ forallt>N. (3.7)

Then, for any fixed s € R, we can find a sufficiently large positive integer N; > N such that
for any k > Nj,

s+t >N, ||V(s+tk+8)—v(s+tk)|| <e. (3.8)
Let k — +00, we obtain
||N*(s +38) = N*(s) H <se,
which implies that N*(¢) is an almost periodic solution of system (1.4).
Finally, we prove that N*() is globally exponentially stable.
Let N(t) = N(t:t,9) and y(t) = N(t) — N*(£) = (51(2),52(8),-..,ya(t))", where y,(t) =
Ni(t) _]Vi*(t)’ te [t() — T +OO), i€ A.Then

i) = b(O)[ e — e—N;‘(t)]

- > b)[e™0 - N

L

l
+ 3 ([ Ni(t = 7yi(8))e 7T ONCTIO) _ N (1 — 75(2)) e 79 ONT ] (3.9)
j=1

It follows from Lemma 2.1 that there exists £, 5+ > £y such that
Kk < N;(t), N () <M forallt e [tyn+ —ri, +00),i € A. (3.10)
We consider the Lyapunov functional

Vi(e) = yi(®)|e”, ieA. (3.11)
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For all ¢ > t, N+« and i € A, calculating the upper left derivative of V;(¢) along with the
solution y;(¢) of (3.9), we have

D (Vi(t)) < Mpi®)]eX + bi(e)[e™) — N7 O] sgn(Ni(t) - Nj (1))

n !
£ Y by(0)]e N9 VOl 4 3 ()
j=1

j=Lji

X | Ni (£ = 7(8)) e TN O) _ N (1 — 7y5(8)) e 7 ON ), (312)
In the sequel, we claim that

Vi) = |yie)|e

< eMon* (max max  |Nj(t) - N7 (5)] + 1)

i€eA te [to—rl',tq,,N* ]

i=Kyn+ forall£>t, 5+ i€ A. (3.13)
Contrarily, there must exist s; > £, x+ and i € A such that
Vi(s7) = Kyn+  and  Vi(t) <Kyn+  forallt € [ty —7j,57),j € A. (3.14)
Since
K < vii(s7)Ni(s7 = (s7)), vis(s)N] (57 = Ti(s7)) < vy M<K, j=1,2,...,1,
together with (2.20)-(2.22), (3.10), (3.12) and (3.14), we get

0 <D (Vils7)
< Myils7)| €7 + bus(s7)[e M7 — NP sgn(Ni(s7) - Nf (57)) €7

n !
+ Z byj(s7)]e N7 — e N 67 |e™7 + chi(57)e“7

j=Lj#i j=1

|N (57 _ 111(57)) ~vij(s7)Ni(s7—37(s7)) _ N (57 _ le(s7))e*}/[j(s7)Ni*(S77‘[l'/'(s7))

n
< Myilsn)|e"7 = bulsr)e™ [yi(s7)| €7 + Y bylsy)e™ |yj(s)|e™
=L
1
+ Z Cij(57)|Ni (57 _ -[l.j(s7))e*Vij(S7)M(57*Tij(57))
j=1

— N*( Sy — TZI(S7)) ~ij(s7)N} (S7—Tij(57))|e?»S7

—[bils)e™ = 2]Vils7) + D bylsr)e™ Vi(sz)

J=Lj#i

1
Ci S7
+ Z l/( ) |yz](S7)N ( Tl](S7)) —Vij (s7)Nj(s7~ 711(57))
1 Vi

I (57 — Tys))e N 67yt |
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—[bilsy)e™ = 2] Vis7) + Zb,,(s7 KV(s7)+ch,(s7) Vi(s7 — 7yi(s7)) €

J=lj#i

n !
1
< —[bil'(S7)€_M - )L] + Z bl‘]‘(S7)€_K + 6_2 Zci,-(sﬂe”i I(w,N*‘

j=1ji j=1

Thus,

0 < —[bils7)e™ - 2 Z by(s7)e™ + ch(sﬁe* :

J=Lj#i
which contradicts (2.14). Hence (3.13) holds. It follows that
yi()] < Kyn=e™* forall £ >ty =i € A.
This completes the proof. O

4 An example
In this section, we give an example and numerical simulations to explain the results ob-

tained in the previous sections.

Example 4.1 Consider the following Nicholson’s blowflies system with nonlinear density-

dependent mortality terms and patch structure:

N/(t) —(1+0.08 cos? v/2¢) + (1 +0.001cos \/_t —Nj (¢t + 0. 16 (1+0.08 sin? v/2¢)
— (0.1 +0.0001sinv/3¢)e ™20 + LE2L Ny (¢ — 2 sin® g)e N -2sin" )
+ 1+2(:8i)202tN1(t -2 COS4 t) —N](f—Z&Ob t) (4 1)
Nj(8) = —e (140085 V20) (1 10,001 sin v/38)eN2(0) 4 0. 1-(1+0.08cos” V2D '
— (0.1 +0.0001 cos v/3t)e™M® 4 %Nz(t — 2 cos? £)eNalt-2cos* 1)
+ 1+2fion0202tN2(t —25sint t)e—NZ(t—Z sin* t).

Obviously, 11 =1, =2, aj; = ay, = e %, af, =a}, = e, ap, = a; =01e7%, a}, = aj, =
0.1e™, by, = by, = 0.999, b, = b, = 1.001, b, = by, = 0.0999, b, = by = 0.1001, cf; = ¢, =
€y = €3y = 0.0005, ¢} = ¢, =¢3; = ¢35, = 0.001, 11 = ¥12 = o1 = Vo2 = 1. Let M = 1.3, from
(2.1), we obtain k¥ &~ 1.342276, k ~ 0.7215355, and

Lo K 1342276 @)
= V.. — R _— ,]j=1,2, .
Vi =M 13 /
ci(t) 1
sup{ —a;i(t) + bii(t)e™ + Z a;(t) + Z A
teR j=Lji j=1 yij(t) e

1
- l
§—aii+b; + E aj +E ]

j=1j#i

~-0.0293<0, i=1,2, (4.3)
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0.5 4
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0 5 10 15 20 25 30 35 40 45 50

Figure 1 Numerical solutions N(t) = (N1 (t), N2 (t))" of system (4.1) for the initial value
o(t)=(1.5,1.7)7,(1.3,0.8)7,(0.1,0.1)".

| Y S
inf {—aii(t)+bii(t)e + Z(ﬂ,j(t)—bij(t))+; 1-(1:)56 }

teR,s€[0,«] ey Vij

2
>—a+be"+ Z (aT - bf)
= ii ii ij ij

jLi
~0.0515>0, i=12, (4.4)
n 1 !
sup{—bﬂ(t)e_M + Y bj()e™ + = Zc,,»(t)]
teR oL =

n 1 2
- M + —K +
<-bze™ + E bije +e—2 E ¢
j=1

j=1j#i

~-0.2233<0, i=12, (4.5)

which imply that the Nicholson’s blowflies system (4.1) satisfies (2.2), (2.3) and (2.11).
Therefore, system (4.1) has a positive almost periodic solution N*(¢) which is globally
exponentially stable with the exponential convergent rate A ~ 0.1. The numerical simu-

lations in Figure 1 strongly support the consequence.
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Remark 4.1 To the best of our knowledge, few authors have considered the problems
of the global exponential stability of positive almost periodic solutions for a Nicholson’s
blowflies system with nonlinear density-dependent mortality terms and patch structure.
It is clear that all the results in [25—35] and the references therein cannot be applicable to
prove that all the solutions of (4.1) converge exponentially to the positive almost periodic
solution. This implies that the results of this paper are essentially new.
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